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AVUOAKTUYECKUMN MNJAH

Mpsamble MeToapl OTbICKaHUS 3kcTpeMymMma. OAHOMEPHbBIN NOUCK SKCTpeMyma.
lMocnepoBartenbHbI NOMCK 3aKcTpemyma. MeTton paHgommdaumn. MHOroMepHbIi
nouck. MpaameHTHbIN MeTod. OBpaXHbIi MeTod. MeTof OTbiCKaHUS 3KCTpeMyma B
YCNOBUSX MOMEX.

OCHOBbBI NIMHENHOro NPOrpaMMupPoOBaHUs. 3a4a4v IMHENHONO MPOrpaMMmnpo-
BaHUs. eomeTpuyeckas MHTeprnpeTauma 3agady JIMHEeNHOro NpOorpamMMupoBaHus.
CumMnnekc-MmeToq B NMHENHOM nporpaMmmMmupoBaHun. MNpamas n O4BOMCTBEHHAs
3apavyn NMMHENHOro nMporpamMMupoBaHus. XapakTepucTmka APYrux MeTo[oB
onTUMM3auuN.

HennHenHoe nporpammmpoBaHmne. Knaccmyeckme mMetonbl onpeneneHuns
akcTpemyma oyHkumn. LienoymcneHHoe nporpammmpoBaHue. Ontummsaumsa Ha

rpadax.
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NEPEYEHb YMEHUW

YMmenue ANTOpUTMBI
/1
l. Haxox- |1. Iloctpouts dpyHkuuio Jlarpanxka.
JIeHHe 2. Ha¥itTu vacTHBIE NPOU3BOJHBIE NEPBOrO MOpSAAKA s
YCIOBHBIX L(x1, x2, A).
akerpe- | 3. CocTaBUTh CHUCTEMY YpaBHEHUH JJII HAXOXICHHS CTa-
MyMOB UOHAPHBIX TOuek L(X1, X2, A).
METOJOM | 4, PeluTh CHCTEMY YpaBHEHHUIA.
Jlarpan- |5, Haiiti sxcTpeMyMbl (yHKIIH.
xKa.
2. Pemenne | 1. BBectu BcrmomoraTenbHBIE TEpPEMEHHEBIE.
3a1a9u 2. TlpeoGpa3oBaTh 3a7auy K cTaHAAPTHOH hopme.
nauHelHo- | 3. Tlony4uTh KaHOHUYECKYIO (hOpMY 3aJauu, MPUHUMAS B
ro npo- KayecTBe 0a3MCHBIX MEPEMEHHBIX X1, X2.
rpammu- | 4. TlpoBecTu aHaNM3 MOBEJICHUS LENEBON (YHKIIUN B 3aBU-
pOBaHUS C CUMOCTH OT U3MEHEHUIT X4.
noMoIpio| 5.  Ompenennuts, Kakylo 0a3UCHYIO MEpeMEeHHYI0 HeoOXonu-
CHUMITJIEKC- MO 3aMEHUTb.
MeTo/1a 6. Haiitu 3HaueHNs KO3 PHUIHEHTOB B HOBOM KaHOHMYE-
cKkoif popme mocne 3aMeHbI Oazuca.
7. TloayuuTh HOBYIO KAHOHUYECKYIO (OopMy mocie 3aMeHbI
6asuca Ha X1 U X4.
8. TlpoBecTu aHamM3 mMoBeAEHUS 1IeNIeBO QYHKIIMM B 3aBU-
CUMOCTH OT U3MEHEHHI CBOOOHBIX MTEPEMEHHBIX X3 M X2.
9. Haiitu onTuMaIbHOE PEIICHUE.
3. Uccneno- | 1. Ha#Tu yacTHBIE NTPON3BOAHBIC IEPBOTO MOPSIKA.
BaHUE 2. TlocTpouTh cuCTEMY ypaBHEHUH.
¢byukuuii | 3. HaiiTu cranimoHapHbIE TOYKH.
Ha Oe3ycH 4. HailTu yacTHbIE NPOU3BOAHBIE BTOPOIO MOPSIKA.
noBHbIM | 5. HaliTu 3Ha4YeHUS YACTHBIX MPOU3BOIAHBIX BTOPOTO IO-
JKCTpe- psAKa B IepBOi cTamoHapHoi Touke (x1= 0, x2=0).
MyM 6. OmpenenuTs HaJaMUHE SKCTpeMyMa B Touke (X1 =0, x2=0).
7. HaiiTu 3HauYeHUS YACTHBIX MPOU3BOAHBIX BTOPOTO MO-
psAIKa BO BTOPOU cTaliMoHapHOM Touke (x1= 1, x2=1)
8. Ompenenuts HaaMUKE IKCTpEMyMa B Touke (X1 = 1, x2=1).
9. Haiitu MunumMyM QyHKIHH B Touke (x1= 1, x2=1).
10. HaiiTu 3HauYeHUS YACTHBIX MPOU3BOTHBIX BTOPOTO MO-
psIKa BO BTOPOM CTallMOHA PHOM Touke (X1 = -1, x2=-1).
11. OmpenenuTpb HaMU4ME FKCTpeMyMa B Touke (x1= -1, x2= -1).
12. Haiitu MunuMyMm GyHKIuU B Touke (x1=-1, x2=-1).

CoBpeMeHHbIi 'ymaHuTapHblii YHuBepcutet
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TEMATUYECKUUA OB30OP*

1. NIPAMbIE METObl OTbICKAHUA 3KCTPEMYMA
1.1. OpHOMEpPHbIA MOUCK IKCTPEemMyMma

B toHMTE 1 B OCHOBHOM paccMaTpuBanvMCb METOAbl HAXOXOEHUS SKCTPEMyMA
dyHKunoHana. B pasgene OuCKpeTHbIX MeToO0B ONTUMM3auMmM NPOBOAMICS MOUCK
ONTUMANIbHOrO PELIEeHUS C MOMOLLbIO AMHAMUYECKOro MPOrpaMMmMpPOBaAHUA U
npuHUMNa MakCumMyma u paccMaTpuBaanCb METOAbl HaXOXAEHUS 3KCTpemMyma
bYHKUMK. MpamMble MeToabl MPUMEHSIINCE Ha KaXKAOM 3Tane OTbiCKaHUs OonTUMalb-
HbIX 3HAQYEHUIN K, B 4ACTHOCTU, NPU peleHnn GYHKLUMOHANBbHOrO YpaBHEHUS
Bennmana. Janee 6ynyT pacCMOTPEHbI NPsSIMble METOAbl OTbICKaHUS 3KCTpemMyma
GYHKUMIA, T.e. METOAbI, B KOTOPbIX MCMOML3YOTCH TObKO 3HA4YeHUs QyHKLUN.

PaccmoTpeHHble paHee MeToApl pellann 3agadyy B COOTBETCTBUM C onpege-
NeHHbIM anddepeHUnanbHbiM UM PEKYPPEHTHBIM COOTHOLIEHWEM, KOTOPOMY
yOOBNETBOPANO ONTUMAJIbHOE PELUeHne, T.e. UMENN aHanUTU4eCcKkuin xapakrtep. B
NPsSIMbIX MeToAax, Kak npaswio, OTCYTCTBYIOT Takvme aHainTU4eckme COOTHOLLEHMS.
MpsMble BapraumoHHbIE METOAbI, TAK Xe KakK 1 MPOoLLeAypbl PeLleHns 3a4a4 C MOMOLLLbIO
ONCKPETHBIX METOAOB AMHAMMYECKOrO NPOrpaMMmMpPOBaHNS U MNPUHLMNA MakCuMyma,
Nno CyLlecTBy 61M3KN K MPSAMbIM METOAAM OTbICKaHUS 3KCTPEMYMA U OT/INYAOTCS OT
HMX TONIbKO CBOEN OpUEeHTaumen Ha ONpefeneHHble aHANUTUYECKNE YPaBHEHUS.

Oco6eHHOCTBIO MOCTAHOBKM 33[a4, PeLlaeMbIxX NPSIMbIMU METOOAMU, SBSETCS
OTCYTCTBUE OrPaHNYEHUV Ha UBMEHEHNE MePEMEHHbIX, XapakTEePHbIX A5 IMHENHOrO
M HEIMHENHOr0 NPOrpaMMmMpoBaHUS (32 UCKKOYEHNEM MPOCTENLINX OrpaHUYeHUIN
BUoa a; < x < b).

Mpexae 4yem nepeitn K MeTogam, obpatum BHMMaHWe Ha OAM30CTb 3ajad
OTbICK@QHUS 3KCTpeMyMa U Hyns yHKuMn. JonycTum, MMEeTcd M COBMECTHbIX
YPaBHEHUIA:

P, (X4, Xy oy X)) =0, i=12, .., m

TpebyeTca Hantu X, (j = 1,2, ..., n), yaosneTsopsiowme um. 3afady MOXHO CBECTU
K HaxoxneHuto akcTpemyma dyHkumm @, npeacrtaensiolleli cobor cymmy KBaapaTos
dyHKUMIA ¢, TO ecTb

M HaobopoT, ecnn TpebyeTca onpenennTb 9KCTpeMyM anddepeHumpyemon
PyHKUNUM D(X{,Xy,...,X,), BTY 3a4a4y B NPOCTENLLEM Cllydae MOXHO CBECTU K
onpeneneHnio KOPHeEn ypasHEHUN

od/ox =0, j=1,2,..,n.

Monck akcTpemyma MOXET OblTb AETEPMUHMPOBAHHLIM (MPU OTCYTCTBUMU
LYMOB) M CTOXaCTMYECKUM (NPU Hannymu cnyyaiiHol owmnbkn 3amMepoB 3HAYEHWIA
dyHKUMM). PasnuyaloT naccmMBHbIN UAX NapannefbHbli NOUCK, KOraa crpaTterns
Mn3BecTHa [0 MNOJly4eHUsa pe3yNbTaTOB 9KCNEPUMEHTA, U aKTUBHbLIM MN
nocnenoBaTesbHbIA NMOUCK, Koraa Oyayuime cTpaTternn yTOYHSIOTCS B 3aBUCKMMOCTHU
OT pe3ynbTaToB NpeablayLmx 3KCMePMMEHTOB.

* XXKMPHBIM WPUPTOM BbleNeHbl HOBbIE MOHATUS, KOTOPbIE HEOOXOAMMO YCBOUTL. 3HaHME 3TUX NMOHATUIA
6y,u.eT npoBepATbCA Npu TECTUPOBAHUN.

CoBpeMeHHbI NyMaHUTapHblii YHuBepcuTeT
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Bravane orpaHvyvMcs O[HOMEpPHbLIM AETE)MUHMPOBAHHBIM Clly4aem,
KOrga Ha 3a4aHHOM MHTepBasie UM MHOXECTBE MMEETCH OOHO SKCTPEMasbHoe
3HayeHune.

Bynem HasbiBaTb GYHKUMIO OOHOW nepemeHHon f(x) Ha uHTepsane [0, 1]
CTPOro yHUmMopanbHOW (pyHKLMS, KOTOpas CTPOro Bo3pacTtaeT wunn ybbiBaeT Ha
3a,aHHOM VIHTEepBasne), eCnu CyLlecTBYeT x° — TO4Yka MUHMMYyMa 13 nHtepsana [0,
11, Te.0<sx <1 nm

f(x?) = min f(x)

Osxs<1
n ona nobbix aByx Todek x', x2 [0, 1] nmeeT mecTo, 4To N3 x' < x2 < x° cnepyet
fix') > f(x).

OueBnaOHO, 4YTO BCSKas BbiNyknas QyHKUMS Ha MHTepBane mameHeHus [0, 1]
OLHOBPEMEHHO U yHUMoOZanbHa. OgHako obpaTHoe YyTBEPXAEHWE MOXET ObiTb U

a) Y
X
0 K ad
0) Ay
X
0 1 g

Puc. 1.1. Bbinyknaa (a) v HeeBbinyknasa (6) yHMMopanbHbie (YHKUUMU

CoBpeMeHHbIVi l'yMaHuTapHblii YHUBepcuTeT
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HecnpaBennmeo. Ecnn ponyctnTb paspbiBbl HENPEPBLIBHOCTU DyHKUUK f(x) 1 ee
NMPON3BOAHON, TO MOIYT BCTPETUTLCS YHUMOAANbHbIE HA UHTepBane [0, 1] dyHKkunu,
He obnapaiwolime CBOMCTBOM BbINyknocTn (puc. 1.1). YHumopanbHOCTb obecneyu-

BaET BbINOJIHEHME CMEeAYIOLEro O4eHb BaXXHOMO YCNOBUA: €CNU 3HAYeHUs QyHKUMN
y = f(x)

y'=1x'), ¥ =1x)

B35iTbl MO OJHY CTOPOHY OT MakCumMyma, TO OOJbLIEMY 3HAYEHUIO ¥ COOTBETCTBYET
Oonee 6nmM3koe K ONTMMYMYy 3HayeHMe X. OTa 3aBUCMMOCTb, MO3BONsOWAs chop-
MyNMpoBaTb KpUTepuin aPdOEKTUBHOCTU NPAMbIX METOLOB MNOMUCKa 3KCTPEMYMA,
nokasaHa Ha puc. 1.2, n3 KOTOpPOro BUAHO, HYTO C Y4ETOM YCNOBUS YHUMOLAIbHOCTU
nocne OBYX 9KCMNEPUMEHTOB uck/ovaloTca otpesku: [x2, 1] (puc. 1.2, a), [0, x']
(puc. 1.2, 6), [0, x'] n [x3, 1] (puc. 1.2, B).

6
a) yl ) A

—
V.

-]
!
|

|
| { | X
—
0 X/ X* 1
Puc. 1.2. BapuaHTbl yMEHbLUEHUSI UHTEpPBana HeonpepeneHHOCTU
fnpu ABYX 3KCMepumMeHTax

CoBpeMeHHbI NyMaHUTapHblii YHuBepcuTeT
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PaccmoTpum Tpu cnyyas ¢ Tpemsa akcnepumeHtamu (puc. 1.3). 3HaveHusa x B
KaXXA0M 3KCNepPUMEHTE OTCTOAT OT JIEBOrO KOHLUA MCXOOLHOr0 MHTepsana
HeonpeaeneHHoctu [0,1] cooTBETCTBEHHO Ha BenuunHbl x' = 0,2; x2 = 0,6; x* = 0,9.
Kaxpasa 1v3 Tpex no3vuuin pucyHka COAEPXUT TPM BO3MOXHbIX pe3ynbraTta
9KCMEPUMEHTOB. B kaXxaom mn3 Tpex cliy4aeB MakCMMasbHOE 3Ha4YeHne OOCTUraeTcs
COOTBETCTBEHHO B nepBoM (puc. 1.3, a), BTopom (puc. 1.3, 6) n TpeTbem

a) 0)

',___
~

b
[

—
o
o3
b M —
>
—_

\ | | X
X' ¥ |
k=3
Puc. 1.3. OnpepenenHne mepbl 3¢hpPEKTUBHOCTU NMOUCKA MPU TPexX 3KCNepuMeHTax

CoBpeMeHHbIVi l'yMaHuTapHblii YHUBepcuTeT
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(puc. 1.3, B) akcnepumeHTax. O603Ha41mM Yepesd K HoMep aKCrnepruMeHTa, B KOTOPOM
Mosy4eH Haunyylwuii B CMbIC/ie MakcuMyma pesynbrarT:

y¥= max {y*};

1<k<N
WXK) =y k=12, .., N,

roe N — 4ncno akcnepumeHToB. N kaxaoro m3 Tpex CllydaeB MOXHO yKasaTb
HOBbI, OONee y3knii MHTEPBAN HEOMPELAENEHHOCTN, B KOTOPOM NIEXUT ONTUMasbHOE
3HauyeHune x. OerncteutensHo, npu K=1 0<x,,, < x% npu K=2 x' < x,,,. < x3% npu
K=38 x*< X, £ 1. MOXHO nony4ntb obuyto dbopmMyny As 9KCNEePUMEHTOB, €CN
00603Ha4NTb Yepea X° Hayano UCXOAHOro MHTepBasia HeomnpeneneHHocTn, T.e. X° =
0, n yepe3 x"' =1 — ero koHeu. Toroa ona nHTepsBana HeonpegeneHHoctn [N nocne

N aKCneprvMeHTOB MMeeM
IN= xKFT K-
npuyem
K-1 1
XK < Xy < XKL

B 3aBMCMMOCTM OT cTpaTernm novcka (Bbibopa x<) nonyyaroTcs pasHble 3Haye-
HUS nHTEpBanoB X' — x<' (k = 1, ..., N). /I3 pe3ynbTtaToB 3KCNepUMeHTa (3Ha4YeHN
y*) BUOHO, NMpun KakoM k = K nony4yaetcs Hanny4ywmin pesynbTaT y* 1 COOTBETCTBEHHO
HaunyJllee 3Ha4YeHne nHTepBana HeonpegeneHHocTn [N, Takum obpasom, /N onpene-
NnseTcs, ¢ OAHOM CTOPOHbI, pacrnpeneneHnemM x<, a ¢ Opyron CTopoHbl, Homepom K:

IN = MN(x, K).

OTa BennYMHa SBASETCHA XOopolwen mepoin 9pdEeKTMBHOCTM Nomcka nocne
3aBeplueHus Bcel cepum n3 N akcnepumeHToB. HO HaMm HyxHa anpuopHas mMepa
adpdekTmBHOCTM, a [N OO cepun IKCNEepUMEHTOB HeusBecTHa. [o3ToMy BBeOeM B
paccMoTpeHne Hanmbonblnii n3 [N (Hanxyawwnii) nHTepBan HeonpeaeneHHOCTH

LN (x¥) = max {M(x*, K)}. (1.1)

1<KsN

HeTpynHo yb6eautbes, 4To LN 3aBMCUT TONbKO OT cTpaTterum nouvcka (Bbibopa
XX) 1, KOHEYHO, OT YHMMOZAsIbHOM 3aBUCUMOCTU Y (X) U HE 3aBUCUT OT MHTEpBana,
B KOTOPOM OKaXeTCsl 3Ha4yeHue X ., T.e. BenmumHbl K. [1na Halero npymepa uMmeem

onT?

L3(0,2; 0,6; 0,9) = max {LF(xx, 1), P (X 2), B(xX 3)}=

1<KsN
= max { (x> - x%), (x* —x"), (x' = x®) } = max {0,6; 0,7; 0,3} = 0,7.

BenuumHa LN — egmMHCTBEHHAs Mpu 3aaHHONM cTpaternn nomcka (Bbibope x<),
TaKk Kak cpeau BO3MOXHbIX 3HayYeHuin /N Tonbko O4HO uiKn, B KpamHeM cryyae,
HECKOMbKO paBHbIX MeXy cobol 3HaveHuin byayT Hanbonblwmmn. Beibop B kayecTBe
Mepbl BennYuHbl N ana Hauxyawero ciydas n3basnsieT Hac OT HeXenaTesbHOW
3aBUCUMOCTU OT pPEe3ynbTaTOB WUCMbITAHUNA W [aeT anpuopHYlo, XOTa U
NECCUMUCTMHECKYIO OLEHKY 3hdEKTUBHOCTN noucka. [pu peanbHOM NOMCKE MOXET
MOJIy4YNTBLCA NyHLIUIA pesynbTart.

[Mocne Toro kak BBegeHa mepa 3bOPEKTUBHOCTU MOUCKA, MOXHO yKasaTb
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KpuTepuin Bbibopa ONTMMabHOro Nnoucka, B KayecTse KOTOPoro 6epeTcs MUHUMYM
BEJINUUNH:
N = min { LN (x) }. (1.2)

ont
Xk

OnTumanbHas cTpaterns x = OnNpeaensiercs COOTHOLUEHMEM

LN(x,,) = L, (1.3)

OI'IT)

BenuumHa LN, — NOCTOSIHHAs W eOuMHCTBEHHAsA AN OAHHOW YHUMOOAIbHOM
3aBucumocTn. OHa onpeaenseT MUHMMaNbHbIA MHTEpBaa HeonpeaeneHHOCTU, XOTa
ONTMMaJbHbIX cTpaTerni x& . MOXeT OblTb Heckosbko. Ctparterns x* ., MOxeT OblTb

ont

Ha3BaHa MUHWUMAKCHOM, TakK Kak

LN = min max { N (x K) }.
Xk 1<KsN

3necb

min max { M (x¥, K) } = 1;
Xk 1<K<N

min { N (xx, K) } = 0.

1<KsN

He BO Bcex cuTyauusax MOXHO peann3oBaTb MOCNeAOBaTEeNbHYI NPOLenypy
novicka. Tak, Npu ynpaeieHUM OOMEHHbIM UM XUMUYECKUM MPOLLECCOM, KOraa HeT
BPEMEHU Ha nocniefoBaTelbHbI aHanna, AenaeTca O4HOBPEMEHHbIV napassiesibHbIn
3amep napameTpoB. lNpy 3TOM BO3HUKAET HEOOXOAMMOCTb OMpeneneHns HOBbIX
3HAYeHUN ynpaBnAgaLWMX napaMmeTpoB, KOTopble obecneuynnm Obl ONTUMANbHYIO
6/11M30CTb K 9KCTPEMYMY.

Mnun, Hanpumep, rpynna n3 HeCcKobKMX S3KOHOMUCTOB AOJKHA PeLunTb 3aaqvy
ONMTMMAaNbHOrO PacnpefesieHns PecypcoB B YCIIOBUSIX OFPAHUYEHHOrO 3aka3quMKOM
BPEMEHM (JoNnyCcTUM, oaHa Hepens). Takoe ycnoBue 3acTaBnseT nocTpoutb paboTy
no napasnnefnbHOM CXeme, T.e. KaXAbli 3KOHOMUCT BeOeT MOUCK B OTAENbHOCTU MO
3a[laHHOW eMy NporpamMmMe pacrnpeaeneHus pecypcoB. Ecnu 6bl 3aka3ymk He Toponu
C pelleHnemM BoMNpoca M BbIAENWUST BMECTO OOHOW Henenu yeTblpe, TO OECATb
9KOHOMWUCTOB MOrnn 6Gbl COBMECTHO MOC/NeLoBaTENIbHbIM MOMCKOM paccyuTaTb
yeTbipe BapuaHTa 1 NOy4UTb Ty e TOYHOCTb, YTO U MPU NMAacCUBHOM MOUCKE Npu
pacyeTe OecATM BapuaHTOB. Ecnu Obl B X pacnopskeHun Obino AecaTb HeAerb,
TO coBMecTHas paboTa no nocrnegoBaTefibHOM cxeMe fana Obl 9ddEKTUBHOCTL B
18 pa3 60obLUy0, YeM NPU NACCUBHOM NMoucke. B aToi Moaenu ycnoBHO CHMTaETCS,
4YTO NPV COBMECTHOW paboTe AEeCHATU SKOHOMUCTOB MO MOC/EAOBATENbHOW CXemMe
BpEMS pacyeTa OJHOro BapuaHTa OocCTaeTcs paBHbiM Hepene. OOHAKO MOXHO
COCTaBUTb OPYryi0 MOAENb, NPEAMNONOXUB, YTO NMPU COBMECTHOM paboTe BpeMs
pacyeTa 0gHoro BapuaHTta cokpawaetca B 10 pas. Torga yxxe K KOHLY BTOPOro AHs
nonyumncs Obl TOT Xe CaMblii pe3ynbTaT, YTO U MPU NACCUBHOM MOUCKE K KOHLLY
Hegenn (cumTaeTcs, 4TO pabounx OHel B Headene naATb).

[na cnyyas OByx 9KCNEPUMEHTOB MNacCMBHas CTpaTerus HMYeM He OT/iMyaeTcs
OT aKTMBHOW, Tak Kak MHPOPMALMIO, MOJTYyYEHHYIO OT OAHOrO 3KCMEPUMEHTA, HENb34
MCNOoNb30BaTh AN YTOYHEHUSA BTOPOro aKcnepumeHTa. NycTb MMmelnTcs pesynbTathb
nByx akcnepumeHToB (N = 2): x', x2, npuyem 0 < x' < x2< 1. C nomMoLbto
cooTHoweHuin (1.1) — (1.3) MoXxHO HanucaTtb

CoBpeMeHHbIVi l'yMaHuTapHblii YHUBepcuTeT
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L2 = max { (x> - x%), (x® —x") } = max { x?, (1 - x")}.

Ha puc. 1.4 nokasaHbl kpvBble L? = const B 3aBUCMMOCTU OT X' = X; U X2 = X,.
MN3-3a ycnosusa x2 > x' onTMManbHoe Ha nepBblii B3rnsg 3HadeHue L2 = 0,5 npu x' =
x2 = 0,5 oTBepraetcs. MoaToMy BBOAUTCS MWHMMAasbHAs BeMYUHA €, KOTopas
onpeaensieTca norpelHoCTbi0 N3MEPUTENBHOM annapaTtypbl, NO3BONSAIOWEN Npu
pasnmMunmn Mexay x' n x2, paBHOM €, 0OHAPYXXUTb PA3HULY MeXY COOTBETCTBYOLLMMMU
y' n y2. Torpa B pesynbtate akcrnepumeHToB X' = 0,5 - €/2 n x> = 0,5 + €/2 MOXHO
noJsly4nTb He ToNbko TpebyemMoe pasaeneHve y' n y2, Ho U MUHUMaNbHO BO3MOXHOE
3HavyeHune L2 .

L2, = L2 [(0,5 - €/2), (0,5 + £/2)] = 0,5 + &/2.

Tonbko 4To pacCcMOTpeHHaa cTpaTterma HOCUT HanMeHoBaHne €-MUHUMAKCHO.

XZ
)
[ L*=1,0
0.9 /
0,84
0.6
0,4t
0.2
XI
e A i — A S ¢
Il

Puc. 1.4. OnpepeneHne 3¢p@PeKTMBHOCTM MACCUBHONo MOUcCKa
npu ABYX 3KCNepuMeHTax

Tenepb paccMOTPUM Cryyail TPEX 3KCMEPUMEHTOB M NMocTapaemcs ynyylnTb
[OBOJIbHO MIOXOM MNnaH, paHee PacCMOTPEHHbIN U nNpeacTaBneHHbln Ha puc. 1.3
(x' = 0,2; x> = 0,6; x* = 0,9). PaHee O6bIIO MONY4YEHO MaKCMMaslbHOE 3HaYeHue
VHTEepBana HeonpegeneHHocTu, paBHoe 0,7. N3 puc. 1.3, 6 BUAHO, YTO MOXHO
yMeHbLlWnTb L3, c6nmnamve x' 1 x3, B CBA3M C 4eM, yMeHbLIMB X 1 yBennume x' Ha 0,1,
nonyynm (puc. 1.5):

x'=0,3; x2 =0,6; x* = 0,8; x* - x'=0,5.
Mpn aTom
L*= {0,6; 0,5; 0,4} = 0,6 = x2-x°=x2.

CoBpeMeHHbI NyMaHUTapHblii YHuBepcuTeT
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0,4

o 0,5

Puc. 1.5. YnyyweHHbIA BapMaHT NaCCUBHOroO NMOUCKa NMpu TPex 3KCNepuMeHTax
Tenepb, NnepemeLLas x? BNeBO, MOXHO elle yMeHbLnTb L3, ogHako onHOBpe-
MEHHO byaeT yBenuumBaTtbcs X* — x? = 1 x2. MoaTtomy ans Bbibopa x? cnegyet
paccMoTpeTb rpaduk dyHKUUU
max {x?, 1 — x?}

(1.4)

max {x,;1-x,}

; |

0,3

XZ
AYY
0,5 0,8
Puc. 1.6. OnpeneneHne 3¢p@peKTUBHOCTU NMAaCCUBHOIO Moucka
npu Tpex aKcnepumMeHTax
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B vHTepBane 0,3 = x' < x?2 < x® = 0,8. B cooTrBeTrctBUMM C puc. 1.6 MUHMMaNbHOE
3HadeHne dyHkumm (1.4) nonyyaetcsa npu x, = x2= 0,5. 310 3Ha4YeHMe 1 BbIGUPaeTcs
B ONTUMaNbHOW MWHMMAKCHOIW cTpaTerun. Takum o6pa3om, ONTMMalibHOWN
cTpaterven bynet Bcsikas naccusHas ctparterus (x', x3, x%), gns kotopoi x> = 0,5
(puc. 1.7, a) n x* — x' £ 0,5 (puc. 1.7, 6) n xoTopaa OaeT oNTUMaNbHOE 3HaYeHue
L3, = 0,5.

0,5 0,5

0,5

0,5

b 4

x'-x'<0,5 le——r
Puc. 1.7. OnTumanbHble NMAacCUBHbIE CTpPaTerMm npu Tpex 3KCNnepuMeHTax

OnpeneneHve MMHUMAKCHOW CTpaTernnM C nOMOLLbIO puc. 1.7 npakTuyecku
COBMafaeT C reoMeTpuyeckuM MeTOAOM OTbICKaHUS OMTUMAanbHOW cTpaTerun B
Teopun urp.

M3 paccMOTpeHHbIX OBYX MPUMEPOB ClenyeT, 4To AobaBneHne TPeTbero
aKcnepumeHTa, TpebyloLwero AOMNONHUTENbHbLIX CPEACTB U YCUUKA, B Clyyae
naccMBHOro novcka mano cebs onpaBAbiBaeT, Tak Kak pasHocTb L3 — L2 ..
COCTaBfsieT Manylo BENUYMHY €/2. OTO MONOXEHWE OCTaeTcs CrnpaBefMBbIM  OJ1s
noboro yucna oneltoB N, T.e. NCNOb30BAHNE HEYETHOrO 4YMcsa ONbITOB
LenecoobpasHo TONIbKO Mpu GONbLUOM NMOrpPeLHOCTU U3MEPEHUI €, MO3TOMY 4YacTo
Ha NpakTvkKe WUCMOoJb3YIT MOUCK Mnapamu 3KCrnepumeHToB. MOXHO nokasaTb, 4TO
Hanayywmnii BIGOP Noslyd4aeTcs Npu pasgeneHnn 3KCnepuMeHTaNbHbIX TOYEeK Ha
paBHOOTCTOSALWME Napbl. [py TakoM pacnpeneneHun npolenypa HOCUT Ha3BaHue
novicka ogHopoaHbIMM napamu. Tak, npu n = 2 (puc. 1.8, a) aKCNepuMeHT COCTOUT
13 OBYX 3HA4YEHUN:

X' =(1-¢g)/2 x=(1+¢)2;

npu n = 4 (puc. 1.8, 6) — N3 YeTblpex 3HAYEHWUIA:

CoBpeMeHHbI NyMaHUTapHblii YHuBepcuTeT
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x'=(1-¢)/2, x2=(1+¢€)/2, x*=(2-2¢)/3 - ¢, x*=(2 + 2¢)/3 n 1.4.

l+e 1-¢
2 > 2 _ >
— £
|
x'|x?
- 12 e 12 -
a) N = 2 (ogHa napa)
l+¢ l+e 1-2¢
3 3 3
- PP —
_ﬁ £ & —,1 £ &
XI XZ X; X4
1/3 1/3 1/3
. % =
6) N = 4 (nBe napsbl)
1+e 1+e l+e  _3,
4 4 . 4 4
o= — -
XX XX
1/4 1/4 1/4 1/4
e el =

B) N = 6 (Tpn napsbil)
Puc. 1.8. MNMouck opgHOpOAHbIMU MapamMu

AHanNUTNUYECKN 3HAYEHUS MPU NMOUCKE OLHOPOAHLIMUM NapamMm MOXHO 3ajaTb
C NoMoLLbio HopMyIibl
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x={(1 + g)[(k+1)/21}/{(N/2) + 1} - {[(k+1)/2] - [k/2]}¢,

roe kBagpatHble ckoOkum [a] o6o3HavalwT Hanbonbllee LEenoe 4Mcno, He
npesbiwawowee a: [ =3, [4] =4 u T. 4.

M3 BbILLEN3NOXEHHOrO CneayeT, YTO Takas cxema AJis YETHOro YMcna OnbITOB
npeactaBnseT €-MUHMMAKCHYI cTpaTeruto, Tak kak cMmeleHue nwoboro uns
3KCNEepPUMEHTOB Tosbko yBenuumaeT LN. BenmumHa onTMmanbHOro mHTepsana
HeonpeneneHHOCTU 3agaeTcs Gopmynon

LN =(1+¢€)/[(N/2)+1]. (1.5)

ont

Onga yncna onbitoB N + 1

N+1
L orr

. = L T8/ [(N/2) +1],

roe N — yeTHoe, T.e. C YBE/IMYEHNEM YMCa OMbITOB PasHULE MeXy ONTUMasbHbIMI
MHTEpBasiamMy HEOMPEAENIEHHOCTM NPU YHETHOM U HEYETHOM YMCJIE OMbITOB YMEHbLLA-
eTCs MPMMEepPHO 0OPaTHO MPOMOPLMOHASIBHO YMCIY OrMbITOB.

1.2. MocnepoBaTtenbHbIi NMOUCK 3KCTpemMyMa

[Mpn nocnepoBaTenbHOM NOUCKE aHANM3NPYIOTCS Pe3ynbTaThl NPeablayLLero
9KCMEPVIMEHTA N B 3aBMCUMOCTU OT HUX CTABUTCH CHEAYILWNA 3KCnepuMeHT. Mpu
3TOM nony4daeTtcsd 60MbWON BbINrPbIW 3ddEKTUBHOCTU noucka. MoaTtomy Ha
npakTuke, ecnu no3BONSAT YCNOBUA, CneayeT oThaBaTb NpeaAnoyvYTeHue
nocnefoBaTesibHOMY MOUCKY nMepepn napaniesnbHbiM (MacCUBHbBIM).

OpraHusaumsa nocnefoBaTenibHOro noucka wHorpa TpebyeT pa3paboTkum
crneumanbHbIX TEXHNYECKNX YCTPOWCTB ANg NOCNefoBaTesNbHbIX 3amMepoB. Tak, ogHa
noABUXHaa Tepmonapa no3BONSeT akTUBHO CNeAuTb 32 BbICOKOTEMMNEPaTypHOWN
30HOM XMMUWYECKOro peakTtopa, T.e. OCYLLECTBASET MocneaoBaTesflbHbIA Mouck, a
HECKOJIbKO HEMOABMXXHO YCTAHOBEHHbIX TEPMOMNApP MO3BOMSIOT OCYLLECTBAATh JIMLLb
NacCUBHbIN MOUCK.

CamMbiM eCcTeCcTBEHHbIM U Hambonee pacnpOCTPAHEHHbIM HA MpaKTUKe
ABSIETCA METO[, Noucka 9KCTpemyma nytemM nocnefoBaTeflbHOro AefneHns otTpeska
rnononam. ITOT MeToA, M3BECTHbIN elle B [JpeBHeil peunn, Ha3BaH MeTOLOM
anxotomum (dicha — Ha gBe yactm + tome — cedeHune).

PaHee 6bI10 MokasaHo, 4YTO MpU OBYX 3KCMNepumeHTax (nepeas napa Ha
puc. 1.9) nydwe Bcero BeIOMpPATb TOYKM B CEPEAMHE MHTEpPBasa BO3MOXHO Onvxe
npyr Kk apyry. Torga anvHa nHTepsana HeonpeneneHHocTn 6yaeT pasHa 0,5 + g/2.
B TpeTbem 1 4eTBEPTOM 3KCMEpPUMEHTax (BTopas napa) Touku BblbupatoTcs B6IM3un
cepeanHbl MOJyYMBLLIErOCs MHTepBana. HoBbIi MHTEPBANn HeEONnpeaeneHHOCTU npuv
3TOM paBeH

1/2(1/2 + €/2) + /2 =1/4 + (3/4) €.
[Tocne wecTtu onbITOB (TPEeTbs napa) UHTepBas HeonpenesieHHOCTU COCTaBUT
1/8 + (7/8) «.

Mocne N onbiToB, rae N — 4yeTHOE M KOHEYHOE 4YUCNOo, UHTepBan
HEOMNpeaeseHHOCTN 3anuueTcs Kak
N, =2N2 + (1 = 27N2)g,

ont
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Puc. 1.9. MeTton puxotomum

Otclopa cnepyeT, 4To 3¢ PEeKTUBHOCTb NMOUCKA NMpU MeToAae AUXOTOMUU
(oueHka TOYHOCTM MoMcKa Mo apryMeHTy) pacteT ¢ pocTtom N aKkCMOHeHuuWanbHo,
TOrga Kak npv nacCMBHOM MOWCKE OAHOPOAHbLIMW Napamu 3PPEKTUBHOCTbL pacTeT
JIMWb NPSMO NPONOPLMOHanbHO — cM. dopmyny (1.5).

MeTon drnboHay4m CBOMMK KOPHAMM BOCXoauT K paboTtam matematumka Xlll Beka
dunboHawum 1 gaxe Kk Gonee paHHUM KccnenoBaHuaM Eeknupoa.

Bynem cuntath, YTO ANS MCCNELOBAHUS MCXOLHOIO MHTEpBana HeonpeaesneH-
HOCTU eAVHWYHOW OnHbI Obino BbigeneHo N akcnepumeHToB, N — 1 13 KOTOpbIX
BbINOJIHEHBLI. B nocnepgHem akcrnepuMeHTe TpebyeTcs uccnenoBaTb MHTEPBaAs HEO-
npegeneHHocTy LN . nepxalumin ToHKy-aKCnepuMeHT xN-',, Ang KOTOpOoW Nony4eHo
camoe 6onbLuoe 3HadeHre y npu nepBbix N — 1 ncnbitaHuax (puc. 1.10). MonoxeHne
Toukn XN, LennMkom 3aBMCUT OT cTpaternm nouvcka. focnepHiolo Touky xN MOXHO
BbIOpaTb NPOU3BOJILHO, HO HE BNIMXKE, YEM Ha PACCTOSHUN € OT Toukn xN-'. CuTtyaums
Ha 3TOM MOCfefHEM Lare rnosHOCTbIO COBMNaAaeT C 0ObIYHBIM MOMCKOM MPU HaNM4YMm
OBYX 3KCMepMMeHTOB. MuHumanbHoe 3HavyeHue nocnegHero uHTepsana LN
nosnyyaetcs, ecnn Toukn xN' 1 xN pacnonoXxutb CUMMETPUYHO HA PaCCTOSHUN €/2
OTHOCUTENIbHO cepeauHbl uHTepeana LN . MoaTomy 3Hadenua LN n LN
CBsi3aHbl COOTHOLLUEHNEM

nr’ nT
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Puc. 1.10. Meton ®ubGoHauuu

=2 LN —€. (1.6)

Mpoponxas npoLenypy ABUXKEHUS C KOHLA, aHANIOMMYHYI0 AMHAMUYECKOMY MpPO-
rpaMMmMpoBaHUIO, BBEAEM B PACCMOTPEHME WHTEpBan HeonpepeneHHocTn LN-2
KOTOPbIA nonyyaetcsa B pe3ynbtate N — 2 akcnepuMeHToB M3 obuero ymcna N.
BHYTpWn aTOro mHTEepBana coOoepXxuTtcsa akcnepumeHT xN-2, pawowmii Hanbornbluee
3HadeHune y npu nepsbix N — 2 akcneprmeHTax. B aTom nHTepBase crnegyeT npous-
BECTW Creaylolyo napy 3KCnepuMeHToB. Jlydllee 3HavyeHue u3 AByX 0603Ha4MM
yepe3 xN-'.. [lpyras Toyka M3 3TOM napbl, KOTOpPytd 0603Ha4ymMm yeped xN-' | OGynet
rpaHvyHon mexay vactelo N2 umHTepsana LV ., ncknovyaemon n yactbio LN-2

CoBpeMeHHbI NyMaHUTapHblii YHuBepcuTeT
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OCTaBNAEeMOl AN paccMoTpeHusa. Ho B Havane akcrnepuMeHTa HeM3BEeCTHO, Kakoe
13 OByX 3HadeHun xN-' 6ygetr Hambonbwnm M obo3HaunTcs kak xN',, a kakoe
HaVMeHbLINM 1 0603HaYMTCS Kak XN-'_. OTK aBa 3HA4YEHUS MOIYT MEHATbLCS MecTamMu.
Moatomy 06e Toukm xN-', n xN-'_ pacnonaraloTca Ha OAMHAKOBOM pacctosHum LN
OT KOHLIOB MHTepBana. Tak Kak 3T TOYKN PacrnonoXeHbl CUMMETPUYHO OTHOCUTENTbHO
cepeauHbl MHTepBana N2, 1 ogHa M3 HUX cTaHoBUTCS XN-', (MpuyemM 3TO MOXeT
ObITb Ntob6as M3 gByx Todek xN'), TO Kaxngas M3 HUX AOMXKHA HAXOoOUTbCS Ha
paccTtosiHum LN = OT OfHOro koHua uHTepBana u Ha paccTtosHum LN-') - oT gpyroro
KOHUA MHTepBana. pu atom, yuutbiBag dopmyny (1.6), Hanuwem:

L2 = (2l — &) + L = 3 Ly — &
AnanorunyHo gna nodoro 1 < k < N:
L = Loy + L1
Otciopa npu k =N - 2
LMS, = LV2, 4 LV = (3L, — ) + (2N, — &) = 5LN, - 2;
L4, = 8 LN, - 36
Ln-s o= 13V, —b5e.

Onsa ypo6cTtBa 3anucu dopmyn BBeAEM MOCAenoBaTefibHOCTb Yncen
PduboHavyu:

B COOTBETCTBUM C KOTOPOW UMEeM:
F,=2,F,=3,F,=5 F,=8wnurtn.

C noMoubio 3TUX YUCEN MOXHO 3anucaTtb chenylouyio Gopmyny ans
ONTUMaJIbHbIX MHTEPBANOB HEOoNpeneneHHOCTH:

Lo = Fier Lo = Fiy & (1.7)
Monaras AVHY NCXOOHOro nHTtepBana paBHOl7| eanHuue, nosiydyaeMm:
N-k=1;, k=N-1;
Lo = 1 = Fy LYo — Py e
OTClO,D,a Haxoaum ONMTUMAanbHbIN MHTEepBan nocne N onbITOB:
L = 1/Fy = (Fyo/ Fy)e. (1.8)

Kak BMOHO M3 npuBeaeHHol Huxe Tabn. 1.1, ons yMeHblueHUs UHTepBana

CoBpeMeHHbIVi l'yMaHuTapHblii YHUBepcuTeT
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HeonpepneneHHoctTn 6onee yem B 100 pa3 no metogy dPuboHay4m HeobOXoOMMO
nposectn 11 onblToB, N0 MeToay AmxotoMun —14, a Npu NACCMBHOM MeTode —
198 [cm. dopmyny (1.5)]. Mpu meTome PubGOHa4uM Kaxnas nocnenyollas Toyka
BbIOMpPAETCHS CMMMETPMYHO MO OTHOLUEHMIO K TOYKE, KOTOpas ocTanacb OT
npegbloywero aKCnepuMeHTa M nonana B OCTaBWWUNCSA UHTepBan. lMepBbii
9KCNEepUMEHT creyeT BbibupaTb Ha paccTtosHum L2 . OT OO4HOro M3 KOHLOB
HavyaslbHOro MHTepBana, 6e3pasfINyHo OT JIEBOr0 WAW MPaBOro, B CUY CUMMETPUM.
YTo6bl MONYy4YnUTb TOYHOE BbipaxeHue ans L2 Bocnonbdyemca dopmynon (1.7),
yuntbiBasd, “TON —k =2 un k =N - 2:

ont?

L2 = Frot Lonr = Frg &

ont

McknioumB n3 aToro cootHowwenus LN . ¢ nomowwbio dopmynbl (1.8) nonyunm:

L20I'IT = FN—1/ FN + I:(FN—1FN—3 - FNFN—3) / FN]S' (19)
Ncnonbays toxpectsa Fy_, = F ,+ F ,n Fy = F_, + F_,, KOTOpble crnenytoT 13
camoro onpepeneHus sucen AduboHa44n, Hanuem:

FN—1FN—2_ FNFN—3= (FN—2 + FN—s)FN—s - (FN—1 + FN—s)FN—3= F2N 27 FN—1FN—3)FN—3' (1 -10)

JlokazaHo, 4TO npaBas 4acTb 3TOro paBeHcTBa paBHa (-1)V, noaTomy popmyny
(1.9) MOXHO nepenucaTtb B BUAE

Lo = Fuo/ Py + (= 1) / Fy. (1.11)

®opmyna (1.11) no3BonsieT HayaTb NpoLeaypy Moucka, eciv U3BECTHbI € U
N. B aToM coCcTOUT HepocTatok MeTopa: TpebyeTcs 3apaHee 3HaTb HeEOOXxoaMmoe
4ncno onbiToB. O4eHb YAaCTO 3a4AETCH TONbKO BENMYMHA MHTEPBana HeonpeneneH-
HOCTU, KOTOPYI Hano 3HaTb K KOHUY N-ro onbita. 9Ta 0CO6EHHOCTbL NpuaaeT
nocneposatenbHoMy metony PmnboHayym CBOMCTBA MAaCCUBHOrO nowvcka. MHorpa
nosToMy 0o0pallalnTca K METOAY AMXOTOMUM, KOTOPbLIA XOTS 1 00nafaeT MeHbLuen
3 PEKTUBHOCTbLIO MO CpaBHEHMIO ¢ MeToaoM PuboHayym, HO He TpebyeT
npeaBapuTesbHOro 3HaHUS Ynucna OMbITOB.

OpHako CyllecTBYET APYro MEeTon, nomcka, KOTOpPbIA NOYTK Tak Xe adpdekTmn-
BEH, kak MeTon PnboHayyun, HO He TpebyeT anpuopHOro 3agaHnsa Yncna onbitos N.
MmeeTca B BMAOY M3BECTHLIN M3gaBHa METOL 30/10TOr0 ceyeHus (puc. 1.11).

B Lk-l :T2Lrl ’J

L‘I Lk: < Lk‘l

Puc. 1.11. MeToag 3050TOro ce4yeHus
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Y106l M36ABUTLCA OT 3aBMCUMOCTM MEPBOro OMbiTa OT 4YMCAa ONbITOB,
nocTynawT cnegylowmmMm o6pasom. MNo-npexHeMy cunmtaem, YTO COXpPaHaAeTcs
yC/IOBME CUMMETPUYHOCTU MOCJ/Ie0BaTeNIbHbIX 9KCMNEPUMEHTOB, TakK Xe Kak B
Metoge PuboHayum, T.e. CnpaBenIMBO COOTHOLLUEHUE

Lk—1

Lk + Lk, (1.12)
OpHako BMeCTO ycnoBusl
LN-1 = 21N — ¢,

npu kotopom B MeToae PuboHavum mHTepsan L2 3asucut oT N, npegnaraercs
ycnosue

k-1 / Lk = Lk / Lkt = T,

O3HayvaloLLee NoCTOAHCTBO OTHOLLIEHUA AJIVH NocnenosaTteNbHbIX 0Tpeskos. OTcloaa
cnenyert, 4yTo

Lt/ et = (1.13)
YuntbiBas cooTHoweHure (1.13) n nopenus o6e yactn (1.12) Ha L*', nonydum
=1+ 1

MonoXUTENbHbIA KOPEHb 3TOr0 KBaApaTHOrO ypaBHEHUS

1= (1+ 4/5)/2 = 1,6180.

Mo pesynbTataMm ABYX 3KCMEPUMEHTOB BbIOMPAIOT YaCTb MCXOAHOMO OTPE3Ka,
BHYTPM KOTOPOrO PacrofioXeH OAMH U3 npenblaylmx onbiToB. B crnepyoulyto napy
OMbITOB BKJIKOYAIOT 3Ty TOYKY, @ BTOPYKO BbIOMPAOT BHYTPM OCTAIOLLErOCS OTpesKa
CUMMETPUYHO TOYKEe, OCTaBLUENCs OT NpeablayLLero onbita. [epBblie TOYKN HalayTCs
Ha paccTosiHUK 1/T OT IEBOrO 1 NPaBOro KOHLLOB €AMHUYHOIO Ha4albHOrO UHTEPBAasa.
Mpouecc MOXHO NpoponxaTb Kak yrogHo gonro. Nocne N onbiTOB MHTEpBan
HeonpeaesneHHOCTU AOCTUrHeT

LN = 1/t (1.14)

PaccmoTpeHHas npoueaypa HOCUT HasBaHMe MeToda 30JI0TOr0 Ce4YEeHUS.
OHa cocTouT B OefleHnn oTpes3ka Ha [Be HepaBHble 4acTu Tak, 4TOObl OTHOLLEHME
BCEro oTpeska kK OOMbLUE YacTu PaBHSANOCH OTHOLLEHWIO OOMbLUIEN YacTu OTpe3sKa K
MeHbLuel (cMm. puc. 1.11). CyuiecTByeT ypaBHeHWe, cBA3biBaloLlee Yncna PrboHayum
Fy v BennunHy T:

Fu= [TV~ (-1 ™1 /5.

Mpun Gonbwmnx N BTOPbIM YNeHOM B 3TOM hOpMysie MOXHO NpeHebpeyb, B
pesynbTaTte 4Yero MoJyynuMm:

Fy=T™/J .
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OTO COoOTHOLWEeHue AaeT BO3MOXHOCTb MONy4YnTb CBA3b MHTEPBaA/OB
HeonpeneneHHocTn LN nocne N onbITOB nNpu MeToAe 30/0TOr0 CeYeHUs 1 npu
meToae PuboHayyun:

N/, = ™ /SB) ™ =12 /5 = 1,17, (1.15)

T.e. 3pPeKTUMBHOCTbL MeToAa 30/10TOr0 cevyeHus Tonbko Ha 17% Huxe meToma
®uboHauun. Mpu Gonbwmnx N, Kak 3TO CnenyeT U3 ypaBHEHUS

Fy=1"/45,
nMeem
Fui/ Fy=1/1.
Otciopa ¢ ydyetom dopmyn (1.10) u (1.14) onsa 6onbimx N
Lo =1/1=1%

T.e. npn 6onbwmux N o06e npouenypbl HAYMHAIOT MOUCK MOYTU B OLOHUX U TEX XE
TOYKaX.
B Ttabn. 1.1 npuBeneHsbl UNbpPbI, XapakTepU3yoLME YMEHbLUEHNE MCXOOHOMO
€ANHNYHOrO MHTEpBana HeornpeneneHHoOCTU N pasnyHbiX MeTOAOB MoucKa.
Bce paHee pacCMOTpeHHble MeToAbl UCXOAWUN U3 TOrO, YTO BENUYMHA XX

Tabnvua 1.1
CoxpalleHre HHTEPBala HEONPEIEIEHHOCTU
Yucno omeIToB Meron ITouck no
[LI/I%)?‘Z?\?I/II/I q)I/Il\éIgIT—IZ{[I qu 33;;:;0 ﬂniﬁg{i;HMHM
0 1 1 - 0
1 1 1 1 1
2 2 2 1,62 2
3 2 3 2,62 4
4 4 5 4,24 7
5 4 8 6,85 12
6 8 13 11,09 20
7 8 21 17,94 33
8 16 34 29,0 54
9 16 55 47,0 88
10 32 &9 76,0 143
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MOXeT MpuHMMaTb nboe 3HavyeHme BHyTpu UHTepBana [0,1] n uHTepBan
HeonpeaeneHHOCTN MOXET M3MEHATLCS HENpPepbIBHO. ECTb 3apayn, korga TpebyeTcs
OCYLLECTBNATbL BbIOOP Ha KOHEYHOM AUCKPETHOM Habope 3HaveHuin xk. Hanpumep,
TpebyeTca nNoaennTb YACIO KBapTUP WM COCTaBUTb COOPHYIO cTpaHbl No dyTdony
N3 UrPOKOB KOMaHA, NePBO rpynmbl, — YUCO KOMOMHaUMA 30eCb BCErna KOHEYHOe.
MHorpa HenpepbiBHbIN MOUCK NCKYCCTBEHHO NMPEBpaLlaloT B MIOUCK MO AUCKPETHbLIM
ToYKaM, Tak Kak MocnefHuii BblAENSIeT OLHY TOYKY 3KCTPEMyMaA, a HEe WHTepBan
HeonpeneneHHoOCTN, KOTOPbIN HeynoOeH AN peleHus 3ajady, UMeLWux eno C
KOHKPETHBbIMU MOHATUSMU.

Jonyctnm, 3a4aHO S AUCKPETHbIX TOYEK: X;, Xy, ..., Xg, 3HAYEHUS KOTOPbIX
Heob6a3aTeNlbHO A0/IXKHbI ObIThb UenbiMU Yncnamu. Hanpumep, cpegHee 4ucno
SILLLMKOB, KOTOPOE 3arpyxaeTcs B €4MHULYY BPEMEHU, MOXET NPUHUMATbL 3HAYEHUS:
3,0; 3,4; 3,6; 4,2; 4,4; 4,6; 5,0. ConocTtaBMM KaxaoMy ANCKPETHOMY 3HaYeHuto
uensle yvcna:

Yucno gawmkoB 3,0 3,4 3,6 4,2 4.4 4.6 5,0
Homep BapuaHTa 1 2 3 4 5 6 7

B vHTepBane OT Hyns 0O eAMHULbI PAaCNONOXUM paBHOMEPHO k Toyek
(puc. 1.12). Ona paHHoro npumepa 4ucno k + 1 pasHo uucny PuboHavum F, = 8,
WCXOOHbIA MHTEPBas HEONPeneNeHHOCTUM OTIMYaeTcs OT eauHuubl 1 paBeH L' =
Fy (N = 5). Noatomy aBa nepBbiX 3KCMNEPUMEHTA OTCTOAT OT KOHL,OB MCXOOHOro
MHTepBana HeonpeaeneHHOCT Ha BenuuuHbl Fy L2, roe

Lzonrz FN71/ FN+ [(-1)N/ FN]s'
1 2 3 4 5 6 7 3

q I L

nepeasi napa 1 2 3 4 5 6 7
OnbITOB ]
f 8 . >
| !
| l
| | 6
TPETUN b 4 =5
onbIT !é 5 »
. 7 N2 _
YeTBEPTbIN L °=3
onbIT
3
NSTLINA 6 )
onbIT
yau- 2 >

Puc. 1.12. Metoa noucka no AUCKPETHbIM TOYKaM
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Monaraa € = 0, nonyyaem

B cuny aTOro COOTHOWEHUA MepBble ABa 3KCNEepMMeEHTa COBNAaAyT C
ONCKpeTHbIMW Todykamu. B gaHHom npumepe Fy_, = F,= 5 1 Toykamu nepsbiX OBYX
3KCNepUMEHTOB OyayT Toukn 3 1 5, OTCTOSALWME OT KOHLOB MHTEPBANa Ha BENYMHY
F,= 5. Tpetuin akcnepuMeHT nonagaeT B ANCKPETHYIO TOYKY 6, YETBEPTbIA — B TOYKY
7, NATHIA N NOCneaHuii — B To4Ky 6. Mpouecc 3aKoHYMUTCS, Korga AnvHa nHTepeana
HEeONpPeaeneHHOCTN CTaHeT paBHon eanHuue. OTcloaa B COOTBETCTBUM C HOPMYIION
(1.8) npn € = 0 umeem

Fy LV, = 1.

ont

CnepnyeT cneumanbHO OCTAHOBUTBLCS Ha ycnoBuu € = 0, Gnarogaps KOTOPoMy
NnoCnNefHni 3KCNEePUMEHT nonagaeT B TOYKY, rae yxe npou3Boauncs O4WH U3
npenbiayLnx 3KCNepuMeHTOB. OTO MO3BONSET HE MPOU3BOAUTb MOCAELHEro
akcnepumeHTa. [elcTBUTENbHO, WHTEpBan  HeonpegeneHHoctn Fy LN-1
ocTtawowmica nocne N-1 waros, B cOOTBETCTBUM C dopmynon (1.15) paseH aBym.
Mpuyem, kak BUAHO M3 puc. 1.12, KOHUbI 3TOr0 MHTEpPBana yxXe MCMNbITaHbl U
OTBEPrHyTbl, MO3TOMY ONTMMYMOM [O/KHa OblTb cepeamHa MHTepBana.

HanomHum, 4yto B Mmetoae PrnboHauum € NoSIBUNOCH AJ1s BbINOJIHEHUS nocnen-
Hel napbl akcnepumeHToB: (N-1)-ro n N-ro, KOTopble APULLOCE PaCMofIoXNUTb B
CUITYy HEMPEPLIBHOCTU X HA PACCTOSIHUK €/2 OT cepelyHbl MHTepeana LN . ImeHHO
noaTomMy M n3 TpeboBaHUs pas3nuMyeHus ABYX MOCNefHUX SKCNEePMMEHTOB MO X
BO3HMK/1IA HEOOXOAMMOCTbL BBELAEHUS E.

Ecnn 0603Ha4nTb Yepes Sy,_; MakCMManbHOE YMCO To4vek, koTopble nocne N-1
3KCMNEePUMEHTOB MOXHO CBECTU K eOUHCTBEHHOMY 3KCTPEeMyMy, TO OYEeBWOHO, YTO
Sy = Fy — 1, Tak kak B vHTepBane gnvHon F, copepxallem Fy_, TO4eK, MOXHO MNo
MeTony PrboHayum HaNTK onTMManbHylo Touky nocne N — 1 akcnepumeHToB. MHave
3Ty GOopMyny MOXHO nepenucaTb kKak Sy = Fy,; — 1. CpaBHUTENbHbBIE 3HAYEHUS
3TOW BENNYUHBI NPUBEAEHbLI B Tabn. 1.1.

1.3. Metoa paHpomusauuu

B npepbioyuiem pasgene 6bi10 nokasaHo, 4To meton duboHayum moxeTt
NMPUMEHSTLCSA NMPU MOMUCKe Ha AUCKPETHOM MHOXEeCTBe ToYeK. ECnv 4Mcno ncxoaHbix
TOYEK CUJIbHO OTNM4YaeTcsa OT Onukainiiero, cTporo 6onbliero yucna duboHavuw,
TO NpuxoamTcs A06aBNATb GUKTUBHLIE TOYKWM M TEM CaMbIM YBENUYMBATb
KONMMYECTBO 3KCMEepuMeHTOB. Tak, npu 8 onbiTax gobaenseTcsa eule 5, T.e. obuee
4MCno TOoYeKk OoBOAUTCA OO0 Gnvxaliwero, cTporo 6Gonbwero yncna duboHayuu,
13. Ho MOXHO BBECTW 3neMeHT CNy4aliHOCTU U BblOUpaTb 3KCNepuMeHTasbHble
TOYKM B COOTBETCTBUM C OMPEOENEHHbIM 3aKOHOM pacrnpeneneHus (Hanpumep, C
NoMOLLBIO BPOCAHUSA MOHETbI UK KoCcTu). MNpu 3TOM B CpegHEM MOXHO MOJSy4nTb
BbIIPbILW B YMCNE TOYEK 9KCMEPUMEHTA MO CPaBHEHUIO C AETEPMUHUPOBAHHbLIM
nonckoM no metogy dmnboHayum. B aTOM 1 3aknoyaeTcs MeTod paHAoMU3aLUn
(BbIOBOP 9KCNEepUMEeHTasbHbIX TOYEeK B COOTBETCTBUM C OnpefeneHHbIM 3aKOHOM
pacnpegeneHus cny4darnHocTun). lNpoueaypa novcka aKCTpeMymMma OCHOBbIBAETCH
Ha onpeneneHHoOn BEPOATHOCTHOM MOAENN pacnofioxXeHusa akcTpemyma. CumTaet-
csl, YTO Npupoaa, kak NMapTHep B urpe, npegjaraeTt Ajasg noucka onpeneneHHbln
BEPOATHOCTHbIV 3akKOH pacnpeneneHns skctpemyma. Crtpaterns CcTpouTcs
BEPOSAITHOCTHbIM 00pa3oM, TaK Kak 3KCTPeMyM C onpeneneHHoOn BepOosTHOCTbIO
MOXEeT NosBUTbCA B NtobomM mMecTe. Takoi nmoaxod Mo CyuwlecTBy COBMagaeT C
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WUrpoBbIM METOAOM U MpoLeaypamMy NPOBEPKU CTATUCTUYECKUX FMMNOTE3.

[na npocToTbl pacCMOTPMM Ciy4al YHUMOZANbHON QYHKUMUW, 3a4aHHOW B
Tpex Toukax: 1, 2, 3. Bce BapumaHTbl NPOBEAEHNS SKCMEPUMEHTA MOXHO pPas3buTb
Ha Tpu: (1, 2), (1, 3) n (2, 3). Ecnm akcTpemyM okaxeTcs B Touke 1, To npu BbiGope
ctpaterum (1,2) (T.e. nepBble ABa dKCNepUMeHTa NPOU3BOAATCH B Todkax 1 n 2),
TPeTbero 9KCMepummMeHTa MOXHO He Aenatb. [IByx SKCMEPUMEHTOB OKaXeTcs
[OCTaTO4HO, €CNN IKCTPEMYM HaxoOMTCS B TOYKe 3 U ObIIO MPUHATO pPELLEHME
NPOBECTU 3KCMNEPUMEHTBLI B Toukax (2, 3). Bo Bcex ocTanbHbIX crnydasax Tpebyertcs
NpoBecTU Tpu akcnepumeHTa. OKoHYaTeNbHbIE OAHHbIE O YMCNEe HEOOXOOUMBbIX
OMbITOB MO BCEM BapwaHTam CBefeHbl B Tabn. 1.2.

Tabnuua 1.2
Mecto IIPOBEACHUS IIEPBBIX ITonoxenue 9KCTpEMYMa
JBYX OIIBITOB 1 2 3
(1,2) 2 3 3
(1,3) 3 3 3
(2,3) 3 3 2

Ota Tabnvua no cyLlecTBy NpeacTaBnaseT cobor UrpoByto matpuuy. MNnarexom
B TAKOW uUrpe 9BASETCHA YUCNO Heobxoaumbix akcnepmumeHToB N. MaTtpuua
nosy4Ynnacb He BMOJIHE YAAYHOW, TaK Kak B HEN OTCYTCTBYET CeasioBas TOYKa,
noSTOMY ANS peleHus AaHHOW UrpoBOW 3ajayn HeobxoAuMbl creumasnbHble
npuembl. MOXHO cpasy MCKNIUUTbL CTpaTeruio, COCTOSLLYI0 B BbIGOpe BTOPOI napsl
Touek (1, 3), Tak kak B 3TOM cny4yae npu ntoOOM MoNoXKeHUN IKCTpeEMyMa 3aBELOMO
nosy4arTCs TPU 3KCMEPUMEHTA.

Ona ynpoweHnsa 3agayv BHa4vane npennosioxkvMm, 4TO BO BTOPOW TOuYKe
MakcumMyMa 6bITb He MoxeT. OcTaeTcs YCTaHOBUTbL BEPOSITHOCTU BbibOpa cTpaTerui
(1, 2) n (2, 3). Tak KaK HET HUKAKUX OCHOBAHWIN ANS NPeanOoyYTEeHNs OAHOW cTpaTternv
nepen opyroi, NofoXMM BEPOSITHOCTb BbIOOPA KaXAO0W U3 HUX, PaBHYIO MOJIOBUHE.
Jokaxem 370 nonoxeHve cnenywowmum obpa3om. byaem cuutaTb, 4TO M3 06LLErO
yucna OnbITOB N 3KCTpeMyMm B Touke 1 BCTpeyaeTcd n, pa3d. C nomowplo gatyvka
cnyyarHblix 4yucen Bbolbepem ctpateruvio (1, 2) n,p pas U OrpaHMYMmMcs OBYMS
onbiTamu. B octanbHbix n,(1- p) cnyyasax Bbibepem ctpaternio (2, 3) n orpaHmymmcs
Tpems onbliTamu. BenuumHy p Halhgem mcxons M3 MUHUMAKCHOTO KPUTEpPUS.
OcHOBbLIBasiCb Ha MPUBELOEHHbLIX PACCYXAEHUSX, cyMTaeMm, 4To TpebyeTcs
npowssect1 2 n, p + 3 n,(1-p) onbITOB. Paspenve aTy BENUYMHY Ha N,, NOJYYUM
CpenHee 4YnCno OMnbITOB €,, KOTOpble HEOOXOAMMO MpPOoAeNnatb MPU YCNOBUU, HTO
9KCTPEMYM AENCTBUTENIbHO HaxoamTcsa B Touke 1:

e=2p+3(1-p)=3-p.

AHaJ'IOFVI‘-IHO, ecnm 0603HaYUM Hepes Ny YMCNO CciydaeB HaxoXaeHus onTtuMmyma
B To4yke 3, TO A/ HEOOXOAMMOro KOMHYECTBA OMbITOB MOYYUM BblpaxeHue 3 ngp
+ 2 n, (1- p), a oNa cpenHero yucna onbiToB Gopmyny

e,=3p+2(1-p)=2+p.

Ona ynoBneTBOpPeHMs MUHMMAaKCHOFO KpuTepus TpebyeTcs HanTu Takoe
3HAYEHVE P = P,y NMPU KOTOPOM MUHUMU3MPYETCH GYHKUMSA
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max {(3-p), (2+p)}.

MuHuManbHoe 3HayeHue, paBHoe 2,5, Ana 9TOro BbipaXeHUs O0CTUraeTca
an pDI‘IT = 0!5

Tenepb y4TemM BO3MOXHOCTb HaxOXAEHUs dKCTpemyMa B Todke 2. Jns aToro
BBEZIEM B PACCMOTPEHWE OTHOCUTEJSIbHYIO 4acToTy f, C KOTOPOW 3KCTPEMYM
NnosIBNSIETCS B TOYKe i:

fi=n,/(n,+n, +ny), i=1,2,3.

CpenHee 4MCNO 3KCMEepUMEHTOB MPU MUHUMAKCHOW PaHOOMU3MPOBAHHOM
cTparterny onpenenuTcs Kak
e, =25(1-1f)+3f,=25+0,5f, (1.16)
9Ta BenuumMHa He 3aBUCUT fiBHO OT f, 1 f,, T.e. ecnu npmpoaa MM NPOTUBHUK
BbIOMPAeT HavxXyaLylo As Hac cTpaterunio (4acTtoTsl f, n f,), cpegHee Ymucno onbIToB
0CTaeTcst HEM3MEHHbIM MPY HEU3MEHHOCTH f,.

Tenepb oTOMAEM OT PaAHOOMW3NPOBAHHOW cTpaTterm n 6yaoem cumtatb, 4TO
OTHOCUTEJIbHbIE YacToTbl f, N3BECTHbI 3apaHee. Toraa, y4uTbiBas, 4TO

f,=1-1, -1, (1.17)
Oong cpegHero 4ucna 3KCnepmMMeHTOB Harnuiem:
e=@B8-p)f,+3(1 -1 %)+ (2+p)fs =3 - +p(fy - 1)

Otciopa, ecnu f, > f;, MuHUMYM e pocturaetcsa npm p = 1; ecnn f, = f,,
3HaYeHne p He okasblBaeT BAUGHUA Ha e; ecnu f, < f;, MMHMUMYM e pgocTuraeTtcs
npu p = 0. Noatomy onTMmMymMm OyAeT UMETb MECTo A

p=0npwuf <f,
p=1npuf >f, (1.18)

4eMy COOTBETCTBYET

3 - fynpu f, < f,,

3 - f,npu f, > f,. (1.19)

e =
e =
Ecnn noactaBuTb BhipaxeHue (1.17) B (1.16), TO

€yr =3 - 0,5 (f, + ). (1.20)

C nomouwbio dopmyn (1.19) n (1.20) MOXHO NONAYYUTb BbIPaXeHWe Ans
BblUrpbILla NpU OEeTEPMUHUPOBAHHOM MNOMCKe, KOorga Mo CPaBHEHUIO C
PaHAOMU3NPOBAHHBIM MOWCKOM 3apaHee M3BECTHbl 4acToThl f:

€, - e=0,5|f-f] =0.

M3 dopmynsl (1.18) BMAHO, 4TO npu n3BecTHbIX f, 1 f, cTpaTerua ctaHoBUTCS
0ETEPMUHNPOBAHHONM (4ncTon). EcAm 3T 4acTOTbl HEM3BECTHbI 3apaHee, TO
NPUMEHSETCS CMeLlaHHasa cTpaTteruvs.
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1.4. Metoabl MHOrOMEpPHOro rNMoucka 3KCcTpemMyma
1.4.1. TpapmeHTHbIA MeTOnA

MHOromMepHbIii MOUCK 3KCTPEeMymMa NnpoBOAMTCS, Korga GyHKUNS-KPUTEPUn
3aBUCUT OT HECKOJIbKUX MEPEMEHHbIX Y = Y(X;, X5, ..., X,). AN9 OBYX NepemMeHHbIX
GyHKLMSA Y = Y(X,, X,) TEOMETPUYECKM M300paxaeTcs NOBEPXHOCTLIO B TPEXMEPHOM
npoctpaHcTBe (puc. 1.13). B obuiem cny4yae MmeeT MecTo NMOBEPXHOCTb B (N+1)-
MEPHOM MPOCTPAHCTBE.

0,1

0,1

> 0,1

Puc. 1.13. K npo6neme pasMepHOCTM NMpuU MHOrOMEPHOM MNOUCKe

Kak n B cnyyae ogHOMEPHOro nmoucka aKkCTpemyma, umeetcsa Oonblioe
KONIMYeCTBO METOAOB ONTUMMU3ALIMM B MHOTOMEPHOM cilydae. HaxoasaT npyMmeHeHne
TakMe MeToapl Kak:

MHOIOMEpPHbIA CJ/ly4alHbIi MOUCK B3KCTPEeMyMma, KOTOpbI MPOBOANTCSA
BEPOATHOCTHbIM CNOCOOOM;

MEeTO[ WCKJIIOYEeHUS KacaTeJibHbIMU, MpPU KOTOPOM WUCKIKYaETCH
NMOBEPXHOCTb KPUTEPUS, nexallas no ogHy CTOPOHY OT BEPTMKANbHOW MIOCKOCTH,
NPOBEAEHHON 4Yepes3 KacaTesNbHyl0 K JIMHUN YPOBHA, U Opyrue.
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MeTop, rpagmueHTa npegnonaraeT ABMXEHME MO HOPManu K JIMHUAM YPOBHEN
(puc. 1.14) v npeacrtaBnset coboit moamduKaumio MeToda, 4acTo Ha3blBaeMOro
MOKOOPAMHATHBLIM CMYCKOM (MOOBbEMOM).

X,

grad

Puc. 1.14. MeTop rpaguveHTa

Mpes Bcex mMeTOon0B crnycka COCTOUT B CleAYyOWeM: U3 HadaslbHOro

npuénmxkeHns — toukn X = (x%, x%, ..., x°) HeoOX0AMMO MEPEnTN B CleayioLLyo
Touky X' = (x';, X'y, ..., X',) TaK, 4T0ObI 3HAYeHue y(x°, x%, ..., x°) YMEHbLUNIOCS:
y(X11, X12! ey X1n) < Y(Xoh X021 seey Xon)'

C nomoulbio MeToga NMOKOOPAMHATHOrO CHycKa OCYLLECTBNSETCS MOUCK
13 3a4aHHOMN TOYKM B HANpaB/IEHUM, NapaniefibHOM OOHOW M3 OCEN KOoOpAMHaT, 00
TOYKM MUHMMYMaA B AAHHOM HanpasfAeHun. 3aTemM MOUCK NMPOU3BOAUTCS B
HanpasneHuu, napamiesibHoM APYroh ocu, U T. A. MO X, Xy, ..., X, (HanpasfieHus
dukcmpoBaHbl, cM. puc. 1.15, nomaHHasa a).

JBVXeHre ocylecTBNgeTCa Nno OOHOW KoopauHaTte X, 40 Tex rnop, rnoka He
CTaHeT paBHOW Hy/O0 COOTBETCTBYIOLWAS NPOU3BOAHAsA, T.e.

n

OF/ox, =0, y=F (X, Xg5 «ery X;)

(BCe OCTasibHble KOOpAMHATLl COXPAHSIOT NOCTOAHHOE 3HavyeHune x;= const ). Nocne
3TOro Cnyck HauyMHaeTcs no Apyron koopanHate. O6bIYHO HAYMHAIOT C X;, NMOTOM X,
n T.4a. [Mocne TOro Kak npomn3seneH Ccnyck no scemMm kKoopamHatam, Ha4nHaKT
NMOBTOPHO C X; U T. O. I'Ipou,ecc nonckKka 3akaH4ymMBaeTCd, Korga BCe MNMpoun3BOOHbIE
OynoyT paBHbl HynIO, T.e.

oF/ox,=0, i=1,2,..,n,

TO4YHee, BCe MNpou3BOAHble OyAyT MeHblle Mnopora 4YyBCTBUTENbHOCTU
BbIYMCNAUTENBHOIO MeToaa.

KaxeTca pasyMHbIM NonbITaTbCa MOAMOUUMPOBATb 3TOT METOA Takum
ob6pa3om, 4TOObl Ha KaxaoM aTare MOMCK TOYKU MUHMMYMa MPOn3BOAMIICS BOOJb
“Hanny4liero” HanpaeneHusl. He sICHO, Kakoe HanpaBneHne ABNSEeTCH “Hannydimnm”,
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Xy

Puc. 1.15. MeToabl nokoopauHaTHoro (a), rpagueHTHoro (0)
M Hauckopenwero (B) cnyckos

HO W3BECTHO, 4YTO HanpaBieHue rpagneHTa aBASETCA HanpaB/ieHUeM
Hauckopenwero Bo3pacTtaHma GyHkuum. CnenoBaTesibHO, NPOTUBOMOIOXHOE
HanpaBfieHne ABNAETCH HamnpaB/ieHMeM Hauckopelwero ybbiBaHUA OYHKUUU.
HanomMmHum, 4Tto rpagmeHT dyHkumn F(X) onpenensetcsa dopmynon

grad F(x) = [9F(x)/X,, OF(X)/0x,, ..., OF(x)/dx.].

BexkTtop grad F(x) opToroHaneH nuvHuaM ypoBHa (cm. puc 1.14) n ero
HanpaBneHne COoBMagaeT C HanpaefeHNeM MakcuManbHOro pocta F(x) B 3agaHHOMN
Touke. B Touke muHumyma dyHkumm grad F(x) = 0.

OcHoBHasi npobnema 3akoyaeTcs B BbIOOpe BENNYMHBI KaXA0ro AMCKPETHOro
wara. lWarn Moryt 6biTb MOCTOSAHHBIMU N MEPEMEHHbIMU. DTOT METOA BMOJIHE
€CTeCTBEH. 34eCb XapakTepPeH NpUMepP C BOCXOXAEHVNEM Ha ropy: METOA rpaaveHTa
obecneurBaeT HanbbICTpeNLee OOCTUXEHME BepLUnHbl. B 9TOM cnyyae nuHuaMu
YPOBHEN OyAyT NMPoOeKuun NINHUIA NepecevyeHns ropus3oHTanbHOM MIOCKOCTU C
NOBEPXHOCTbIO ropsbl, T.e. F(x) = const.

AHanuTn4eckn MeTop rpagueHta 3anucbliBaeTcsd B Buae

X[ = x* = N(OF/0x,),*
nnm

Xkt = xk -\ grad F(x¥),
roe A — HeKOoTOpPbIA MOCTOSHHbIN MW NepeMeHHbln (A = A¥) napameTp,
onpeaenawownii BennimHy wara; k = 0,1,2,... — Homep wara.

Ecnn aHanutnyeckn npomsBogHble OnpenesuTb HEBO3MOXHO, VX BbIYUCASIOT
NPUBINXKEHHO:

OF / dx = AF / I,

roe AF — npupaweHue ¢yHkumm F npy M3MEHeHUn NepemMeHHOW X, Ha BesIYuHY
Ax,. B TOuKe oKCTpeMyMa rpagueHT paBeH HyJio.
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Moandukaumn metoama rpagueHTa MHOro, HO HeT eaMmHoobOpasna B
TepmMuHonorun. 34ecb O6yoyT PacCMOTPEHbI pasfnyHble Moaudukaumm, KoTopble
He BCerga OTHOCAT K KJlacCy rpagueHTHbIX MEeTOAO0B M KOTOPbLIM B nMTepaType
MHOrga AalTCs MHble HA3BaHUS.

Cnepnyowas moandbunkauma — MeTod, Hamckopeiwero cnycka (cMm. puc. 1.15,
NlIOMaHHasa nuHUSA B). HanpaBneHue rpagueHTa onpenenstoT B HadalibHOW Touke
(grad F),, 1 ganee B 3TOM HanpasfiEHUMN OCYLLECTBASIOT CNYCK A0 TeX Mnop, noka
npousBogHasa 0F/0x, B3dTas BOOMb 3TOr0 HanpaBieHus, He o6paTuTCs B Hynb.
Mocne aToro cHOBa OMNpeaendT HanpasfeHWe rpagueHTa M OCYLLEeCTBASIOT Mo
HEeMY CMyCK [0 HyJIEBOr0o 3HAYeHWs MPOU3BOAHOM U T. A.

Knaccuyeckuin metopn rpagueHTa npegrnonaraeTr OBUXEHUE MO KPUBON
rpagneHTa, HoOpManbHOM K JIMHUSAM YPOBHEN (NnHus 6 Ha puc. 1.15), n npn manom
ware Ax; = xf' — x* moxeT 6bITb onucaH cneaywowmnm anddepeHunanbHbIM
ypPaBHEHUEM:

dx/dt = — A grad F(x).

1.4.2. Metoabl HbloOTOHa M ceKyLmx

Bnnsknm K meTony rpagmneHTa asnsetca meton HbloToHa (nocnenoBaTenbHbIN
NMOVCK METOOOM MepecevYeHnss KacaTesibHbIX C OCbio abCLMCC), KOTOPbIMA LUIMPOKO
MCMOSb3yeTCa A9 OTbICKaHUS HyNen QyHKUMN (KOPHen ypaBHeHud). onck Hynen
DYHKLMM MOXHO CBECTM K 3agaye MUHUMMU3aLMM n HaobopoT.

[na npocToTbl paccMOTpPUM GYHKUMIO OOHOM nepemMeHHor F(x) (puc. 1.16).
MTepaunoHHbIN NMPOLLECC OTbICKaHUS Hynsa GyHKUMM onpepensetcs Gopmynon

X = k= F(xK)/F' (X9).

4

Xk xktl xk2 \ >

Puc. 1.16. Metoa HbloToHa
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[eomeTpunyeckn NpoLecc OTbICKAHUA HYNa QyHKUMKM 1o mMeToay HbloTOoHa
3akJiloyaeTcs B NPOBEAEHNN KacaTenbHOM K KpuBon y = F(X) B Touke XX, ypaBHeHue
KOTOPOM 3a0aeTCsd COOTHOLUEHNEM

y(x) = F(x) = F (x)(x = x¥).

Touky nepeceyvyeHnss KkacaTesibHOM C OCbilo abCLMCC MPUHMMAIOT 32 HOBYIO
TOYKY, B KOTOPOWN MPOBOASAT CNEAYIOLLYIO KacaTesbHylo U T. L.

OTOT MeTod B OTAM4ME OT MeToda rpagmeHTa He rapaHTMpyeT CXOOVMMOCTW.
Onga ynydweHnsa cxogumMoCTu MCNOoMb3YIoT MOAUDULMPOBAHHBIN MeTo, HbloToHa,
koTopbln BBOAUT war 0 < Ak < 1. [pn 3TOM NPOLLECC OTbICKAHWUS Hyns 3ajaeTcs
dopmynomn

XK= xk — A< [F(X¥)/F" (X9)].

Bonee npocTblM AN BbIYMCNEHUI MO CPaBHEHUIO C MeTOAOM HblTOHa
ABNSETC MEeTOoA, CeKywMX, XOTS OH obnagaeT 6onee MeOsIeHHON CXOAMMOCTbIO.

Yepes x° 1 x' 0603Ha4YMM [BE TOYKU, B KOTOPbIX PYHKLIMS OOHOWN NEPEeMEHHON
y = F(X) umeeT pasHble 3Hakn (puc. 1.17). YpaBHEHNE cekyLlen, NPOBEeAEHHON
yepes aBe Touku [X°, F(x)], [x', F(x")], 6yoeT umeTb BUA:

y = [F (<) = FO)Ix / (=) + [F () X1 = F(<') 5] / (x' = ).

b

K

—

Puc. 1.17. MeTopa, cekywmux
Touky X? nepeceyeHns aTo NPsSMOoii C 0Cblo abcumce onpenenm u3 hopmyibi

x2=[F () x? = F(x°) x'] / [F(x") - F(x°)]
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N NpMMeM 3a cnepyowee npuodnuxeHne. OuyepenHyO CEKyLLylO NPoBeneEM yepe3
Toukm [x°, F (x°)] u [x3, F(x3)] n 7. o. B obwem cnyyae ntepaumoHHbIii npouecc
3apaetca Gopmynon

X1= [F () x° = F() %] / [F(x) = F()l,

B oTnnume oT Metoda HbloToHa 34ech He TpebyeTcs Ha KaXaoM Luare BblYnc-
NATb NMPOU3BOAHbLIE, AOCTATOYHO OMPEeAeNnTb TONbKO 3HAYeHue camoi YHKLMN.

1.4.3. OBpaxHbIi MeTon
Ecnn Tonorpadua noBepxHOCTU UMeeT “OBpaxHbln” xapaktep (puc. 1.18), To
rpaguveHTHbI MeTod MOXET OkasaTbCs Manoad@eKTUBHbIM, TaK Kak ABUXEHNE
MOXeT MPoUCXoAuTb MocnenoBaTesibHO C OAHOrO CKJIOHA Ha APYroi ¢ oYeHb
MELNEHHbIM MPOABUMXEHNEM K TOYKE MUHUMMYMA X,

/

Puc. 1.18. JluHun ypoBHei npu Hanuuuu “oBparoB”

B cBasn ¢ aTum padpaboTaHO MHOro 3BPUCTUHECKUX METOO0B YCKOPEHHOro
NPOLBUXEHUS BAOJSIb OBpara uUnu rpebHs, KOTopble Tak WM MHAYe OCHOBaHbl Ha
penakcauMoHHOM MeToAe, sBngiouemcs o06006LLeHneM pPacCMOTPEHHbIX METOA0B.
B obuwem cnyyae peslakCauMOHHbIN UTEpPaALMOHHbIA MeTon OCHOBaH Ha
cnepywouwen dopmyne:

XK1= xk + BX (dF/dx),~. (1.21)

OOvH MeTom, OT/IMYaeTcs OT Apyroro Beibopom Matpuupbl BX. Tak, rpaamneHTHbI
MeTon nonydaetcs, ecnu Bk = AE, roe E - eavHmyHas matpuua. MeTtopn
MOKOOPAMHATHOIO Criycka MoXeT ObITb nony4eH n3a gpopmynsl (1.21), ecnmu B matpuue
B* Bce 9/1eMeHTbl, KpOMe O[HOr0, PacrosioXXEHHOr0 Ha AuaroHanun, paBHbl HYJIIO.
Ha kaxpgon ntepauuun nosioXeHne HeHysieBOro afieMeHTa BbliOMpaeTcs 3aHOBO.

[Mpn NepBOM OBPaXHOM METOAE 3a[aeTCs Manoe MOSOXUTENIbHOE YUCIO €.
B oyepepHoi Touke XX BbluMCNIMM BCe Npou3BogHble 0F/dx. Janee ocywecTBUM
rpagMeHTHbIN CMyCcK, nonaras PaBHbIMU HYJIO NPON3BOAHbIE, aBCONIOTHOE 3HAYEeHne
KOTOPbIX MEHbLUE €, T.€.
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|oF/ox, | < e,.

OT10T MeTOon MoxeT obecneynTb ObLICTPLIA cnyck Ha AHO “oBpara”. Ang
YCKOPEHHOro ABWMXEHUS MO OHY “oBpara” BBOAAT Apyroe 60sbLIoe MOSIOXKUTENIbHOE
yucno 1 <¢g,. ONaTb MCNONB3YIOT METOA, FPaAMEHTOB, HO nonaras PaBHbIMU HYMIO
BCE T€ MPOU3BOAHbIE, AN KOTOPbIX

g, < |0F/0x,].

Lpyroit MeTo, yCKOPEHHOro ABUXEHUS MO OBpary 3aknio4aeTcs B CHeAyIoLIEM.
BHayane BblGvpaloT ABe 6/M3kme ToukM X° U X° U U3 HUX TPaaVEeHTHbIM MEeTOA0M
CMyCKaloTCs C MasibiM LWIAaromM B TO4YKM X' U X' COOTBETCTBEHHO. [lanee yepes Hux
NPOBOAAT NPSAMYIO U BOOJb Hee AenatoT 60/bLIO OBpaXxHbI war A B TOUKY X?, rae

NPOLECC NOBTOPSIETCA U OMNPenesseTcs HOBOe Harnpas/ieHe OBPaxHOro wara (puc.
1.19).

x0

™~
Xl \

Puc. 1.19. MeTtop “oBparoB”

1.5. MeToabl OTbICKaHMA 3KCTPEemMyma B YCJIOBUSIX MOMeX

BbicTpasa cxoAMMOCTb MPWU HaAN4YMKM NMOMeX (Hanpumep, korga 3amMepbl
XapakTepuUCcTMK ONTUMN3MPYEMOrO NpoLecca coaepXxaT CiydaliHble oLnbKM) MOXeT
NPMBECTU K aCUMMTOTUYECKON owmnbke, T.e. nouck OyaeT CXOAUTbCH K
HenpasuAbHOMY 3Ha4yeHut0. OCHOBHbIM OFpaHNYEHNEM B CKOPOCTU YMEHbLUEHUS
MHTEpBana noucka sIBASETCS YPOBEHb LLYMOB.

Jonyctum, TpebyeTcs HaWTN Hynb X, GYHKUMKU Y(X), NUSMEPEHNE 3HAYEHUI
KOTOpOI z(X) mMpou3BoauTcs ¢ owmnbkamu. Coenaem orpaHMyYeHUs OTHOCUTENIbHO
nomexu. bynem cumtatb, 4TO Yy(X) — HECMeLleHHaa oueHka GYyHKUMK z (X), T.e.

M{z(x)}= y(x),

roe M{z(x)}- maTemaTuyeckoe oxuaaHue.
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OueBnOHO, 4TO Yy(X) ABnNAeTCca OYHKUUEN perpeccuu Anag Cay4yamHoro
npouecca z(x). HanoMHum, 4Tto dyHKUMA perpeccum NpubnnXeHHO npencTtaBnseT
CTaTUCTUYECKYIO 3aBUCUMOCTb OLHOW Cly4anHOW BENNYUHbLI OT APYron.

Janee npennonoxum, 4To AMcnepcus owmnbKy ecTb BENNYMHA OrpaHMyeHHas,
T.e.

a?, (x) = M{z(x) — y(x)}< oo. (1.22)

z
[Mpy 3TOM X M3MEHHAETCH N0 3aKOHY
Xk = xk — WK Z(xY),

roe x< n x<' — s3HaveHunsa x B k-m un (k+1)-m akcnepumeHTax; z(x) — peadynbrar
n3mepeHnsa Ha k-m ware. CMbICN1 CTOXaCTUYECKOM annpoKCUMMaLumMmu O4YeHb MNPOCT:
Ha Kax[AOM Luare KOpPpeKUMio B 3HaYeHne KoapduumeHta y< BHOCAT NponopLmo-
HaNbHO 3HAYeHMI0 YHKUMM, USMEPEHHOMY Ha Mpeapiaywem ware. Jonyctum, 4to
nomMexa OTCYTCTBYET UM Mana. Torga B 3aBMCUMOCTY OT BuAa GYHKLMM N 3HAYEHMS
KoadduumMeHTa y¢ BO3MOXHbI AiBa Crlydas: B pe3dynbTarte Koppekumn Todka Xk unm
He gonaeTt oo Hyna GyHkuum y(x) , nnn nepenpet 3a Hero. B nepsBom cnyvae
NPOLLECC NoMCcka MOHOTOHHO CXOOMTCS K HYNEeBOW TO4YKe, BO BTOPOM Cllydae OH
HOCUT KonebaTenbHblli xapakTep. [Mpu Hanuynm nomMex NpPOLLEeCC HOCUT TOT Xe
xapakTep. KoadbuuymeHTel Y onpenensdioT TaHreHc yrna, o6pasoBaHHOro
rMMNOTEHY30M TPEeYrosibHUKOB C BEPTUKASIbHOMN MPSIMOMN:

Y= (X = xK) [ Z(xX9).
B mMeTone cTtoxacTUHeckol anmnpokcumaumy y¢ 3agaloTcs 3apaHee M AOKHbI
YOOBNETBOPATL OnpenesieHHbIM ycnoBusaM. [Onis cXoAMMOCTM npolecca noucka
HeobxoaMmMo, 4YTOObI

lim y<=0 (1.23)

1 nocnenoBaTtesibHOCTb BeJINHUH V< He O0JIKHa CXOOUTbC4H, T.e.

M
.g\_
I
8
M s

(V)2 < o, (1.24)

B aTomM cmbicne B kayecTBe KO3(PpPMUUEHTOB KOPPEKUUU Yy MOXHO
BbIOMpPATb rapMOHUYECKYIO MOCNIef0BaTENIbHOCTb

¥=1/k.
Ycnosue (1.24) MOXHO 00bACHUTL crneaylowmmMm obpa3om. Ecnu anuHa wara
YMEHbLLIAETCA B COOTBETCTBUM CO CXOAALIMMCH PSOOM, TO MPOLECC MOXET He

JOVTU 00 HYNd, Tak Kak BenuymHa obLien koppekuumn orpaHmyeHa. O4eBuaHo, 4TO
psia

3 1/k0
k=1

npu p>1 cxogutcs, T.e.
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o >3 1/k,
k=1

a npu p < 1 pacxogutcy, T.e.

S 1/kP = o, (1.25)

OpgHako psaa, CoCTaBfIEHHbIM M3 KBagpaTtoB KO3 OULMEHTOB, O0JXKEH
CXOOMUTbCH:

(Y9)2< oo, (1.26)

M 8

=
i

3TOMy YCNOBMIO ONSATbL YAOBAETBOPSET rapMoHMYecKas nocnenoBaTeslbHOCTb
Y1/k2=1+1/4+1/9+ ... < oo,
k=1

CMbICn 3TOro yCroBUS 3ak/io4aeTcst B TOM, YTO CllydailHas COCTaBnsiowas o
[OJIXKHA YMEHbLLATbCA C POCTOM K.

Yauie BCcero B KayecTBe MOCAEA0BATENLHOCTU KOIDDULMEHTOB KOPPEKLMN
BbIOMpPaeTCs rapMoHuyeckas nocrnenoBaTenbHOCTb.

HakoHel, nmeeTca euwe OAHO YC/OBUE, KOTOPOMY A0JIKHO YOOBNETBOPSATb
MHOXEeCTBO 3HayeHuUMn X un z(x). Tak Kak KOppekuums Ha KaxAaom ware
NponopLMoHanbHa 3HAYEHUIO z(X) Ha NpeaplayLlem ware, To Haao ObiTb YBEPEHHbLIM,
YTO BeSINYUNHBI Z(XX) orpaHMyeHbl. Bbilwe Obi1I0 HanoXeHo orpaHMyYeHne Ha BeNUYUHY
ancnepcum owmbkm y (X) — z (X), NOSTOMY A0CTaTO4HO NOTpeboBaTb, YTOOLI Obina
orpaHuyeHa yHKUMS perpeccum :

|y| <A |X _Xonrl +B < o (127)

BenuuuHbl A n B O0MKHbI ObiTb KOHEYHbI, HO HEe 00s3aTeflbHO WU3BECTHbI.
Ecnun BenuumHa A mnaeectHa x0T Obl NPUOAMXEHHO, TO MOXHO YCKOPUTb MOWUCK.
Mpu BbiNONHEeHUN ycnosuin (1.22) - (1.26) aTa npoueaypa CXOAUTCS B
cpeaHekBaapaTUYHOM CMbICTIE:

lim M{(Xk - XOI'IT)}= 0.

K - o

Mpn oTbickaHUN MakCcuMyMa GYHKUMU O OAHOMEPHOro cryyas B YCJIOBUSX
nomex crnenyet  3anucatb GOpPMysly NMPUMEHUTESNILHO K NMPOU3BOAHON Y'(X),
0603Ha4MB ee namepeHue Yepes z'(x). Torga nonyymm

X = Xk + VK Z'(xK),

T.e. mpouenypa CTOXaCTUYECKOW annpokCcumMauum B 3TOM Cilydae WU3MEHSIET Liar
NPOMOPLNOHANbHO MPON3BOAHOM OT QYHKUMM Ha K-M Lare uam rnponopuyoHanbHO
rpagueHTy B MHOrOMeEpHOM ciydae. Takum o6pas3om, 3TO MNPOCTO FPafMEHTHbIN
MeTon. Ho B pesynbtate amddepeHumpoBaHmsa GyHkums z'(x<) ropasgo cuibHee
3arpsisHeHa wymamu [6onble otanydaetcs oT y'(xK), yem z(x) oT y(x)]. MoxHo He
andoepeHumpoBatb GYHKUNIO, @ UBMEHATL LWar NponoOpLUMNOHaNbHO BENNYMHE
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[z(x + bY) — z (x* = b)] / 2b,

roe b — HekoTopasa nocTtosHHasa. Mpu manom b* 9Ta BenMyMHa NponopLMoHanbHa
npomnssogHon z'. MNoatomMy npouenypa 3agaeTca Gopmynon

X=Xk + e [z(xk + bX) — z (x* - bK)] / 2bX,

roe y< — nonoxutenbHble Ynucna. KoadduumeHTbl OOMXKHbI YOOBNETBOPATh
YC/IOBUSAM:

lim y=0 npn k - o
lim bx=0 npn k — o

Mz

ree

=
i

S (Y/b¥)2< o,

k=

Ona cxoaMmMocTn HeOOXOAMMO BbIMOJSIHEHNE HE OYEHb XECTKUX OrpaHUYeHUi.

MmelTca Takxe ycrnoBus, aHallOTMYHble HECMELLEHHOCTU OLLEHKU U
OrpaHNYeHHOCTW aucnepcur nomexu. MNMpmn aTom AoKasaHo, YTO Npoueaypa CXOAMUTCS
(T.e. Mpouecc CxoaMTCsa K TOYKE MakCMMyMa) Kak B CpefHeKkBaApaTUYHOM, Tak U B
BEPOATHOCTHOM CMbICAE MNPU YCAOBUM OAHOrO0 MakCumMyma (YyHUMMOAAnbHOWN
DYHKUNN).

HanomunHaem, 4TO BbIlWEOMNMCAHHbIE METOAbl MO CYLLECTBY SABASAIOTCSH
rpagueHTHbIMU MeTogaMn OTbICKaHUS 3KCTpeMyMma.

Ecnn npomnssogHag (Mnun rpafMeHT) Bennka B LaHHOW ToYKe (HanpuMmep, KpyTas
ropa), Heob6xoaMm 60MbLUON LWar, Tak Kak k- Touka HaXo0AMTCS Janeko OT aKCTpeMyma
(BepwwuHbl). Mpy mManon Npou3BOAHONM LWar CTaAaHOBUTCHA MeHbLle, YTOObl He
“NPOCKOYMTL” SKCTPEMYM (BEPLUUHY).

2. OCHOBbI JIMHEMHOIO NPOrPAMMUPOBAHUS
2.1. 3apayv NUHEMAHOro MpPorpaMMupoBaHUS

2.1.1. MaTtematnyeckas ¢GpopMynMpoBKa 3apauu
JINHEMNHOro nNporpaMMupoBaHus

BonbwHCTBO 3apa4 onTMMM3auum OTHOCUTCH K HESIMHEMHbLIM, HO peLleHne
HENMHENHbIX 3a[a4y — 3TO CNIOXHasa BblyMcAUTenbHas npobnema. MoaTtomy
MPakTU4eCKM BO BCEX peasibHbIX NPUIOKEHUSX OJ19 pelleHUs HeJIMHEeMHbIX 3apay
MCMNOJIb3YIOTCS NPUONINKEHHbIe MeToAbl peLleHus. JInHeliHoe NporpaMmMnpoBaHme
BblAENsSeTCca cpean Opyrnx MeToLOoB MPOrpamMMUpPoOBaHUS Kak OCHOBa Ons MHOMMX
npouenyp peLueHus.

MaTemaTnyecku 3agaya NMHEeNnHOro NPorpaMMmnMpPoBaHNs CTaBUTCS CeayioLUM
06pa3oM: ULLETCA MAKCMMyM JIMHEAHOW ¢opmbl (PYHKUUU Lenun)

L=cX +CX *+ ... +CX, =3 CX (2.1)
npu yCnosuax

aXx, +ax, +..+ax <b, i=1,2, ..., m =12, ...,
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nnn

—8X; — ApXy — ... — X, + b 2 0.

CnoBecHO 3apmavy JIMHEMHOro NMpPorpamMMMpOBaHUA MOXHO CHOPMYM-
poBaTb Tak: TPebyeTCcss HANTU MaKCUMYM JIMHENHOW (BOPMbI OT N NMEPEMEHHbIX NpU
M OrpaHnyYeHnsx B BUOE HEPABEHCTB WIW paBeHCTB. HeTpyaHo ybeauTtbes, 4TO
BCeraa MOXHO rOBOPUTb TOJIbKO O PaBEHCTBAXx, Tak Kak BBeLeHWEeM OOMOIHUTENbHbIX
nepemMeHHbIX X.,, (Vv = 1, ..., p £ m) HepaBeHCTBA BCErga MOXHO CBECTU K
paBeHCTBaM. Tak, OorpaHu4yeHue

X, +a% + ... +a.x <b (2.2)

in"*n i

MOXHO CBECTW K PaBEHCTBY, 000aBMB MEPEMEHHYIO X .,

apX; t agk, t ...t aX, + X, = b

(2.3)

Torpa ycnosue (2.2) ceepetcs K (2.3) U yCnoBUO HeEOTPULLATENbHOCTU
NnepeMeHHoM X,,,. No3TOMy MOXHO cKasaTtb, 4TO Npv pewleHun 3agadyv JIMHEeMNHOro
NPOrpaMMupPOBaHNg ONPEAENaloTCA Take 3Ha4YeHMs N MePeMeHHbIX X, KOTOpble
Obl ob6pallan B MakCUMyM JIMHENHYIO HOPMY

L=cx +CX + ... +CX,
Nnpv yCloBUW BbINOJSIHEHUS M PaBEHCTB
agX; +agX, + ... + a,x, =b, i=1,2,...,m
M N HepaBeHCcTB X, j = 1,2, ..., n.
2.1.2. MpumMepsbl NpUKNagHbiXx 3aga4y JIMHEMHOro NpPorpaMMupoOBaHuUS

PaccMOTprM HECKOJILKO MPaKTUYECKUX 3a4a4, KOTOPbIe CBOOATCA K JIMHENHOMY
NnporpaMMmMpoBaHmio.

TpaHcnopTHasa 3apaua

B Tpex mMecTopoxaeHuax OobbiBaeTcs onpenesieHHoe KOMMYeCTBO Yrng.
MmeloTcsa Tpu nyHkTa notpebneHus yrns. MI3BeCTHbl PacCTOSAHUS MeXay MyHKTaMm
n0o0bl4M 1 noTpedbneHns n CTOMMOCTb MEepPeBO30K C; (i=1,2, 3;,j=1, 2, 3).
HeobxoamMmo Tak onpeaenvtb OeBsATb YUCEs X; O3HAYAKOLLWX KOJIMHYECTBO rPy30B,
nepeBoO3nMbIX U3 MNyHKTa A00bIYMM B MYHKT NOoTpebneHus, 4Tobbl cyMmapHas
CTOMMOCTb MepeBOo30K Oblla MUHMMasbHA:

L=3cx, - min
npu yCnoBmax

Xt Xyt Xy =b, j=1,2,3,

TpeObyloLwmx, 4ToObl CNPOC YAOBNETBOPSCS BO BCEX MyHKTaX, U MPU YCIOBUSX

Xg T X * X5 = &, i=1,2,3,
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Tpebyuwmx, 4ToObl M3 KaXAoro nyHkTa AoObl4n BbIBO3UMOCH Yrias He Gonblie
KonunyecTBa @, KOTOPOE Ha HeM npousBoauTcd. CunTaeTcs, YTO KONUYECTBO
00ObITOro yrns paBHO CymMMe notpebnsemoro, T.e.

XOTA 3TO OrpaHnyeHne HenpuHumnmasbHO.
3apaya o paunoHasIibHOM nNMUTaHUN

Mpn npaBMAbHOM MUTAHUW KANOPUIHOCTb MULLEBLIX MPOAYKTOB OOJIKHA
MONIHOCTbIO BO3MELLaTb pacxond 3Hepruu yenoseka, npuyem notpebdbneHune
OTOEJNbHbIX PaCTUTENbHbIX U XMUBOTHbIX XUPOB, OefkoB, YrneBoAoOB U BUTAMMHOB
He OO/KHO MpEeBbIWAaTb OMNPeneseHHYI0 HOPMY.

Mpeanonoxmm, nmeeTcs N pasjviHbIX NPOAYKTOB KaJloOpUAHOCTLIO &, (j = 1,
2, ..., N), paBHOW YyMcny Kanopwuii B eauHuLLEe Macchl. B eguHuLe macchl j-ro npoaykra
COLEPXUTCH ay XMPOB, 8y Oenkos, a, yrnesoaos. O6osHa4mMm Yepes by, b,, by, b,
noTpebHOCTb OpraHMamMa B aHeprum, xmupax, 6enkax n yrneBsogax coOTBETCTBEHHO.
Torgoa npu NPaBUIbHOM MUTAHUN OONXHbI BbIMOJHATLCSA Cleaytolye COOTHOLLEHWS:

a X, +taX, +...+tax, 2b;
Ay Xy T X, + ..o+ AyX, < by
Ay X T agX, ...t a, X < bs;
QX T aX, + ...+ a,X, <b,,

roe x = 0 — KosmM4ecTBo NOTPebNEeHNs j-ro nNpoaykTa.
Ecnn BBecTn TpeboBaHME 3KOHOMHOro pacxofoBaHWS CPeacTB, TO 3TO
9KBMBANEHTHO KPUTEPUIO

L=3%cx, — min.

Ecnu nomeHaTtbe 3Hakm by, ay; (j=1,2, .., n), TO NepBoe HepaBeHCTBO
3anuvileTca B Buae

—a; Xy — QX — ... — X, < -b;.

lMocne aToro 3agaya O pauMoHanbHOM MUTAHUW MPUOBpPETaeT CTaHOAPTHbIN
BUA, 334241 NIMHENHOro NMpPorpaMMmMpoBaHUS.

3apaya 06 MCnonb3oBaHUMU PECYPCOB

Mpennpuatue nMmeeTt onpeneneHHoe KOMMYEeCTBO PEeCcypCcoB: pabouyto cuny,
cbipbe, obopynoBaHue 1 T. A. [ns npocToTbl Oyaem cumTaTb, HTO YNCSIO PEeCcypCcoB
paBHO Tpem, U Kaxporo pecypca mmeetrcqa b,, b,, bs, YCNIOBHbLIX eguHuL,.
MpenonpuaTne BbiNyCKaeT ABa BMAA TOBApPOB. [1Ns nNpon3BoaCcTBa €ANHULbBI KaXaoro
ToBapa 3aTpaynBaeTca a; Pecypcos. V3BecTHa CTOMMOCTb C; €OMHULbI KaxXaoro
ToBapa. TpebyeTcs Npu OaHHbIX pecypcax BbIMYCTUTb Takyld KOMOWHALMIO TOBapOB
X, U X,, 4TOObI f0ox0f4 npeanpusatms L Obin MakcumaneH. Mpu nMHeinHom 3aBUCUMOCTH
CTOMMOCTM NPOAYKLMM OT KOJNIMYEeCTBa NPOoAyKLUMM 3adada 3anucbiBaeTcs B BUOE
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L= cX; + CX, — max;

X, T ak, <Db; i=1,2,8 x20
N OTHOCUTCS K Kiaccy 3apad JIMHEWHOro nporpamMmmupoBaHus. Ecnm ctommocTb
TOBApPOB HEe 3aBUCUT JINHEWHO OT MX KOJMYeCcTBa, TO MMEeT MeCTO 3ajadya
HEMHENHOro NPOrpPaMMmnPOBaHUS.

3apaya o0 3arpy3ke TpaHcnopTa

[MycTb nmeeTcs TpaHCNOPTHAa eduHuua rpy3onoabeMHOCTbLIO b, KoTopyto
HEOOX0MMO 3arpy3nTb PasNNYHLIMU NPeAMETaMM X; B Pa3HbIX KONMYEeCTBax, Npuyem
C; — CTOMMOCTb; W; — BEC OTAE/IbHOro npegmMeTa j-ro Tna. Hanpumep, 3arpyxatoTtcs
aBTomMo6unn. TpebyeTcsa onpeaenvTb ONTUManbHYIO 3arpy3ky Tak, 4ToObl CTOMMOCTb
nepeBo3MMOro rpysa 6bi1a MUHUMAaIbHOM.

O4yeBNOHO, 4YTO CTOMMOCTb BCEro NMEpPeBO3MMOro rpysa 3agaetcs GopMyson

HeoGxoommo HaiTu Takme uenele Yicna x; (j = 1, 2, ..., n ), Npn KOTOPbLIX 3Ta
NIMHeHas ¢opma npuHana 6bl MakCUMasnbHOE 3Ha4YeHue Mpu YCIOBUSAX

Mo

WX < b;; i=1,2,.., m
1

B oTnnuve oT npenploywmx B 3TOM 3agade 4mcno orpaHudeHuii i = 1. OHa
CYLWECTBEHHO OT/IN4aeTCs OT paHee PaCCMOTPEHHbIX TeM, YTO B HEW UCKOMble
3HA4YeHNA BENUYUH X, LenoducrieHHble. NoaToMy ee MOXHO OTHECTU K 3adadam
LLeJIOYUCIIEHHOIO JIMHENHOIro NPOrpaMMUPOBaHNS, KOTOPbLIE PELLAIDTCA PasdfiMyHbIMA
cnocobamu, B TOM YUCNIE U C NMOMOLLBIO ANHAMUYECKOrO NMPOrpaMMuUpPOBaHUS.

2.2. TeomeTpuuyeckas UHTepnpeTauus
3apay JIMHEMHOro NporpaMmMupoBaHuns

B peweHnn 3apay NMHENHOro NporpaMMuUpOBaHUSA H4acTo MOJIb3YIOTCSH
reoMeTpuUYecKUMmn MHTEpPNpeTaumusaMu.

CucTtema HepaBeHCTB (2.2) onpenensiet B NPOCTPAHCTBE BbIMyKIylo 061acTb
Xy .evy X, — BBINYKAbIA MHOFOrPaHHWK WAW MHOFOYrOJibHUK. [n18 NpoCTOThI

n

paccMoOTpUM criydait ois n = 2 nepemMeHHbIX:

a11x1 + a12)(2 + b1 = 0 ;
a,X, + ayX, + b, < 0; (2.4)

a,X, +ax, +tb, <0.

Kax[aoe u3 aTux COOTHOLEHW onpepensieT 06nacTb, nexatyo no ogHy
CTOPOHY OT NPSIMOIA:

a\1x1 + ai2x2 + bi = o

Bbinyknoi HasbiBaeTcss  Takas obnactb G BEKTOPHOW NMEPEeMEHHOl X, Ans
KOTOpOI cCrnpaBenvMBO Cneaylolee CBOWCTBO: ecnn 13 nobblX OBYX 3HAYEHUNA
BEKTOpOB X' 1 X2, npuHagiexawmx atoin obnactm (x' 0 G, x>0 G), o6bpasoBaTb
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BbINYKJIYIO JINHENHYI0 KOMOWHALMIO
x3 = AX" + (1 = A) X2, (2.5)

roe A — Npou3BOJIbHOE AENCTBUTENbHOE YNCno, ans kotoporo 0 < A < 1, To BEKTOp
x® Takke OyneTt npuHagnexatb atoi obnactu: x° O G.

Ha puc. 2.1 nsobpaxeHsl BbiNyknas 1 HEBbINykas 061acTn 3Ha4YeHnn x' n x2.
JenctButenbHo, ecnn Ha puc. 2.1, 6 BbIGpaTb TOYKy X°, paBHYIO JIMHEHO
KOMOMHauMM Todek X' 1 X2, TO OHa He OyneT npuHagiexaTb 3alTPUXOBaHHOW
obnactu, 1 NoaTomy aTa obnacTe He 6yaeT Bbinykno. C Apyroil CTOPOHbI, HETPYAHO
y6eanTbes, 4To ana obbix ABYX TOYEK, MPUHAANEXALLMX 3aLTPUXOBAHHOM obnactu
Ha puc. 2.1, a, BbinonHseTca ycnosue (2.5), n Nnoatomy ata obnacTb ABNSeTCS
BbIMYKJON.

JNnHennaa dopma (2.1) B cnyyae OBYX MEPEMEHHbIX MPUHUMAET BUL,

L= c;x; + CyX,. (2.6)

OTO ypaBHEHME NPSMOI B MIOCKOCTU (X;, X,), NepecekaroLen ocn x,, n X, B
Toukax L/c, n L/c, COOTBETCTBEHHO (puc. 2.2). BennumHbel C, n c, onpenensior

a) * X,

e

>

X1
>

Puc. 2.1. Boinyknas (a) v HeBbinyknasa (6) o6nactu 3Ha4YeHUiA NepeMeHHbIX
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Puc. 2.2. N'eomeTpuuyeckasas MHTeprnpeTauusa JIMHEWHON (yHKLUN

HaKJIOH MPSIMOI [yron HaknoHa K ocu X, 3agaetcst dpopmynoii cos a = ¢,/(c,2+ c,2)"?
onpenenseT pacCTosHME OT Hayana KoopauHaT A0 MPSMOM, KOTOPOe HaxoauTcs
n3 dopmynel d = L/(c,2+ c,?)"2]. Tenepb MOXHO OaTb reoMmeTpuyYecKylo
WHTepnpeTauuio 3aaadvn JIMHEWMHOro nporpamMmmMmupoBaHua. Ecnn TpebyeTtcsa
onpenennTb Takne X, n X, KOTopble Npuaanv Obl MHENHON GOPME MUHUMANbHOE
3Ha4yeHne, TO reOMETPUYECKN 3TO 03HAYaAET, YTO HEOOXOAMMO MPOBECTU NpsiMyio L
[dopmyna (2.6)], npoxopsauyto xoTs Obl 4epe3d Of4HY TOuYKy 06MaCTU U UMEIOLLYIO
MUHUMaNbHOE paccTosdHme d oT Havana koopawuHat (puc. 2.3, a). B cnyuyae
MaKCUMMN3aLMM 3TO PaCCTOSHUE O0JIKHO ObiTb MakcUManbHbIM (puc. 2.3, 6). MoryT
npeacTaBuUTbCA [Ba BapuaHTa: npsmas MmeeT ¢ Jonyctumoin obnactbio G ofHY
o0Lyio TOYKY B BEpPLUMHE 061acTn Uy CoBnagaeT ¢ ooHUM 13 ee pebep. Bo BTopom
BapmaHTe (puc. 2.4) nMeeT MeCTO BbIPOXOEHHbIM Clyyai, T.e. NMHEHaa QyHKUUS
Lenn coBnagaeT C fIeBON 4aCTbl0 OAHOrO M3 OrPaHUYEHUIA.

A"

Xl

*’

Puc. 2.4. NeomeTpuyeckass nHteprnpeTtauusa JIMHEAHOro NMPOrpaMMupoBaHUS,
BbIPOX/AEHHbIA cny4yamn
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Puc. 2.3. NeomeTpuuyeckas UHTepnpeTauus JIMHENWHOro NMpPorpaMmMmMpoBaHUS
Ong criyyaee MMHuUMymMma (a) u makcumyma (0)

2.3. Cumnnekc-meTon B JINMHEVWHOM MpPOrpamMMupoOBaHUU

3apa4m NMMHENHOrO NPOrpaMMmMpoBaHns yaobHO peLlaTb CUMMJIEKC-MEeTOA0M
— crneunanbHblM METOAOM ONTMMaNbHOrO (HanpaBneHHoro) nepexoga. OH
3akfiloyaeTcsa B MocnenoBaTefibHOM Mepexofe OT OOHOW BepluHbl obnactm
OOMYyCTUMBbIX 3HAYeHUN K OPYron, COCefHeNn, B KOTOPOM 3HavyeHne GyHKUUK Lenu
Nlydlle, YeM B MUCXOOHOW Touyke. [BUXEeHne NpoucxoauT rno nepuMeTpy KOHTypa
OBYMEpHOW obnactm mnm B cnyd4ae 6onee ABYX NepeMeHHbIX Mo pebpam
MHOTrOMEPHOro MHOrorpaHHuka. bonee onTumManbHbIM, CTPOro roBops, 6bin Obl NYTh
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He no nepumMmeTpy (nnm pebpam), a nonepek 06nacTn MM BOOMb FPAHU, NN BHYTPU
00beMa MHOrorpaHHuka Kk onTUMasibHOW BEPLUMHE.

AHaNUTMYECKN [0Ka3biBAeTCs, YTO:

— Q3KCTpemMymMm B 3apjadax JIMHEWHOro nporpaMmMmupoBaHus -
€AVHCTBEHHbIN, T.e. NOKalbHbIN 3KCTPEMYM OOHOBPEMEHHO SBASEeTCA U
rnoGanbHbLIM U OOCTUraeTcs Ha rpaHule o06nacTm AOMYCTUMbIX 3HAYEHUN, Kak
npaBwno, B BEPLUMHE (NMPU 3TOM WUCK/IOYAOTCH M3 PaCCMOTPEHMS ocobble cryyau,
B TOM 4uUCre Ccllydam OOCTUXEHUS SKCTPeMyMa Ha MHOXECTBe TOYek,
pacronoXeHHbIX Ha pebpe BbINyki0on 061aCTN AONYCTUMbIX 3HAYEHWI);

— cuMnnekc-MeTon obecneynBaeT CXOAMMOCTb K 9KCTPeMasibHOM Touvke 3a
KOHEYHOE 4YMcno waroB (KOHEYHOCTb CUMMJIEKC-MeToma), Tak Kak OH
npegycmMaTpvBaeT nocnenoBaTefibHbIi NPOCMOTP BEPLUMH MHOFOrpPaHHMKa, YMCNo
KOTOPbIX KOHEYHO, 1 (NpW OonpeneneHHbIX OroBopkax) ABAsgeTcs OnTuManbHOM
npouenypor OTbICKAHUSA 3KCTPEMyMA.

[ycTb ncxogHas dopmynmpoBka 3a4adyn COAEPXMUT TOJSIbKO MOMOXMUTESbHbIE
nepemMeHHble 1 PaBEHCTBA, @ He HepaBeHCTBa-paBeHcTBa. Ecnu aTtoro Het, TO
W3MEHEHMEM Hayana KoopauHaT MOXHO A0OUTbLCH MONIOXUTENBHOCTU BCEX
KOOpAMHAT B JOMYCTUMOW 06NacTu, a BBeAEHUEM AOMNOJIHUTENbHbIX MONOXUTENbHbIX
nepemMeHHbIX CBECTU HEPAaBEHCTBA K PaABEHCTBAM.

FeomeTpuyeckn (ons cnydas n = 2) aTOT MeTod O3HauvaeT cneayiolwee. Ha
nepBoM Luare BbIOMPAIOT N0OYI0 BEPLUMHY MHOMOrpaHHMKa U NPOBOAAT 4Yepes3 Hee
npsmMyto — GyHKUMio uenun. PelweHns (KOHKPETHbIE 3HAYeHUs X,, X,), COOTBETCTBYIO-
lwme BepLlunHe, ByayT onopHbiMy (6a3ncHbIMK). o HANAEHHBIM 3HAYEHUSIM X, X, U
GYHKUMM Lenn HaxoaaT HanpaBieHne K APYyron BepLUMHe (BTOPOW wwar), B KOTOPOW
GYHKUMS Llenu Bo3pacTaeT (nnm ybbiBaeT, eCnv ULWETCAS MUHUMYM). B pedynbraTte
nony4aioT BTOPOE OMNOpHoe peweHne. Cumnnekc-meTon faeT OnTUMasbHYIO
nocnenoBaTesibHOCTb LIAroB, MPUBOASLLYIO K OMTMMaSbHOMY PELUeHUio, €ClIN OHO
CyLLLeCTBYET.

HarnagHas reomeTpuyeckas mHTepnpeTauusa npouecca HaxoxneHus
ONTMMANIbHOTrO PEeLUEHUs MONYYNTCS, €CNN OT UCXOAHOW MPSIMOYrOfIbHOM CUCTEMBI
KOOpAMHAT (X;, X,) NepenTn K ABYMEPHOIM KOCOYrOJIbHOW CUCTEMEe BBELEHUEM
[OMNONHUTENbHBIX HEOCHOBHBLIX CBOOOAHbBIX MEPEMEHHbIX

Yo = Xoiys v=1,..,m
B COOTBETCTBMMN C PaBEHCTBOM (23) Torp,a Ang cnydaqa AByx nepeMeHHbIX nmMmeem
YV = av1x1 + a\;2)(2 + bV'

B kauecTBe npeobpasyoLwmx GopmMyn MOXHO BeiGpaTh NtoOble N3 COOTHOLLEHNI
(1.4). Mpn atom B 06NacTV AOMNYCTUMbIX 3HAYEHWIA Y, MONOXUTENbHbI. N3 BCero
MHOroo6pasus Habopa HOBbIX MEPEMEHHbIX ClieAyeT BbibpaTb Takyld CUCTEMY
KoopAMHaT, B KOTOPOW Obl HOBOE Hauyano koopawHat y = 0 coBnagano ¢ OaHOM 13
BEPLUMH MHOrOrpaHHuka. B npoTMBHOM cnyyae npmuaetca npubnmxars HOBOE Havyano
KOOpAMHAT K OAHOW U3 BEPLUMH MHOMOrPaHHMKA.

Mpumep. Makcumunsnpyem QyHKLMIO

L = -4x, + X, = max (2.7)
NPV OrpaHNHeHunsx:

X, +4x -820;

2%, _%+t220;
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X, =% +10 2 0; (2.8)

-X +2x, +2 20.

[Ona atoro nepengem OT NPAMOYrosibHOW CUCTEMbl KoopauHaTt (X,, X,) K
KocoyrosibHom (y,, Y,) (puc. 2.5), ana kotopoin (cuctema 1)

V==X 2 X, +2=X;
Vo= X+ 4%, — 8 = X,.

B HoBOW cucteme 1 ocamu koopguHat O6yayT npamble y, = 0, y,= 0,
coBnagawlme ¢ pebpamm AD n AB, Hauyano KOOPAMHAT COBMAAET C BEPLUMHOM A,
KOOpAMHAaTbLl KOTOPOW X, = 4, X, = 1. PyHKUMS Lenn npumeT BUA!

L=-4x, +x,=17/16y,-7/6y, - 15,
Tak Kak

X, =—2/3y, + 1/3y, +4;
x,= 1/6y,+ 1/6y, + 1.

B navane koopguHat (touka A) y, = X, = 0; y, = X, = 0; L, = —=15. ®PyHkuuna
uenu Bo3pactaeT Npu YBENUYEHUU Y, = X, MO3TOMYy clenyeT ABUraTbCH B
MOJNIOXNTESIbHOM HarpasJieHUn OCU Y, = X,; Y, = X, = 0 1 B BepwurHe B nepentn k
HOBOW CUCTEME KOoopauHaT (cuctema 2):

Vo= %=X *4Xx,-8;
Yo =X = 2X,_X, + 2

(Touka nepeceyeHusa npambix y, = 0, y, = 0 onpenenset sepwunHy B). Boipaxas uns
dopmyn (2.8) x, U X, Hepes y,, Y,, Nony4aem:

X, = 1/9y,+ 4/9 y,;
X,=2/9y, - 1/9y, + 2.

MopctaBngas 9TU BbIPAXEHUSA B NUHENHY dopmy (2.7), nmeem
=-4x, +X=-2/9y, -2y, +2.

Otcioaa 3HaveHve yHKUMK Lenu B BeplunHe B Ly = +2.

Mockonbky ob6a koadbuumeHTa Npu NUHENHONW GopmMe OTpULATESbHbI,
yBENNYMBATL €€ 3HaYeHne, OCTaBasiCb B npegenax orpaHndeHnin (2.8) (T.e. BHyTpH
MHoroyronbHuka ABCD), 60blle HEBOSMOXHO — MaKCUMYyM OOCTUTHYT.

3ameTum, 4TO Ha puc. 2.5 rpaHnua obnactu COOTBETCTBYET npsimbim Y, = 0
(i=1, 2, 3, 4). Hymepauuns Bcell KOCOYrofibHOW CUCTEMbI KOOPAMHAT MEHAETCHA Ha
Kaxgom ware. Tak, Ha nepeom Lware npsamasa AD aBngeTtcs ocbio y,, a npamaa AB —
OCblO Y,; Ha BTOPOM Liare npsmas AB fBnseTca ocbio y,, a npsamas BC — ocbio y,.
KocoyronbHasa cuctema koopauHaT OyaeT BbiOpaHa HeyoayHO, eCrnu:

V=Xt 2% +2 =X
Va= 2%, X, + 2 = X,

B aTom cnydae Havano koopavHar (y, = X, = 0, y, = X, = 0) npuaertcs Ha To4Ky
E ¢ koopaunHatamm x, = -1,5, x,= -2, He npuHagnexatlylo 06nactTn AONYCTUMBIX
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Puc. 2.5. FeomeTpuyeckas uMHTeprnpeTauus CUMIJIEKC-mMeToaa
ANSa ABYMEpPHOro cny4as

3HavyeHnin. ObLlee NpaBuio BbibOpa HavyanbHOM BEpLUMHbI 3ak/ioyaeTcsl B TOM, 4TO
OHa [0JKHA fiexarb Ha nepecedyeHun napbl OCel KOCOYrofibHbIX koopamHaT y, = 0
(i=1, 2, ..., m) n Npy NOACTAHOBKE €€ KOOPAMHAT B APYrMe OrpaHuyeHnss OCTasbHbIe
KOOPAMHATbI Y, AO/MKHbI OblTb MONIOXMTESbHbI, T.€. TOYKa AOJ/KHA MpuHaaiexartb
gonyctumMoin obnacTtu.

Mpy 60MbWOM YMCne NEPEMEHHbIX FTEOMETPUYECKA MHTEPNpPETaLMS He Tak
yaobHa n uenecoobpa3HOo HAWTW aHANMUTUYECKUN anropuTtMm onpeneneHus
ONTMMANbHOIO PELLEHUS.

B cumnnekc-meTone, Kak 3TO MokasaHO Ha npumepe, MpPU3HakoM OBUKEHUS
BAOJIb FPaHN ABNASETCS MOJNIOXUTENBHOCTb 3HaKa KoadpduumeHTa JTMHENHON GYyHKUUN
Lenn, BbIPaXEHHOM 4epes3 KOCOYrosibHble KoopauHatbl. [BuratbCs K o4epemHomn
BEPLUMHE CnenyeT B NOJIOKUTENIbHOM HanpaBieHUN TOW KOCOYrOJibHOW KOOPAMHATbI
Y, NpY KOTOPON KOadDUUMEHT NONOXUTENEH, NPUYEM B Cly4ae MHOTMUX
NnepemMeHHbIX

L=1Cyi *+C¥p * ... ¥ Cr¥py
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3TOT KO3DOUUMEHT AOMKEH ObiTb HAMBONbWUM. [pU MHOMMX NEPEMEHHbIX
reomeTpuyeckas MHTepnpeTaums CUMMAEKC-MeToAa C MOMOLLbIO KOCOYrOJibHOM
CUCTEMbI KOOPAMHAT COXPaHAET CBOK CWUJly, TOJIbKO YUCNO KOOPAUHAT OOJIKHO
OblTb paBHO uncny pebep, UCXOOSAWMX U3 OaHHOM BepluHbl (puc. 2.6). Janee
3aMeTuM, 4TO KOCOYroJfibHble KOOPAMHAThl Yy, COBNAAaldT C AOMNONHUTENbHbIMU
NepeMEHHbIMUN X,,; KOTOpbIE BBOAATCS AJI TOro, 4TOObl OrpaHMyYEeHrS-HepaBeHCTBa
nepeBecTV B CTPOrve paBeHCTBa.

4){3

B\

Puc. 2.6. NeomeTpuyeckas uUHTepnpeTauuss CUMMNAeKCc-meTona
ONg TPeXMepHoro cray4vas

PaccmoTpum puc. 2.7, Ha KOTOPOM npeacTaBsieHa 061acTb AOMYCTUMbIX
3Ha4YeHUI Ha MJIOCKOCTU (X,,X,) U NOBEPXHOCTb GyHKUMN uenn L(x,,x,). Tak kak
OrpaHNYeHNs NIMHENHbIE, TO AOMNyCcTUMas obnacTb npeactaBnseT coboi BbiMykbif
MHOFOYrofbHUK. W3-3a NMHEMHOCTU dYHKUMK uenn

L(x;,X,) = CX; + C X+ b

NMOBEPXHOCTb €€ SABMSETCS MIOCKOCTbIO B TPEXMEPHOM MPOCTPAHCTBE, HAKJIOHHOW
K FOPU3OHTANIbHOW MAIOCKOCTYU (X,,X,) MO0A, ONpeaeneHHbIM yrnoM. paHunua obnactu
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Puc. 2.7. JlokanbHbii (OH Xe rnoGanbHblil) 3KCTPEeMyM
B JIMHEAHOM NpPOrpaMMupoBaHuUM

O0OMNYCTUMbIX 3HAYeHU Yyepe3d yHKUMIO Lenn oTobpasnTca B HEKOTOPLIN
MHOIOYrOfIbHUK B MJIOCKOCTU L(X,,X,). HEeTpyoHO C NMOMOLLbIO reoOMeTPpUYecKoro
BOOOpaxeHus ybeaonTbCsl, YTO 3KCTPEMYM COBMagaeT C OAHOM M3 BepLUMH 3TOro
MHOIFOYroJjibHMKa U OH — €OUHCTBEHHbIN. B UCKAIOYNTENBHOM Cllyyae 3KCTPEMYM
pocTturaetcs Ha pebpe MHOrOyrosfibHMKA, NeXallero B niaoCKoCcTu (X,,X%,), korga
NnHerHasa ¢dopma coBnagaeT C OLHUM U3 OrPaHMYeHUn N CTOPOHA MHOMOYrofibHMKa
B MIOCKOCTU L(X,X,) napasnsesibHa naoCKOCTU (X;,X,).

Ecnn ¢dyHkuma uenn HennHenHas, TO 9KCTPEMYM MOXET AOCTUraTbCHa B
cepeanHe ydacTka MOBEPXHOCTU L(X,,X,) N 3KCTPEMYMOB MOXET ObITb HECKONbKO.
AHanornyHas cuTyaums MOXeT NOoSBUTLCS NPU HeNMHEelrHbIX orpaHnyeHnsx. Obnactb
OOMNYCTUMbIX 3HAYEHUIN Toraa MoXeT ObiTb MHOMOCBA3HOM, N B KaXA0W OJHOCBA3HOMN
obnactn OOCTUraeTcsl CBOM 9KCTPEMYM.

Taknm 06pa3oM, NPUMEHNUTENIBHO K CUMIIEKC-METOAY reoMeTpudeckn 3agadvy
JIMHENHOro NPorpaMMMpPoBaHnS AN Cly4as OBYX MEPEMEHHbIX MOXHO NpeacTaBuTb
B cneaywouiemMm Buae. Hap ponyctumMor obGnacTbio 3HAYEHUN (X,,X,) CTPOUTCS
NOBEPXHOCTb PYHKUUU uenn L(X,X,). Tak Kak PyHKUUa uenu NuHenHas, To ee
NMOBEPXHOCTb OYAET MIOCKOCTbIO B TPEXMEPHOM MPOCTpaHcTBe. PaccTosiHue noboii
TOYKN NOBEPXHOCTU L(X;,X,) 4O FOPU3OHTASIbHOM MIOCKOCTU (X;,X,) PABHO 3HAYEHUIO
LeneBor OYHKUMM MpU COOTBETCTBYIOWMX X;, X,. [PV CUMNNEKC-METOAE ULLETCH
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BEPLUMHA, Hanbonee WM HaMMeHee yAaaneHHas OT MJIOCKOCTU (X,,X,). Ecnu B3aTb
TPY NEPEMEHHbIX, TO HEOOXOAMMO MPOBECTU YETLIPEXMEPHYIO MNOCKOCTb. ObnacTb
LOMNYCTUMbIX 3HAYEHUIM OrpaHMyeHa MHOMOrPaHHUKOM B YETbIPEXMEPHOM
npoctpaHcTee. OYEBMAHO, YTO SKCTPEMYM B STOM cllydae GyaeT 4ocTuratbCs unm
B BepLuMHe, unu Ha pebpe, nnm Ha rpaHu. AHanormyHas cutyauus UMeeT MecTo U
B cCiyyae N0OOro yncna nepemMeHHbIX, TONbkO TOorga 6yayT MHOroOMepHbIe
MHOFOrPaHHUKM 1 MIOCKOCTH.

Mpn HennHeMHOCTN GYHKUUM Lenn B ciyvyae OBYX MEPEMEHHbIX LeneBas
MOBEPXHOCTb MOXET MMETb HECKOJIbKO MWHUMYMOB WM MakCUMYMOB W BO3HUKAeT
Tak Ha3blBaeMass MHOroakcTpemanbHas 3apada, rae TpebyeTcsa onpenenntb
rnoGanbHbIi 9KCTPEMYM.

OObIYHO CYMTAEeTCs, YTO NUHEeNHas dopmMa 3aBMCUT OT BCEX NEPEMEHHbIX

HO B 4aCTHbIX C/ly4asx HEKOTOPbIe U3 C; paBHbl Hy/o. Ha nepeom wware BbiOUpaioT
m 0a3nCHbIX MEPEMEHHbIX. PelueHre CUCTeMbl ypaBHEHUM

>ax +b=0
i

npyv HyneBblX 3HaYeHUSAX HeGa3UCHbLIX KOOPAMHAT Ha3blBaeTCsd Ga3UCHbIM
peweHuem. B kayecTtBe 6a3UCHbLIX MEPEMEHHbLIX MOXHO BbiOpaTb N0b6bIe M
nepemeHHbIX, Ans KOTOpbIX BeKTopbl @, = ||a;|| nuHeiHo He3aBucUMBI, T.e.
AeTepMUHaHT MaTtpuubl | |a;|| oTnuyen oT Hynd. OfHAaKo Ha MEpPBOM Luiare ux
HeobxoaoMMo BbIGpaTh Tak, YTOObl Ga3UCHOE pelueHWe, COOTBETCTBYIOLLEE Havany
KOOpAMHAT KOCOYrosibHOM CUCTEMbI, NpUHAAnexano AonycTuMon obnactu (Obinio
Obl ofHOW M3 ee BeplnH). Bonpoc o BbiGope HavanbHoro 6asuca (6asncHoro
pelleHunst) TpebyeT cneumanbHOro pacCMoTPEHNs, KOTOpoe ByAeT BbIMOMHEHO HUXE.

2.4. dopmannsoBaHHad cumnnaekc-taénuua

[Mpouenypa oTbiICKaHUSA 3KCTpeMyMa C MOMOLLbID CUMMIEeKC-MeToaa MOXeT
odopmnaTbCa B BUAE creuuvanbHor Tabnuubl (popmMann3oBaHHOW CUMIJIEKC-
Tabnuubl). Paszbepem 3Ty Tabnuuy Ha npumepe. Ona aTtoro npeobpasyem
PacCMOTPEHHYIO Bblle 3afavyy K Takomy Buay, 4ToObl MOXHO OblIIO MPUMEHUTH
cummnnekc-meton. C 3ToN Uenbio BBEAEM AOMNOJHUTESIbHbIE NEPEMEHHbIE X ;!

Xy = =X, + 2x, +2 2 0;

X, =X, +4x, -8 20;
Xs == X, = X, + 10 = 0; (2.9)
X = 2%, = X% +2 20;

L=-4x +Xx,.

Mpumep. [lycTb cucTemMa OrpaHuY4eHUin C BBEAEHMEM MEPEMEHHbIX 3a4aHa
B BMAEe paBeHCTB (2.9), T.e.

CoBpeMeHHbI NyMaHUTapHblii YHuBepcuTeT

49



MuHummaupyem L = -4 x, + x, npnu x,2 0, i = 1, 2, .... 6. O4eBMAHO, 4TO
pewenne x, = 0, x, = 0, x5 = 2, X, =8, X, =10, Xz = 2 yOOBNETBOPSET yPaABHEHUAM
(2.9), HO He ypoBneTBopseT ycnoBmio x;= 0 1 NO3TOMy He aBnsieTcs 6a3nCHbIM.
Bbibupaemble HebGa3nCHbIE NepeMeHHble 00pPa3ylT KOCOYroJibHYIO CUCTEMY
KOOpAMHAT B paHee PacCMOTPEHHOW reoMeTpuyYeckon MHTepnpeTauuu.

Bynem cumtatb, UYTO X, X, — HEOA3MCHbIE MEPEMEHHbIE, U Bblpa3uM 4epes
HMX GasnCHble NepemMeHHble U BeNnynHy L:

X, = =2/3x; + 1/3x, +4;

X, = 1/6x;+ 1/6x, + 1;

=1/2% — 1/2x,+ 5; (2.10)
-3/2x; +1/2 x, +9;

L = 17/6x, — 7/6x, — 15.

X
A
|

[MocmoTpum, He pgocTurna num L CBOEro MMHUMANbHOINO 3Ha4YeHus.
KoadduumeHT npn x, oTpuLaTenbHbIi, CnefoBaTefibHO, BO3pacTaHve npuBeneT K
panbHeremy ymeHblueHnio L. OgHako npy 3ToM HeEOBX0AMMO CNeauTb, Y4ToOb X,
Xy, X5y Xg, KOTOPblE 32BUCAT OT X,, HE CTanu OTPULATENbHLIMU, T.€. HE BbILLAN U3
ponyctumon obnactu. Tak Kak yBENMYEHME X, MPUBOOUT K YBEJIMHEHUIO X, X,, X,
TO ON19 9TUX MEPEMEHHbIX TakOl OMacHOCTM He cywecTByeT. PaccmaTtpuBag
NepPeEMEHHYIO X;, yoexaaemcs, 4TO MakCUManbHO OOMYCTUMOE 3Ha4YeHue X, MOXEeT
ObITb X, = 10. MNpun aToMm:

MoaTtoMy 3a HOBbIN 6a3MC MOryT ObITb MPUHATHI NEPEMEHHBIE X, X5, X4 X,
T.e. Mbl nepewnu Kk BepwuHe x;= 0, x;= 0. [Ana Toro 4to6bl NPUCTYNUTb K
cnegywouieMy ary, Heo6xoaMMo BbIpa3uTb 3TU Ba3UCHbIE NepemMeHHble 1 L yepes
Heba3uncHble (Yepe3 KOOpAMHaTbl HOBOWM KOCOYroJsibHOM CUCTeMbl KoopauHaTt). B
nuTore MonyyYuMm:

X, = =1/3%; — 2/3x5 +22/3;
=1/3%x,_1/3x5 + 8/3;
=X, — 2%+ 10;

=X+ x5 + 14;
L = 10/3x, 3 7/3x5_80/3.

X X
F QRN
I

CoBepLUEHHO OY4EBMAHO, YTO KakK Obl Mbl HU YBEIMYMUBANIN X, X5, YMEHbLUUTb L
He ypaetcs. CnegoBatesfibHO, JOCTUIHYTO OKOHYaTeSIbHOE pelleHne, npu KOTOPOM

X; = 22/3; x, = 8/3;
X, =10; x5 = 14;
L,.. = —-80/3.

BbluvcneHve ygo6Ho opopMaaTb B BUAE CUMMNEKC-TabaMubl A9 Kaxaoro
wara. BHayane ypaBHeHUs U nunHeiHyto GopMy L Ha Kax[om ware 3anucbiBaioT
Tak, 4To CBOOOAHBLIE YMEHbl pacrnofnaraloTCsa B MpaBoi YacTu:
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[MepBbI war:
Xg + X - 2%, = 2
X, - X — 4%, = -8;
Xs + X, + %= 10;
Xg - 2x, + X, = 2;
L+4x, —x=0.

BTopon war:
X4 + 2/3x, — 1/3%, =4;
X, - 1/6x; — 1/6x, = 1;
Xs -1/2x; + 1/4x,= 5;
Xg +3/2x; — 1/2%x, =9;
L -17/6x, + 7/6x,= — 15.

TpeTtuit war:

X4 +1/3x%, + 2/3x5 = 22/3;
X5 -1/3x;+ 1/3x5 = 8/3;
X, X5 + 2x5= 10;
Xg X, + %X = 14;

L -10/3x, — 7/3%; = -80/3.

3anucm npu BbIMUCNEHUAX MOXHO COKPaTUTb, UCMOMb3ys OAHY M3 Gopm
cuMnekc-Tabnmupl ana kaxgoro wara (cm. tabn. 2.1 — 2.3).

B cTpokax, 3a UCKo4YEHNEM MocneaHen, 3anmcbiBaloTCA KO3hdOULNEHTBI Mpn
COOTBETCTBYIOLLMX HEOA3UCHBIX MEPEMEHHBIX, B3STble CO 3HAKOM MUWHYC, 4yepesd
KOTOpble BblpaxeHa 0a3ucHas nepemeHHas, COOTBETCTBYIOLLAS HOMEPY CTPOKU.

Cumnnekc-tabnuua 2.1
(neps.bin war)

Basuchsie CBoGOIHBIE UTICHBI He6asucHble mepeMeHHbIe
TIepEMEHHbIE B OTPaHMYEHUSX X1 X2
X3 2 1 -2
X4 -8 -1 -4
X5 10 1 1
X6 2 -2 1
L 0 4 -1

Cumnnekc-tabnuua 2.2
(BTOpPO LWiar)

Basucuele CBoOOHbIE YJICHBI Heba3ucHele epeMeHHbIe
TIepeMeHHBIe B OTpaHIYEHHSIX X3 X4

X1 4 2/3 -1/3

X2 1 -1/6 -1/6

X5 5 -12 1/4

X6 9 372 -1/2

L -15 -17/6 716
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Cumnnekc-tabnuua 2.3
(TpeTwui war)

Basucusie CBoOOHbIE YJICHBI Heb6asucuble nepeMeHHbIe
HIepPeMEHHBIE B OIpaHIYCHHUSIX X3 X4
X1 22/3 1/3 2/3
X2 8/3 -1/3 1/3
X4 10 -1 2
X6 14 1 1
L -80/3 -10/3 =713

Ha kaxpom ware B 6a3uc Bk/o4aeTcs oaHa n3 Heba3UCHbIX NepeMeHHbIX,
ON1S KOTOPOW MONOXUTENEH (MK OTpuuATENIEH B Cllydae MakCUMMU3aunmn JIMHENHON
dOpMbl) 31EMEHT, HaxXOASLMNCSA B CaMOW HUXHel cTpoke Tabnuubl. bnaropaps
3TOMY BbiOMpaeTcs Ta NepemMeHHas!, yBenmiyeHme KOTopo NPUBOAUT K YMEHbLUEHWNIO
JIVHENHON dOPMbl (HanpuMep, Ha BTOPOM Luare nepemeHHas Xx,). Npun atom Hago
MOMHUTb, YTO 4YMCsla B CaAMOW HUXHEN CTPOoKe CUMMNIEKC-Tabnulbl paBHbI
Ko3dPurUMeHTaM NPU COOTBETCTBYIOLWIMNX HEOA3UCHBLIX MEPEMEHHbLIX B JIMHEHOMN
dopme, B3AaTbIX C 00paTHbIM 3HakOM. OOHOBPEMEHHO BblYepkuBaeM 13 6a3nCHbIX
nepemMeHHbIX Ty, KOTopas AaeT HaMMeHbllee OTHOLIeHMe CBOOOAHOro uneHa K
KoadpPpuuneHTy B ctonbue, Npm COOTBETCTBYIOLWLEN BbiOpaHHOW Heba3nucHoMn
NEPEMEHHON B OFPaHUYEHUSX, MPUYEM OTPULATESNIbHbIE OTHOLLEHUS HE YYUTbLIBAKOT-
CSl, TaK Kak COOTBETCTBYIOLME MEPEMEHHbIE HE MOFYT CTaTb OTPUULATENbHLIMU.
Hanpumep, ons taén. 2.2 otpuuaTtenbHOe OTHOLLEeHe CBOOOAHOro YieHa BO BTOPOWA
CTpoKe K KO3GDULMEHTY NPy NePEMEHHON X,, KOTOPYIO paccmaTpuBaem Ha npegmet
BO3MOXHOCTM BK/IIOYEHUS B 6a3nc, paBHO —6. OTO ykasdbiBaeT Ha TO, 4YTO 3a CYeT
YBEJIMYEHNS NEPEMEHHON X, MepeMeHHas X,, KOTOpyl npeanonaraemMm WUCKIYnUTb
13 6asunca, He obpallaeTcs B Hyfb, YTO U COOTBETCTBYET YPaBHEHUIO

X, =1+ (1/6) x5 + (1/6) %,

(cm. popmyny 2.10). NMoaTomMy ee uckn4aTb He cneayeTt. eoMeTpmuyeckm 3To
O3Ha4aeT, YTO C BK/IOYEHNEM MEPEMEHHON X, U UCKTIOYEHNEM MEPEMEHHON X,
BEPLUMHA MHOrorpaHHvka He 6yaeTt gocTurHyTa. ns BTOpPOro wara octaeTcs ofgHa
BO3MOXHOCTb — WUCKIIIOYUTb X5, MNPV 3TOM ClieAyiollas BepLUMHA MHOrorpaHHuka
OyneT OoCTUrHyTa.

Ha nepeceyeHnn cTpoku, BBOAUMON B Oa3nc nepemMeHHon n ctonbua
yoansemon nepeMeHHON, HaxoOUTCS 3JIEMEHT, Ha3blBAEMbIM LLeHTPaNibHbIM WU
OMOPHbIM, KOTOPLI OTMEYaeTcsa 3Be3404KO0MN.

HanoMHuM, 4TO cumnnekc-tabnuua cTpounachb Aas ciaydas MUHUMU3auUm
JINHENHON HOPMBI.

2.5. Mpsamas n gBOMNCTBEHHas
3aja4n JIMHEMHOro NporpaMmMupoBaHuUS

2.5.1. BeegeHne B npo6GsemMy ABOMNCTBEHHOCTU

Mpamasa 3apaya NMHEWHOro NPOrpaMMMUPOBAHUA CTaBUTCHA CleayloLlwmnm
o6pas3om. HaxopaT 3HaAYeHUs NepeMeHHbIX (X;, X,, ..., X,), YOAOBAeTBOpSsioLWme
YCITIOBUSAM:
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AXy T T At QX Tt aeX, = by

(2.11)
et X T B X A Xy T A X S b

X, t...ta, , x+a X, t.. +ta x b,

m,/+1

obpalalowmymM B MakCMMyM JIMHEVHYIO GopMy
L=cx, +..+cXx, — max.

Mpu aTOM JonyckaeTcs, Y4TO 4aCTb MEPEMEHHbIX X,, ..., X, UMeeT nobbie
3HaKu, a nepemMeHHble X, ..., X, 20.

[Mpamon 3apavye COOTBETCTBYET ABOMCTBEHHas 3apavya JIMHEWHOro
nporpaMmMupoBaHuUs, B KOTOPOI ONpeaensaoTcs ABONCTBEHHbIE NEPeMeHHble,
YLOBNETBOPAOLLME COOTHOLLUEHNAM:

ay; t o T Ayt A Y T T ALY, TG (2.12)
A Yyt T B T B Y T T 800 Ym 2 Cpy

obpallalmM B MUHUMYM JIMHENHYIO dopMy
L'"=by, +..+b.y, - min.

34ecCb NepeMeHHble Y, ..., Y, TaKKe MOryT MMeTb MPOM3BOJIbHbIE 3HAKKW, a
Yoo Yo 2 0. 3ameTum, 4to / paBeHcTBaM (2.12) COOTBETCTBYIOT CBOOOIHLIE
NepemMeHHbIe X,, ..., X, @ N — [ HEpaBEHCTBaM — HeoTpuLUaTesibHblE NEPEMEHHbIE
npsMor 3apayn X,,, ..., X,. VI HaobopoT, k paBeHcTBam npamon 3agaqu (2.11)
COOTBETCTBYIOT CBOOOAHbIE (HEOrpaHMYEHHbIE MO 3HAKy) MEPEMEHHbLIE Y,, ..., Y,,
a n — k HepaBeHCTBaM — HEOTPULIATENbHbIE MEPEMEHHbIE Y, ,,,..., Y,, OBONCTBEHHOM
3ajaun.

KoadduupeHTsl b, cTosume B NpaBoi 4acTu orpaHuyeHnid NPsMon 3anaquu,
bdUrypumpytot kak KoadpUUNEHTbl NUHENHON GOopMbl B 4BONCTBEHHOM 3ajadye, a
KO3DPUUMEHTBI NIMHENHON GOPMbI NPAMON 3a4a4n CTAHOBATCA KO3dpULMeHTaMn
npaBbIX YaCTeln orpaHnyeHnii ABONCTBEHHON 3aaaun. Matpuua AT Koo PULIMEHTOB NTEBbIX
YacTeln OrpaHNYeHnin OBOMCTBEHHOM 3a0a4n SBASIETCS TPaHCMNOHMPOBAHHOM MaTpuLeEn
A K09bODUUMEHTOB NEBLIX YaCTEN NMPAMONM 3ada4n. 3anuwiemMm 3T MaTpuvubl B BUOE:

A = gl ;
A= gl - (219

Ecnu HeT cneuunanbHbIX OrOBOPOK, fajiee UCMONb3yeTcsd MaTtpuua npsaMon
3a4ad4n ¢ m cTpokamm n n ctonbuamm u i MeHseTcsa oT 1 gom, aj — ot 1 go n.
Moatomy nepemeHHble 1 KO3POULUMEHTHI NMEIOT COOTBETCTBEHHO WHAEKCHI X, @;,
Vi, b, ¢. COOTBETCTBEHHO YMCNO OrpaHWYEHN ABOVICTBEHHON 3ada4y PaBHO 4MCiy
HEN3BECTHbIX N NPSMON, a YANCO HEM3BECTHbLIX ABONCTBEHHOW 3a4a4M paBHO 4MCHy
OrpaHMyYeHn i m NpsIMON 3agadyu.

Kpome Toro, MOXHO fokasdaTb Tak HadbiBaeMyld TeopemMy ABOWCTBEHHOCTM,
KOTOpas yTBepXaaeT, yYTo
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min L' = max L,

T.e. ONTUMabHble 3HA4YeHU GYHKLUMOHANOB AN PELUEHUM NPSMO U ABONCTBEHHOMN
3a4a4 coBnagaror.

Bce BbiCkasaHHble MOIOXEHUS O B3aMMOOTHOLLEHUM MPSIMO U ABOMCTBEHHOMN
3ala4 OCHOBaHbl HAa CBOMCTBE 3aMKHYTOCTW Mapbl NPAMON 1 ABOMNCTBEHHOW 3a4ad,
KOTOpOE 3akJlloyaeTcs B TOM, 4TO 3ajaya, OABOWCTBEHHAsS K OBOWNCTBEHHON,
COBMafaeT C OCHOBHOW, MHOr4a OHW Ha3blBAOTCH B3aWMHO OBOMCTBEHHbIMWU. 10
CYLLLECTBY, Mbl creuunanbHo Tak nogobpanu dopmaniam npsMon U ABONCTBEHHOM
3aja4u, 4ToO6bl YOOBNETBOPUTL CHPOPMYIMPOBAHHOMY BhILLIE CBOMCTBY 3aMKHYTOCTH.
Ecnn nonpo6oBatb M3MEHUTb, K MPUMEPY, 4TO-HUOYAb B GOpPMYNnnMpoOBKe
OBOVCTBEHHON 3a4a4n (MUHUMYM 3aMEHUTb HA MaKCMMYM WKW YUCNO CBOOOAHBIX
nepemMeHHbIX M3MeHuUTb ¢ k Ha k + 1), TO 9TO nNpuBedeT K TOMYy, 4YTO 3ajaua,
[BOWNCTBEHHAdA K OBONCTBEHHOW, HE COBMNAAeT C NpsIMON. Ha onpeneneHHOM ypoBHE
CTPOrocCTu, NMPUHATOM B METOAE KOHCTPYMPOBAHUSA, HUKaKMX OPYrnx OoKasaTenbCTB
He TpebyeTcsa. CBOMCTBO 3aMKHYTOCTU (OBOMCTBEHHOCTWN) LUMPOKO UCMONb3YyeTCcs
M NO CYLLECTBY SIBASIETCS YKPYMHEHHbIM CBOMCTBOM, C MOMOLLbID KOTOPOrO MOXHO
9KOHOMHbIM CMOCOBOM [A0Ka3blBaTb PA3/IMyHbIE MOJIOXEHUS U NOoayyYaTb METoAbl
onTumMusaumn.

2.5.2. [BOWNCTBEHHbII CUMMJIEKC-METOoA,

PelwieHne npsamMoi 3agayn onTUMMU3aUUM MOXHO OMNpeaesnnTb C NMOMOLLBbIO
cumnnekc-metToaa. Ero MoxHo nonyumTb Takol 3aMmeHol 6a3unca, Npu KOTOpon Bce
cBOOOAHbIE YNEHbl B COOTHOLLUEHUSAX MPSAMON CUCTEMbI CTaHYT HEOTPULIATESbHBIMU,
Tak Kak TOJIbKO MPW HeoTpuuaTeNbHbIX CBOOOAHBIX YNEeHaxX A HYNEBbIX 3HAYEHUI
Heba3nCHbIX NepeMeHHbIX 6a3ncHble NepeMeHHble ByayT HeoTpuuaTesbHbl. Kpome
TOro, 9KCTpemMasibHoe 3HayeHune QYHKUMU Lenu OOCTUraeTcs npu Tako 3amMeHe
6a3nCHbIX NEPEMEHHbIX, MPU KOTOPOWN BCeE KOIDDULMNEHTbHI Npu HeOa3UCHbBIX
NEepeMeHHbIX B BblpaxeHun ansa L oTpuuatenbHbl.

JIBOMCTBEHHbIN CUMMIEKC-METOA, Ha3blBAlOT METOAOM MnocnenoBaTesibHOro
ynyuweHusa oueHoK. CMbICN ero 3ak/ito4aeTcs B TOM, YTO BMECTO NMPsIMO 3agaqu
pelwarT ABONCTBEHHYIO M 3aTeM MO ONTUMallbHbIM 3HAYEHUAM MepeMeHHbIX
[BOCTBEHHOI 334241 ONpPenenstoT ONTUMasbHbIE 3HAYEHUS MPSMOIN 3a4a4um, NPUYEM
onTumManbHoe 0a3nCcHOEe peLleHne OAHOM 3adadyn noslydaeTcs NpupaBHMBaHUEM ee
HOBbIX 0a3UCHbLIX MEepPeMEeHHbIX KoadpduuMeHTaM Npu COOTBETCTBYIOLLMX
Heba3nCHbIX NepemMeHHbIX B JIMHENHOW (dopme ABOMCTBEHHOW 3agadqn, B3SiTbIM CO
3HaKoM “-”.

JABOMCTBEHHbI CUMMJIEKC-MeToA LenecoobpasHo NPUMEHsTb, korga B
MCXOOHOW 3a[aye YUCNO OrpaHMYeHUn 3HaYnTeNbHO OOoJblle Yncna HEeU3BECTHbIX.
Ecnu B 9TOM cnyyae nepentn K ABOMCTBEHHOWM 3ajavye, TO cummniekc-npouenypa
Oynet npoule, 4eM gnsa npsmoin 3agadn. Kpome TOro, OBONCTBEHHLINA CUMMIEKC-
MeTO/[, LUMPOKO MPUMEHSIETCA B PasfiNYHbIX METOAaxX palleHus 3aaad LenoyncieH-
HOro NPOrpamMmMmpPoOBaHUS.

YacTo pelleHne OBOWNCTBEHHOM 3a4a4yn Ha3biBalOT MCEBAOMJAHOM, YTOObI
OT/IMYaTb €ero OT PELLUEeHUs MPSMON 3a4a4vm, Ha3bIBAEMOro NPOCTO MJIAHOM.

[Mpowe Bcero npounntCcTpupoBaTb ABONCTBEHHLIN METOL Ha MpUMEpE.

Mpumep. PaccmoTpum crnenyollyio 3agady NMHEMHOro NporpaMMnpoBaHUS:

X, + 2%, = 3%, < 1;
2X, — X, — X, < -1;
L=1—x12— 23x2—3x3 = max; (2.14)
X,20,%20,x,20.
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CocTtaBuM 3apadvy, OBOMCTBEHHYO (2.14):

Yy T2y, 2 -1

2y, -y, 2 -2

-3y, =Y, 2 -3; (2.15)
L'"=y, -y, = min;

y, 20, y,20.

BBoas no6aBOYHbIE MEPEMEHHbBIE V,, Y, Ys, CBEAEM OrpaHvyeHns B BUAE
HEepaBeHCTB K OrpaHMYyeHsM B BUAE paBeHCTB. Torga 3agadva (2.15) npumet BuA:

=Y+ 2y, — y; = -1,
2y, — ¥, ~ Y = -2
=3y, - Y - VYs = -3, (2.16)
L' =y, =y, + Oy; + Oy, + Oy; = min;

y,20, v,20,vy,20,y,20, y;20.

Pewas 3apavy (2.16) cumniekc-MeToaoM, NoJlydnuM cumnnekc-tabnuuy 2.4.

Tabnuua 2.4

Basuciipre | Cobojibie Heba3ucHele mepeMeHHBIE
nepeMeH- | YJIEeHBI U Or-

HBIC paHU4YCHUA Vi Y2 V3 Y4 \A

yi 1/5 1 0 0 -1/5 1/5

y2 12/5 0 1 0 3/5 2/5

v3 28/5 0 0 1 715 3/5

L' -11/5 0 0 0 -4/5 -1/5

M3 nocnepHen ctpokn Tabn. 2.4 nonyynm BbipaxeHue NMHENHOW (GOopMbl
yepe3 HebasnCHbIE NMEpPEMEHHbIE

L' =(4/5) y,* (1/35)ys.
OTclopa, ecnu y4ecTb COOTBETCTBUE MeXIy NepemMeHHbIMU

Y, <=2 X, Yo <=2 X
Y <=2 X5 Y, <=2 X
Y5 <=> Xg;

NnoJly4MM peLLeHne MCXOOHOW 3adadyv B BUOE
x, = 0; X, = 4/5; X, = 1/5;
max L = -11/5.

B aToM npumMepe Mcnosib3oBaH MO CPaBHEHUIO C NpPedplayliM  NpUMepoM
Opyro BapuaHT cumMniekc-tabnuubl, B KOTOPOM MOMUMO CTONOLOB, COOTBETCT-
BYlOWMX HEeGa3NCHbIM NepemMeHHbiM, AobaBneHbl cToNOLbl, COOTBETCTBYOLLINE
6a3nCHbIM NepeMeHHbIM C HyfIeBbIMM 3fIEMEHTaAMU, 32 UCKJIIOYEHMEM TeX, KOTopble
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CTOSIT Ha MepeceyeHnn CTPOK M CToNBUOB C OAMHAKOBLIMM HOMepamMu Ga3MCHbIX
9/IEMEHTOB, PAaBHbIX €AUHULE.

Cvmnnekc-tTabnvua Takoro Tuna HasblBaeTCsl MOJIHOM WU PaCLUMPEHHOW B
OT/INYME OT COKPALLEHHOW CUMIMIEKC-Tabnuubl NpeabiayLero npuMepa.

2.6. O6Gwaga Teopus cumnyekc-meTona Ha 60a3e NuHeNrHoOW anre6pbl
PaccmoTpum 3apadvy NMHENHOro nporpaMMmpoBaHUd

aX, + a% + ... +a,.x, =b, i=1, .., m 2.17)
L =c, tC,X, + CX,t ... ¥C X, — min, 0 <X. '

Bynem cuuTatbh, YTO CUCTEMA ypaBHEHUN (2.17) COQEPXUT I NNHENHO
HE3aBUCKMbIX YPABHEHUI, rae r < m. OTU r NepEMEHHbIX HA NEPBOM LUare SBNSOTCS
6a3nCHbIMY NEPEMEHHBIMU, T.€. onpeaensioT 6asnc. CTporo roBopsi, C NPakTUHECKO
TOYKM 3PEHUA MOXHO CYMTaTb, YTO I = M, TaK Kak B NPOTUBHOM CJly4ae paBeHCTBa
(2.17) NN HECOBMECTHbI, N XOTS Obl OOHO W3 HUX MPEeAcTaBAsSeT JIMHENHYIO
KOMOMHaUWIO OCTaNlbHbIX 1 MO3TOMY SBASETCS NMWHUM. Paspeluns ypaBHeHus (2.17)
OTHOCUTENBHO 3TUX NMEPEMEHHbIX, MONYYNUM:

x =hb -3 a x i=1,2,..,r.

i i 4 ij 'm0

Be3 notepn 06LHOCTM MOXHO CYMTaTb, YTO HE3ABMCUMbI NEPBLIE I ypaBHEHUI
(2.17). NpeanonoxumM, 4To cBOOOAHBbIE KO3DPULMEHTI b, HeoTpuuaTenbHbl. Kaxagoe
N3 3TUX YyPaBHEHUM MOXHO paccMaTpumBaTb Kak NPOEKLMIO BEKTOPHOrO ypaBHEHUS

XPp, = Py — Z ij] (218)

j=r+1

IM-

Ha eAMHWNYHbIE BEKTOPbI, HanpasfeHHbIE MO KOOPAMHATHLEIM OCSM (OpTam) Py, P,
.oy Py, TOE

p1 = (110!10)1
p,= (0,1,0,...,0);
p,= (0,0,...,1).
BekTopbl p;, P,, .-, P, 06pa3yoT 6a31c B m-MepHOM NpocTpaHcTee (puc. 2.8).
Mpu aTom MaTpuua pasnoXeHuin BEKTOPOB Py, Py, Py ---, P, B 6a3nce p,, Py -5 P,

npeacrtaBndeTca B Buge

Pi P, o B Py Py o P,
10 ... 0 bya . ...a,|
0 1 |

0 ba,. ...a% (2.19)

[0 O ... 1 ba,. ..

B aToli maTpuue nepBble r cTONOLOB NpeacTaBnsaloT coboli opTbl CUCTEMBI
koopauHat. Ctonbel, r+1 cocTtonT U3 cBOOOAHbIX YIEHOB OrpaHn4eHnin. NMocnenHue
N—r cTON6UOB COCTOAT U3 KOMMOHEHT MPOEKUUIA BEKTOP-CTONOLOB P,.q, -, P, Ha
opTbl Py, P, ---, P,- B uenom marpuua coctout m3 n + 1 BeKTOp-CTONOLOB C M
KOMMOHEHTaMN KaXKObli.
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pP3

Puc. 2.8. NeomeTpuuyeckas uHTepnpeTaumss 6a3UCHbIX NMepeMeHHbIX

AN TPpexXMepHoro cny4as

Cumnnekc-tabnvua tenepb NpUMeT BUAL:

1 Xr+1 Xn
X4 b1 &y n
x2 b2 a2, r+1 a2n
Xr bm ar, r+1 m
C, c, c,

[Mpuyem cooTHoweHne ang L 3anuwetcsa

n
L=c¢cy—- 32X,

j=r+1

i=1,2, ..

Tabnuua 2.5

Mocne npouenypbl BkAOYEHUS B 6a3nuc HeOa3UCHbIX NEPEMEHHBIX U
MCKIIoYeHUs1 6Ga3nCHbIX, OTBEYAOLWMX paay TpeboBaHWni, NoJlydnuM rpynny BEKTOPOB
P:s P2y - 5 Pi1y -, P, 0Opa3yloLLMX HOBbIV 6a3uc. Vx onpepenntens, 3anncaHHbIn B
CTapol cUCTEME KOOPAMHAT, OT/INYEH OT Hy”N4.
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CnepnoBaTefibHO, 3TN BEKTOPbl HE3ABUCUMbI U MOTYT ObiTh BbiIOpaHbl 32 HOBbII
6asuc. MoBTOpPSAA 3TOT NPOLECC A0 TeX Mop, Noka BCe YMcna B NMocniegHen cTpoke
cuMnnekc-tabnuubl (2.5) cTaHyT HEMNONIOXUTENbHbI, MNOJIy4MM ONTUMasbHOE
pelueHune. Elle pas HanoMHMM, YTO B MPaAKTUYECKN BaXKHbLIX Clydaax r = m.

O6cyauM MeTodbl OTbICKAHUS HavanbHOM BEPLUMHBbI MHOIOYrOSibHUKA.

Jonyctum, 3agada NMHERHOro nporpaMMmnpoBaHng 3anuncaHa B Buae

Ax = b;
Cx - min; (2.20)
x =0,
e b=0; C= |c, C, ..., C || CTapToBbIi 6a31C CHUTAETCS HANLEHHBLIM, €Cu

orpaHuyeHusi, cogepxaiumecs B 3agade (2.20), 3anmcaHbl kak
Xv= bv - (av,m+1 Xm+1+ ot aann)! Vv = 11 2! cy M,

roe b, 2 0, Tak kak, NonoxmB Heba3ncHble NepemMeHHble X, =0 (k =1, 2, ..., n-m),
nony4mm 3HaveHus x, = b, =2 0, KoTopble ABASIOTCS AOMNYCTUMbIMU U COOTBETCTBYIOT
OOHOM N3 BEPLUUH.

MHoroa cpasy ymaeTtcs BbloenuTb nepBbii 6asuc. OgHako B obLiemM cnyvae
3TO HenpocTas 3ajauva.

Ona  kaxaoro orpaHMyeHusl BBOAMM BCMOMOraTEslbHYI0 MNEPEMEHHYIO Z;
(i=1, ..., m). Toroa orpaHuyeHuns cuctemsl (2.20) 6yayT BbIMMSAETb Kak

Ax + z = b; x=0,z=20. (2.21)

Be3 HapylleHust 06WHOCTM cynTaeM, 4To b HeoTpuuaTenbHa, Tak Kak 3Toro
BCEraa MOXHO AOCTUrHYTb, MOMEHSIB COOTBETCTBYIOLIME 3HAKM B CTPOKaxX MaTpuLibl
A. MoaTtomy ponycTumbiM 6a3ncHbIM pelweHnem 6yaet x = 0, z = b. CooT-
BETCTBYIOLLAS cuMMekc-Tabnvua Ha NepBoM Liare 3anvueTcs B Buae

z=b - Ax,

T.e. 32 6a3nC B3AT BEKTOP Z.

Ha nepBom wware mMnUHUMU3NPYETCA GYHKUMA LEnn 3 z; NPy OrPaHUYeHnsax
(2.21). HenocpenCTBEHHO M3 3TUX OFPaHUYEHUN CRenyeT, YTO eCin MUHUMYM
GYHKUMM 3 Z; ABNIAETCA MOJIOXUTENIbHON BESIMYMHON, TO cuctema (2.21) He nmeet
HEOTPULUATESIbHbIX PEeLleHnn, Anas KOTOopbIX Z,, ..., Z, =0, Tak KaKk B MPOTUBHOM
cnyyae min 3 z; = 0. 3T0 03Ha4aeT, 4TO McxoAHas cuctema (2.21) He umeeT
HeoTpuuaTesibHbIX peleHnin. Ecam miny z; = 0, T.e. z; = 0 ons BCex j, TO BEKTOP Z
aBnaeTcs 6a3ucHbeiM. OTnpaBngsachk OT 3Toro 6asmca, Mbl CTPEMUMCS MPUATK K
6a3uncy, He coaepXallemMy HM OOHOW BCNOMOraTeflbHOM NnepemMeHHOn
X, = by = (e Xy + oo FAX F a2+ L Fa,2Z,), Vv=1,2, .., m,

vmem

roe b,> 0. lMonaraa B cucteme (2.21) z, = 0, npuaem K cucteme

X, =0, = (A Xy T oo T AX),  vV=1,2, ..., m,

KoTopas paBHOCUNbHA McxonHol (2.20). Ho 3pecb X, Xy, ..., X, — 0a3ucHble
nepemeHHble. CnepoBaTenbHO, 3a4a4a HaxoXxaeHus 6asuca peuweHa. MoxeTt
noNy4YnTbCcs, 4TO Npu nepexope ot 6asuca z,, Z,, ..., Z, K CneaylwemMy 3Tu

nepemMeHHble OyayT ocTaBaThCca B cnenylouieMm 6asuce. Torga HeoOGXoaAnMMO
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NOCTEMEHHO MX MepeBecT B Hebas3ucHbIE.

Ecnun cpean Hen3BeCTHbIX Xy, Xy, ..., X, UMEETCS Takasi NepeMEeHHas, HanpumMep
X;, KOTOpas BXOAWUT TONIbLKO B OOHO YpaBHEHWE, Hanpumep B Mnepsoe, npuyem
KO3DPULMEHT NPU 3TON NEPEMEHHON a,; UMEET TOT Xe 3HaK, YTO U CBOOOAHbLIN
yneH b,, Torga He MMeeT CMbICNa BBOAUTL AJ19 NEPBOro ypaBHEHUST UCKYCCTBEHHYIO
nepemMeHHyto, Tak Kak X, cpady BoinaeTt B 6a3uc. [1elicTBMTeNbHO, NEPBOE YpPaBHEHME
MOXHO NPeACcTaBUTb B BUAE

X = b= (@ Xt Al X)),

roe b’y = b,/a;; = 0. ECnn Taknx HEM3BECTHbIX HECKOJIbKO, TO BCE MX MOXHO Cpasy
BK/IIOYUTbL B 6Gasuc.

Mpumep. [aHa cuctema

paccMOTpeHHas B NpuMMepe paHee. Tak Kak X, Xs, Xg BXOOAT Kaxaasi TONIbkO B OOHO
orpaHuyeHme 1 KoapdULMEHTbI MPU HUX UMEIOT TOT Xe 3HakK, YTO U COOTBETCTBYIO-
wme cBobOAHblEe YNeHbl, BKJlo4aeM ux cpasdy B 6as3uc. [na ocTaBlerocs
orpaHvyeHusl BBOOUM WCKYCCTBEHHYIO MEpPEMEHHyto z,. B utore nonydvaem:

Xy = 2 = (X = 2%,);

Xs = 10 = (X; + Xo);

X = 2 - (2%, + Xo); (2.22)
Z; =8 = (X 4%, = Xy);

X; 2 0; z,2 0.

C NMOMOLLBIO CUMMIEKC-MeToda TpebyeTcs MUHUMU3UPOBATL hOpMY
Li=2z,=8 - (X +4x;, - %)

npu orpaHunyeHnsx (2.22). CoctaBnsiem cumniekc-tabnuuy Ha nepeoM Luare.

Tabnuua 2.6
X4 Xs X4
1 4 -1
Xg 2 1 -2
Xs 10 1 1
Xg 2 -2 1
z, 8 1 4 -1
L, 8 1 4 -1
L 0 4 -1

Heobxoaonmo MuHuMuanpoBatb L. OnopHblii anemMeHT BbibMpaemM Ha
nepecevyeHnn CTpPoku X, n ctonbua x,. Nocne nepsoro wara nosay4yaem 6asuc (X,
Xs, Xg, Z7). Ha BTOPOM Luare onopHbIii 31eMeHT BbibupaeTcs Ha NepecevyeHnn CTPOKU

CoBpeMeHHbI NyMaHUTapHblii YHuBepcuTeT

59



z, n ctonbua X,, MOSTOMY WCKYCCTBEHHasi NMepemMeHHasi z, BblBoOUTCS 13 Gasuca.
Mpu atom L, = 0. Takum obpadom, 6a3nC HANOEH U COCTOUT U3 X,, Xy, X5, Xq:

X, =4 = 2/3 X, + X5

X, =1+ 1/6 x5+ 1/6 X,

Xs =9+ 1/2 x5 — 1/2 X,;

Xg =9 = 3/2x,+ 1/2 %,;
L=-15+17/6 x5 — 7/6 X,.

3. HEIMHEUHOE U LIEJIOYUCNEHHOE NPOrPAMMUPOBAHUE. _
KJIACCUHECKUE METOAbl ONPEOENEHUA SKCTPEMYMA ®YHKLUU
3.1. HenuHelHOoe nporpammupoBaHue

HenuHeiiHoe nporpamMmmMmupoBaHue Bk/ioyaeT B cebs MeToabl onpeaeneHus

MUHUMYMa GYHKLUM N nepeMeHHbix F(x), roe X = ||Xq,X,,...,X,|| npn m+n
OrpaHMYMBaIOLLMX YCIIOBUSIX:
o, (x)<0, i=1,..,m
X2 0, i=1....n,
F(x) — min; (3.1)
<0, x20. (3.2)

CooTHoleHusa (3.2) cnegyeT NOHMMATb TakuM 0OpPa3oM, YTO Kaxkaas KOMIO-
HEHTa BEKTOPOB ¢ M X B HUX He MeHee Hyns. MHorga cokpaweHHO COOTHOLLEHMS
(3.1) n (3.2) 3anucbIBalOT B BUAE

min { F(x) | x,2 0, j=1,..,n; ¢, (x)<0, i=1,...,m}
nnm
min { F(x) | xOG},
roe obnacte G 3apaeTcs ycnosusiMu
G={x]|x=0,¢(x) <0 pansascexi}.

B HenvHeHOM MporpaMmupoBaHUK AOMyckalTcs B obleM ciydae nobble
COOTHOLWEHUa Mexay nmm , T.e.n> m,n=m, m< n.

B 3apmayax HENVMHEMHOro MporpamMMmpoOBaHUS, Tak Xe Kak U B 3ajayax
JIVHENHOr0 NPOrpamMMmnpPOBaHUS, MOTYT BCTpedaTbCs Apyrve GopMbl HanNncaHus
ycnoBuii. Ho Bce BO3MOXHbIE GOPMbI MOryT ObITb CBeAeHbl K BuAy (3.1), KOTOPbLIA
B [asibHelilem OyaemM HasblBaTb HOPMasbHbIM.

B obwem cnyvae ¢yHkumm F(x) ¢, (x) OblBAIOT NPON3BOJIbHLIMU U, B
4aCTHOCTU, NMMHENHbIMW. 3aa4u, pellaemMble NPSIMbIMUA METOAAMU MOUCKA, ABNAIOTCS
YyaCcTHbIMKW cnydyasmu 3agad Bupa (3.1), (3.2).

3agaun novcka akcTpemyma GYHKUUW MPU HaNNYMn OrpaHuyeHuii MOXHO
peLuaTb C MOMOLLbIO KNacCUYeckrx METO0B, HO OHM PacCMaTPUBAIOT TOJIbKO Cllyyau,
KOorga HepaBeHCTBa MMEIOT BUI, CTPOrvMX PaBEHCTB:

F(x) - min;
¢, (x) = 0.
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Mpun aTOM He TpebyeTcsa HEOTPMLATENBHOCTY MEPEMEHHBIX X, M<N, a GyHKLUMK
F(x) n ¢, (X) HenpepbIBHbI 1 UMEIOT YaCTHbIE NPOW3BOAHbIE. ONs HENMHENHOrO
nporpamMMmMpoBaHUsa Kraccuyeckme MeToAbl UMelT OonbliOoe TeopeTuyeckoe
3HayeHue, Tak Kak ocHoBononarawwasa Teopema KyHa-Takkepa B BbIMyKJIOM
nporpaMmmupoBaHum o06obLaet Teopemy JlarpaHxa ons knaccuyeckux 3agad. B
Hayane OyayT pPacCMOTPEHbI KJIACCUYECKME METOAbl OTbICKAHUA 3KCTPeMyMa
GYHKUMN C OrpaHnyYeHnsIMu.

OCHOBHOIW HepoCTaTOK MEeTOAOB HEeJIMHEMHOro nporpaMmMupoBaHUS
3aKJIl04YaeTCs B TOM, YTO C MX MOMOLLbIO HE BCeErga yaaeTcs HanTu rnobasnbHbIN
9KCTPEMYM MPU HANUYUN HECKOJIbKMUX JIOKaNbHbIX 3KCTpemymoB. Onpenenvtb
rnobanbHbIN 3KCTPEMYM MOXHO N1LLIb METOA0M AVHAMMYECKOro NPOrpPaMMMPOBAHUS.
OpHako ero NpUMEHEHWEe 3aBUCUT OT ONpenesieHHbIX YCNoBuiA, obecneymBatoLLmx
BbIMOSIHEHVE MPUHLUMNA ONTUManbHOCTU Bennmana. PelwweHve 3apay HenMHENHoro
nporpaMMmMpoOBaHMS METOAOM OMHAMUYECKOrO MPOrpamMMuUpOBaHUS UMEET CBOIO
cneunduky, 6narogapsa KOTOPOA AMHAMUYECKOE MPOrpamMMmMpoBaHME 4HacTo
paccMmaTpuBaloT B pasfene HeJIMHENHOro nporpamMmmMmupoBaHus. lNpumeHeHne
OVNCKPETHOro npuHumna makcmmyma MNoHTpsarvHa ons peweHns 3aaaqy HelIMHeNHOro
nporpaMMmnpoBaHnUa MeHee pa3paboTaHo, YeM MPUMEeHeHUe AUHAMUYECKOro
nporpaMMmMpoOBaHnS, Tak Kak 3TOT MeTon 6osee “4yBCTBUTENIEH” K BBEOEHUIO
OrpaHVYeHnn Ha NepemMeHHble.

TeopeTnyeckn HeNVHENHOe nMporpaMMmpoBaHne pa3paboTaHO TONbKO ANg
O[HOr0 4YacTHOro crnyyas BbiNykabix GyHKUMA F(X) 1 ¢, (X), 1 COOTBETCTBEHHO
9TOT pas3fen Ha3eaH BbINYKJbIM MporpamMmmMmupoBaHuem (puc. 3.1).

Henuneiinoe nporpaMmMupoBaHue

y y A
Knaccuueckue
METOJIb! Brinykioe JnHaMuueckoe
NpOrpaMMHUPOBAHUE MpOrpaMMHUPOBAHUE
OTITUMU3ALIUU
v v Y
3anauu ¢
KBanpatuunoe
[Tpsmbie MeTOBI cenapabeabHbIMU
IpOrpaMMHPOBaAHUE
GYHKIUAMU
v v Y
AJITOPUTMBHI,
CrnennainbHbIe I'panuenTHbIe
UCTIOJIb3YIOIIHe
METO/IbI METObI
CUMILIEKC-METOT

Puc. 3.1. Knaccudukauua mMeTonoB HENIMHEAHOro NporpaMmMmpoBaHuUs
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dyHkupa  f(x) N nepemeHHbiX | |X;, ..., X,|| = x 0 G HasblBaeTCa BbINYKOWN
dyHKUuMeil B Bbinyknou obGnactu G, ecnu gnga nobbix OByx Toydek m3 G
BbIMNO/IHAETCA COOTHOLUEHNEe

f{AX + (1 = A)x®} < Af(x') + (1 = A) f(x?), (3.3)

roe 0 < A < 1. ®dyHkuma 6yaeT CTPOro BbINYKJIOW, €Civ 30eCb 3HaK “<” MOXHO
3amMeHuTb Ha “<“. CooTHoweHue (3.3) 03HayaeT, Y4TO BbiNykas GYHKUUS HE MOXET
NMPUHUMATb OOMNbLUNX 3HAYEHUIN, YeM NUHeNHas OYHKUMS, VHTepnonmpyoLlias
3HaveHus f(x') n f(x?). Ha puc. 3.2 npuBeneH npumep BbINykIoN GYHKUMW OOHOM
nepemMeHHON.

f(x)
A

AM(x') + (1-M) £(x2)

v

AX' + (1-A)x2
Puc. 3.2. K onpepeneHuio BbiNnyknoin ¢yHKLUM

CooTBeTcTBEHHO DyHKUMA f(X) HA3bIBAETCS BOFHYTOM (MM CTPOro BOrHYTOMN),
ecnu ¢oyHkumsa  [-f(x)] Bbinykna (CTPOro BbIMykna).

CnepyeT 3aMeTuTb, 4YTO OMpefesieHne BOTHYTOCTU U BbIMYKIOCTU MOXET
nokasaTbCs Ha MepBbIA B3rnsg HenpaswuibHbIM. Hanpumep, Tapenka, ctoswas Ha
CTOJlIe, CYMTAETCS BOTHYTOWM, HO €CNM pacCMaTpmBaTb €€ C TOYKU 3PEHUS HaLLero
onpeneneHvs, T.e. NPW HanpasBieHUN TPETbeN OCU BBEPX, OHA Bbinykna. [leno B
TOM, 4TO OObIHHOE MOHATME BbIMYKIOCTU BCErga coBnagaeT C MaTemMaTUyYecKuM,
€CNN CMOTPETb MO MOJIOXUTENIBHOMY, & HE MO OTPULATENbHOMY HaMPaBIEHUIO OCU,
OTHOCUTESIbHO KOTOPOW Onpenensercs BbiNykAoCTb. B npumepe ¢ Tapenkon Ha
CTOJIe HA Hee cnenyeT CMOTPETb CHU3Y CTOMA, TOrAa oHa OyaeT BbiNyKIon. 3aMeTuM,
4YTO ANS BbINyKAbIX GyHKUMI (cMm. puc. 3.2)

d2f(x)/dx = 0.

MeToa cumTaeTcs TeopeTuyeckn paspaboTaHHbIM, eC/iM HangeHbl COOTHOLLEe-
HUA, gBnsloWMEecs HeOOXOAUMbIMM U AOCTATOYHbIMU YCAOBUAMKU ONTUMYMA, W
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anropuTMmbl MOMCKa 3KCTpeMyMa C O0Ka3aTeNbCTBOM MX CXOAMMOCTU. DTUM
TpeboBaHMSM, CTPOr0 roBOPS, YOOBETBOPSAOT TOJIbKO METOAbI, pacCMaTpuUBaeMble
B pasnene KkBaapaTMYHOro NPorpaMMmnpoOBaHus, YaCTUYHO METObl pelleHus 3aaad
c cenapabenbHbIMU GYHKUUAMU U B 3HAYUTEJSIbHO MEHbLUe CTeneHU MnpsMble
meTtoabl. dyHkuma f(x) = f(x,, ..., X,) Ha3biBaeTCca cenapabenbHOW, ecnv oHa
npeacTaBfeHa B BUae

fxy, o %) = nZ cif; Cifi(xq) + Cofalx;) + ..o+ cfi(x,).
=

X
I

B 06wem cnydyae 9T GyHKLMM He SBNSIOTCS BbiNykabiMu. OaHako ecnu kaxaas
13 yHkumi f; (x) BbiNyknas 1 KO3b@UUMEHTbI C; HEOTPULATESbHbI, TO OYHKLMA
f(x) ToXe Bbinyknasa. MeTtoabl peweHnsa 3agad ¢ cenapabenbHbIMU QYHKUUSMMU,
OCHOBAHHbIE Ha 3aMEHE HENVHENHbIX OYHKLMA NOMaHbIMU KPUBbIMW, COCTABEH-
HbIMU M3 OTPE3KOB MPSAMbIX, WULLYT NIOKaNbHbI 3KCTPEMYM U HE rapaHTupyloT
oTbiCckaHune rnobanbLHOro aKCTpemMyma.

TeopeTnyeckn Hambonee LUMPOKO WM AETaNbHO B HENMHENHOM MporpamMmMmpo-
BaHUM pa3paboTaH pa3fen BbiNyKAOro nporpamMMmnupoBaHuUs, Ha3biBaeMbll
KBaApaTU4YHbIM, B KOTOPOM (YHKUUW NMPEACTaBASIOTCA B BUOE CYMMbl JIMHENHOWN
1 KBagpaTuyHom popM 1M MMEIOT BULA;

n n n
f(x) = px + XCx = 3 px + 3 ¥ Cy XX, =
=1 =1 k=1 (3.4)
— 2 2
- p1x1 ot pnxn + C11)(1 + C12X1X2 ot C1nx1xn + CnnX n

Ons Beinyknoctu Heobxopgumo, 4to6bl Matpuua € = [| ¢, || npeacTasnsna
coB0oi CUMMETPUYHYID MaTpuLy, T.e. 4TOObl Ana NoObIX X BbIMOMHANINCE YCIOBUS
CUMMETPUM G, = C,, W HEOTPMLATENbHO onpeaesneHHyio xCx = 0.

MeToabl KBagpaTUyHOro NPorpaMMmMpPOBaHUS MOXHO PasfennTb Ha TPY rpynnbl:

- aIrOpPUTMbIl, UCNONL3YOLNE CUMMIEKC-METOL;

- rpagvieHTHble METOAbI;

- cneumanbHble MeTOAbl.

OTnnymne rpagMeHTHbIX METOA0B, pacCMaTpUBAEMbIX B KBAAPATUYHOM
nporpaMmMmMpoBaHnm, OT PACCMOTPEHHbIX B pasaene npsMbix METOO0B 3aK/04HaeTcs
B TOM, YTO B NepBOM ciiydae OGnaromaps 3agaHuio GyHkUuid B Buae (3.4) ynaetcs
NoJly4nTb 3HAYNTENBLHO BOJIbLLE PE3YNILTATOBR, XaPaKTEPU3YIOLLMX KOHKPETHBIN METOL.
B npsMbIXx MeTogax moucka, B rpagMeHTHbIX U OPYrvX anroputMax, kak npaBuio,
GYHKUMS Uenu cuynmtaeTcs BbiNykJolh (B GONbLIMHCTBE ClyyaeB OoHa 3ajaHa
aHanuMTuyecku, B Buae tabnuy unau gpyrum crnocobom). Mpsamble meTonbl Mo
TPaauUMM MHOIO BHUMaHWUS YAENSAT acrnekTaM Moucka B YCOBUSIX HeonpeneneH-
HOCTU, BbIOOPY, B KaXAOM Cily4ae, ONTUMasibHOW CTpaTerum rnovcka.

3agayn HeNMHEMHOro NpPorpaMMmMpoBaHUS MO CPaBHEHUIO C 3agadyamu
JIVHENHOro NMporpaMMupoBaHus obnagaT 6onbwmnM MHoroobpasuem. Ha puc. 3.3
npencTaBieHbl BOSMOXHbIE BapuaHTbl PAcCMoOfiOXEHUSA TOUYKM IKCTpemyma And
cnyyasd OBYX NepeMeHHbIX. Tak, B cly4yae JIMHEWHbIX OFPaHUYEHUA U HEJIMHENHOWN
GYHKUMN Lenn 3KCTPEMYMA MOXHO AOCTUTHYTb B KparHEW TO4Yke (BepLurHe)
ponyctumor obnactu 3HadeHuin (puc. 3.3, a), B OOHOM U3 Touek, Nexawmx Ha
orpaHuyMBaloLWMX npamblx (puc. 3.3, 6), U, HaKOHEL,, B TOYKE, PaCMOJIOXEHHOM
BHYTPM obnactu (puc. 3.3, B). MNyHKTUPHbIE KOHUEHTPUYECKNE OKPYXHOCTMU
1M3006paxarT NUHUN MOCTOAHHbBIX 3HAYEHUA PYHKLUMN LLENN, CMAOWHbIE TUHUN —
rpaHuuy obnacTtu gonycTuMbIX 3HadeHuii. Ha puc. 3.3, 6 akcTpemym onpeaensiercs
KakK To4yka KacaHusi NPsSMON, OrpaHuMyMBaloller AonycTMMylo 06nacTb 3HAYEHUN, U
JIMHUM PaBHbIX 3HAYEHUN OYHKUMK Lenu.
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Puc. 3.3. PasnuyHblie cnyyau onTtuMyma B 3aja4vyax HeJIMHEMHOro nporpamMmMupoBaHust
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PelweHne 3apa4y HENMHEMHOro NPOrpaMMUPOBAHUS MOXET AaBaTb ABA WU
Oonee aKCTpPeEMyMa, TOrAa Kak peLleHre 3a4ay IMHEHOro NporpaMMmMpoBaHns gaeT
oanH akcTpemMym. Ha puc. 3.4 nokasaH crny4vaii, COOTBETCTBYOLWNIA NUHENHbIM
OrpaHNYeHNAM U HEJIMHENHOW (KBagpaTUyHOM) YHKUMK Lenn, roe oHa AoCTuraet
MaKCHMasibHOrO 3Ha4YeHus B ABYX ToUkax: A (nokanbHbIi MakcMyM) 1 B (rnoBanbHbii
MakCuMyM). Ha 3TOM pucyHke MyHKTUPOM O06O03HayeHbl MOCTOSIHHbIE 3HAYEHUS
dyHKumm uenn F = const = C;, CNIOLWIHON NUHUEN OrpaHnyYeHa 061acTb AOMYCTUMbIX
3HayYyeHun. Npu HENNHENHBIX OFPaHUYEHUAX MOXET MUMeTb MeCTO clyyan
MHOIrOCBSI3HOM 06nacTu AOMYCTUMbIX 3HAYEHUN, U B KaX[0lh U30JMPOBAHHOMN
nonobnactv GyHKUMS Lenm MOXeT AOCTUraTb CBOEro OAHOr0 WM HEeCKOJIbKUX
nokanbHbIX 3KCcTpeMymoB. Ha puc. 3.5 npeacraBneH cnydyail AByCBs3HOM obnacTu,
B KOTOPOM YHKUMA LEenM OOCTUraeT NIoKasbHbIX 9KCTPEeMYMOB. MakCUMyM B TOYKe
B — rno6anbHbili ana Bcen 061acTn A0NYCTUMbIX 3HAYEHUI, B TOUKE A — NOKaSIbHbIN.

X
A

»X1

Puc. 3.4. [lea akcTpemMyMma npuv OLHOCBSI3HOW 006sacTU [OMNYCTUMBIX 3HAYEHUI

3.2. Knaccuuyeckmne meToabl onpepnesieHnuss 3KCTPeMyMoB (YyHKLUMN
3.2.1. 3apaya Ha abGCONMIOTHLIA 3KCTPEMYM

HanoMHuMm, 4TO ecnu HenpepbiBHAs OYHKUMS N NepeMeHHbIX X = (X;, ... ,X,)
F(x) nmeet B Touke X,, MakCMMyMm, TO cyuiecTByeT € > 0 Takoe, 4TO A5 BCEX X
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Puc. 3.5. [lea akcTpemMyma npu ABYCBA3HOW 006sacTU AOMYCTUMBIX 3HA4Y€HUin

N3 E-OKPECTHOCTU TOYKM X
F(x) < F (X,5,)-
BbibepemM aBa Buaa npupalleHus X; BOOJb j- KOOpAMHATLI:
DX = X = X onr > 05
DX = X = X ony  <O.
Torpa:
[F(x) = F(X on)] / A% <0 npn Ax, > 0;

[F(x) = F(Xonr)] / &%, 2 0 npu Ax <0.
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Mepexons B 9TMX COOTHOLIEHMAX K npeneny npu x; — 0, nonyyaem:

OF(x

j OI'IT)

/ 0%, < 0; OF(x

jonT)

1/0%20. (3.5)
M3 aTnx cooTHoweHuli cnepyeT (ycnosus depma), 4To

OF(x / 0% = 0F(x,) / 0% = 0; i=1,2,...,n. (3.6)

j OI'IT) OI'IT)

AHANOrMyHOEe COOTHOLLEHME MOXHO MOAYYUTb N5 Ciayvyas MUHUMYMA QYHKLN.
Takum o6pasom, fokazaHa HEOOXOAMMOCTb ycnoBuii (3.6) ons AOCTUXEHUS B TOYKE
X ,; MAKCUMyMa v MUHUMYyMa yHKUMK F(X), T.e. eCnn MMeeTcsd 9KCTPEeMyM, TO
ycnosus (3.6) ynoBneTBOpsiOTCA. HO paBeHCTBO HyMO BCEX MPOU3BOAHbIX B TOYKE
X, €we He obecnevnBaeT CyLIECTBOBaAHUS B Hell aKCTpeMyMma, T.e. ycnosus (3.6)
He ABNAI0TCSH OOCTAaTOYHbIMU. [€OMETPUYECKM 3TO O3HAYAET, YTO B Clly4ae HyneBou
NPOU3BOAHOMN OT MYHKLMN OOHOW NEPEMEHHON MOXET MMETb MECTO TOYKa neperunba,
a HE MaKCUMyM (MU MUHUMYM), @ B Crydae GYHKLMU OBYX NEPEMEHHbIX — CeAnoBas
TOYKa, a He 3KCTPemMym U T. A. [o3TOMYy TOYKM X, ., B KOTOPbIX BbIMOJIHAIOTCS
COOTHOLEHNS (3.6), Ha3bIBAlOTCS CTAaLMOHAPHbIMMU.

3.2.2. 3apaya Ha YCJ/IOBHbIi 3KCTPEMYM

3ameTtum, 4yto ycnosue (3.6) yamanocb nonyydnTtb Gnarogapsi BO3MOXHOCTU
npupaBatb NEPEMEHHON X NpupalleHns OBYX 3HAKOB, OTKyda W BO3HUKIM OBa
HepaBeHcTBa (3.5). Ecnn ponyctumasa ob6nacTb 3HAYEHUIA X OrpaHuMyeHa
HeoTpuuaTesibHbIMKU 3Ha4YeHUaMuM X = 0, To BHYTpu obnactu, rae x > 0,
cnpaBensIMBOCTb YCNoBus (3.6) coxpaHseTcs, Tak Kak TaM AOoMyCTUMbI NpupaLLeHns
oboux 3HakoB. Ha rpanuuye obnactm x = 0, rge x = 0, gonyckaeTcs TOJIbKO
NONOXUTENbHOE NpupatleHne Ax > 0, MOXHO FOBOPUTb TONIbLKO 06 OAHOCTOPOHHEN
npou3BoaHoin, n n3 (3.6) cnepyeT cnenyiollee HEOO6XO0ANMMOE YCNOBME MaKCUMyMa:

OF(x,,,) / 0x; < 0.

Heobxoanmoe ycnoeve mMuHumyMa Ha rpaHuue obnactu x; = 0 sanuweTca B
BUae

aF(xonT)] / aXj 2 O
Mpn onpepeneHnn ycnoBHOro akcTpemyma dyHkuum, korga Tpebyertcsd

onpenennTe MakCUMym (MAnm MUHUMYM) GYHKUMKM F(X) npu orpaHnyumBaloLwmx
yCINOBUSAX:

q)l(x):bll |=1’ lm,
T.e.
F (x) = max;
9 (x) = b,

MCNOMb3YEeTCsa Takke MeTOA MHOXUTenen JlarpaHxa, KOTOpbI, Tak Xe Kak B ciyyae
KN1aCCNYECKOro BapumauMOHHOI0 nUcYuUcnieHusa (cMm. oHuTy 1), 3aknyaeTcsd BO
BBeaeHUn dyHKuMn JlarpaHxa

® = F(x) + iﬁki[bi - 6,1, (3.7)
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roe A, — HeornpefeneHHble MHOXUTENW JlarpaHxa.

Monaras, 4To OYHKUNS ABASETCH YaCTHbIM Clyd4aeM dyHKUMOHana, noayyaem,
4TO HeoOXoOuMble YCNOBUS 3KCTPEMyMa HaxoaaTcs npsMbiM AnddepeHLn-
pPOBaHMEM COOTHOLIEHUS (3.7) 1 3anucbiBalOTCA B BUAE

0d/ox; = o0F/ox; + YA (09, / 0x) =0, j=1, .. n; (3.8)
0D/oN = Db, - ¢, (x) =0, i=1,.., m (3.9)

Ecnn BBECTU B pacCMOTPEHne BeKTOpbl

A=(Ay o Ay );
O =(0,, .., dn);
b= (b, .., b, )

grad f(x) = {of/dx,, of/0x,, ..., 0f/0x,},
cooTHoweHnuns (3.8) n (3.9) nepenunwyTca Kak ycnoBus JlarpaHxa:

grad ® =grad F - Agrad ¢ = 0;
b-¢ =0,

r0e PaBEeHCTBO HYJIIO BEKTOPOB MOHMMAETCs NMOKOMMOHEHTHO.

B cnyvae n = 2 1 m = 1 reomeTpuyeckass 3agada 06 OTbICKAHUN YCIOBHOIO
9KCTpPEMYMa CBOAUTCS K OTbICKAHWIO TOYKM KacaHusa A kpuBoin ¢ = b Kk ogHol u3
KPMBbLIX MOCTOSIHHOIO YPoBHSA F = const.

3.3. UenouyncneHHoe nporpaMmmMmupoBaHue
3.3.1. Oco6GeHHOCTU 3apayv UesIoYUCIIEHHOro NMpPorpamMMuUpoOBaHUSA

Martematuyeckas ¢dbopmMynupoBKka 3agay LeIoYMCIIEHHOro nporpamMmmm-
pOBaHUA aHanornyHa 3agadyam HeMHEHOro MpPorpaMMupoBaHUs:

min{F(x) | x

>0; j=1,2,...,n o, (x)<0; i=1,2,...,m}y. (3.10)

OpHako cneundurka 3agad LenovymCcneHHoro nporpaMMmMpoBaHns 3akioyaeTcs
B TOM, 4TO NepemMeHHble X, 1 GyHkumK F(X), ¢,(X) MOryT NpuHMMaTh TOJIbKO ANCKPET-
Hble 3HavyeHus. CneumanbHbIMM Npeobpa3oBaHUSMUY B NOAABNSAIOLEM OONbLUNHCTBE
C/ly4aeB MOXHO CBECTU 3TU LUCKPETHblE 3HAYeHUS K LENIOYUCIIEHHbIM.

B obuiem cnyyae LEenoYncneHHsbiMmM MOryT OblTb HE BCE, @ YacTu NMepeMeHHbIX
1 OYHKUMA. VIHOorpa LenoYmcneHHoe nporpaMMmpoBaHne HasbiBaeTCH OAMCKPETHbIM
nporpammupoBaHnemMm. OQHaKoO, Kak yXe yka3biBalOCb BbilWE, MPWU MOJHOM
pPacCMOTPEHMN BCEX METOO0B ONTUMM3ALMN OKa3blBAETCHA, 4TO 9TOT TEPMUH YyXe
MCMONb3yeTCd B APYrOM CMbICHIE.

Ecnn Bce dyHkumm F(x), ¢,(x) B 3apadve (3.10) nuHelHble, TO nMeeT MecTo
JINHerHas 3ajava LefodYUCNEHHOr0 NporpamMMmpoBanus. MeTtoapl pelleHus Takmx
3aja4y nony4nnm Hambonbluee pacnpocTtpaHeHne. O4eBUOHO, YTO MOMYT BCTPEYaATLCS
3a/la4M C LENOYUCTIEHHbIMU MepeMeHHbIMU X; U dyHKunamu F(x), ¢,(x) w
LESIOYUCEHHBIMU NEPEMEHHBIMU N HemnpepbiBHbIMU dyHKumamun (puc. 3.6). Kak
npaBuio, MMEHHO 3TOT MOCNEAHUI cnyyaln paccmaTpmBaeTcsd B OONbLUMHCTBE
pykosoacTB. Kpome TOro, BCcTpevarwTCcd 3aAayvyuM 4aCTUYHO M MNOJIHOCTbIO
L,eNIO4YNCIEHHBIE B 3aBUCUMOCTY OT TOrO, 4aCTb UM BCE MNEPEMEHHbIE X; MPUHUMAIOT
LenioYncneHHble 3HavyeHusa. Kak yxe oTmMevyanocb, AONYCTUMblE AUCKPETHbIE
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LlenouncnenHoe

MpOTrpaMMUPOBaHUE
Jluneitnoe Hemuneiinoe
MpOTpaMMUPOBAHUE “ > MIPOTPaMMHUPOBAHUE
YacTUYHO LETOYNCICHHOE [TonHOCTBIO LIENTOYUCIIEHH O
d
IpOrpaMMUPOBAaHHE < IpOrpaMMHpOBaHNE
IIporpammupoBanue ¢
11eI0UHCIIEHHBIMH ) - [IporpammupoBaHnue ¢
DyHKLIAMHU < HeTpepblBHBIMU QyHKIUAMHU
h 4

Brinyxitoe 1ieso4ncIeHHoe
IpOrpaMMUPOBAaHHE

Puc. 3.6. Knaccuodwukauma sapay LEeSIOYMCIIEHHOr0 NporpamMMupoBaHus

3HaYeHus, BXOAsdLMEe B MHOXECTBO, MOryT ObiTb AaXxe HeuenoYymcieHHbimu. B
YaCTHOCTU, 3TO MHOXECTBO MOXET OblTb OECKOHEYHbIM, KOHEYHbIM UK Oaxe
cocTosIWMM BCero M3 gByx 3HadeHun: 0 n 1. B atom cnyyae mmeeTr MecTo
uesioYMcrieHHoe nporpamMMupoBaHue ¢ OyneBbiIMU NMepeMeHHbIMU, MEeTOAb
KOTOPOro B 3HAYUTESIbHOW Mepe MepeKkpbIBAIOTCS JIOFTMYECKMM CUHTE3OM KOHEYHbIX
aBTOMAaTOB.

MeToabl LEeNoYMCNIEHHOro NMpPorpaMMMpPOBaAHUA 3HAYUTESIbHO OT/INYAKOTCSA
OT MEeToAO0B  ONTUMM3aLWNM, PACCMOTPEHHbLIX paHee, U MO CYLWEeCTBY CBOEMY
OTHOCSATCS K OuUCKpeTHoM matematuke. OHM He o6nagatoT TakMM eOuHCTBOM, Kak
MeToObl BapMaLMOHHOIO MUCUYUCIEHUs, N B OOMbLUMHCTBE MNpPencTaBnsioT cobomn
HaBOp YacTHbLIX MPUEMOB, NMPUrOOHbIX AN PeLleHns YacTHbIX 3aaad. OgHako akTy-
anbHOCTb 3TUX METoA0B TPebyeT MX OalbHEeNLlIero pasBuTUS U COBEPLLUEHCTBOBA-
HWS, Tak Kak Hanbosiee BaxHble NpUKIagHble 3agaqm TMna onepaTmMBHO-KaneHaapHoro
NaaHUPOBaHUS CBOAATCS K 3adadaM LenoYMCNIEHHOro nMporpaMMmnpoBaHus.
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Co 3HauUTENBbHBLIMY OrOBOPKaMM BCE METOAbI PELLEHNS 3a[4a4 LLeTOYNCIEHHOrO
NpPOrpaMMnPOBaHNSA MOXHO Pas3fenuTb Ha YeTblpe rpynnbl (puc. 3.7):

- MeToAbl OTCEYEHUs;

- KOMOWHATOPHbIE METOAbI;

- NPUONUXEHHblIE MEeTOoabl;

- Opyrne MeToAbl, KOTOPbIE HENMb3A OTHECTWU HU K OOHOW U3 Tpex nepsbiX rpynmn.

Llenouncnennoe
NporpaMMUpOBaHUE
MeTtoanl P Y | Komb6unaTtopHsie
OTCEUCHUS METObI

[TpubnuxeHHbIE
METO/IbI

» Jpyrue MeTombl

Puc. 3.7. Knaccudpukauma meToooB pelleHus 3apad
LEeJIOYNCNIEHHOro nporpaMmMuMpoBaHuns

MepBasa rpynna mcnonb3yeT Npoueaypy JMHENHOrO NPOrpamMMmuUpOBaHUs ong
nocnenoBaTeNbHOCTN 3a4a4y, B KOTOPblE MOCTEMNEHHO BBOASATCSH JIMHENHbIE
OrpaHUYeHnsa, N TeM CaMbiM peann3yeTcs NMPOLECC MPaBUSIBHOrO OTCEYEHUS.
OcHOBY BCex METOAOB 9TONM rpynnbl COCTABAAT Tpwu anroputma Fomopu mn unx
Moaudukaumn.

BONbLUMHCTBO KOMOGUHATOPHbIX METOAO0B HE UCMOJL3YIOT CUMIMIEKC-METObI,
a OO0CTUraloT COKpAaLLEHUs nomcka ONTUMasbHbIX 3HAYEHWUI aHaN30M MUCXOOHOrO
MHOXEeCTBA.

JnckpeTHoe AnHammM4eckoe NporpamMMupoBaHMeE MO-MPEXHEMY YCMEeLHOo
nNpUMeHseTca 0N pelleHns 3agady LeslIoYMCIIEHHOro NporpamMmpoBaHna u B
NpUBELEHHON Ha puc. 3.7 knaccudurkaumm cooepXxmTcs B pasaene KoMOMHATOPHbIX
MEeTO[0B, TaK Kak Mo CYLLECTBY OHO SIBIIETCS HanpaB/ieHHbIM MeToOoM nepebopa.
3HauYNTENbHO pexe UCNOoNb3yeTCa OUCKPETHbIN MpuHUMn mMakcumyma. LLnpokue
BO3MOXHOCTW B 4aCTW pelleHUs NpuknagHbix 3agady 60NblLON pasMepHOCTHU
OTKPbIBAIOTCS MPU UCMOIb30BAHUN YENIOBEKO-MALLUNHHBbIX METOA0B ONTUMU3ALUN.
Mo cBoei naeonorum aTm MeToAbl NMPUMBIKAIOT K JIMHIBUCTUYECKMM C [0OaBNEHNEM
6/10KOB 9BPUCTUKN, B KAYECTBE KOTOPbIX BbICTYNAET YenoBek npu obueHnn ¢ IBM.

XapakTepHass 0CcoO6eHHOCTb 00LLelr 3aaadn LUesio4MCIEHHOro NporpaMMmnpo-
BaHMA 3ak/4yaeTcs B ee HeperyngapHocTtu. Moa perynsspHOCTbIO MOHUMAIOT
COBOKYMHOCTb HEOOXOANMbBIX M OOCTATOYHbLIX YCNIOBUIA 9KCTPEMYMA, KOTOpPbIE
NO3BONAIOT CO34aTh KOHEYHYIO MPOLEAypPY €ro OTbICKaHUS. YCNOBUAM PEryNspHOCTU
YOOBNETBOPSIOT 3a4a4M IMHENHOIO 1 BbIMNYKNOro NporpaMmMmpoBaHns. B perynspHbix
3aja4ax JiokalibHbI 3KCTPEeMyM coBnagaeT ¢ rnobanbHbiM. YKa3aHHbIE Bbille
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06CTOATENBCTBA ONPEAEnaTCa XxapakrepoM 06acTu AONYCTUMbIX 3HAYEHUNA,
KOoTOopas CTaHOBUTCS MHOIMOCBSI3HOWM M3-3a TPeOOBaHUSA LLENOYUCIEHHOCTU
(AMcKpeTHOCTU), a TakxXe HeBbiNykaoW. HecoBnageHue LENOYNCIEHHOINO U
HELLeNN0YNCIIEHHOIN0 3KCTPEMYMOB PacCMaTpUBAETCH B CleaylolWeM MNpUMepe.

Mpumep. TpebyeTcs HaWTW peLLeHWe cnenyoLleli 3aaa4ym LenovymCcieHHoro
nporpaMMmnpoBaHnS:

1/2 X, — % 2 2;
1/5x, +% 23;

X; = 1/3 %, 2 4;
X X, 2 0;

max z = 1/5 X, + X,.

Mpn LEeNoYNCNEeHHOCTU NepemMeHHbIXx Makcumym z,.. = 13/5 pocTturaercsa B
TOYKE Xionr = 3, Xoony = 2, B TO BPEMS KaK NMpU NCKOYEHUN 3TOro TpebosaHus z,,, =
3 B TOYKE Xiony = 10/7, Xpony = 19/7. OkpyrneHve pesynbrata OO0 LENbIX HEe faeT
onTUMyMa MCXOOHOW 3a[ayn, kak 3T0 BUAHO 13 puc. 3.8. 3ameTum, 4TO ycnosue
LEeSIOYNCNIEHHOCTN Z MPU CHATUM 3TOro TPeboBaHUS K MEPEMEHHBIM X; U X,

onpenendeTr onTuMyM npun Opyrnx 3Ha4eHUax x; n X.

X, R L=1/5x + %

4/,,,///
%

X1

1 2 3

Puc. 3.8. K oco6eHHOCTSM 3aAay LEeNI0YUCIIEHHOro NMporpamMMupoBaHUs

M3 aToro npocteliwero npumepa BUAEH KOMOMHATOPHLIA XapakTep 3aaad
LLe/I0YMNCIIEHHOr0 NMPOrpaMMMPOBaHMs, KOTOPbLI YacTo TpebyeT npsmMoro nepebdopa.
3ajaya OUCKPETHOr0 HELLENIOYNCIEHHOrO NPOrpaMMmNPOBaHMS MOXET ObITb CBEAEeHa
K 3agaye ueslovYMCIIEHHOro nporpamMmMmupoBaHus. onycTtum, nMmeeTcs 3ajada
MaTeMaTU4yeckoro nporpaMMmMpoBaHnSa B BUAOE

min{F(x) | x20; j=1,2,..,n; o, (x)<0; i=1,2, ..., m}
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bynem cuutatb, 4TO nNepemMeHHas Xjo MOXET MNpuHMMaTb TOJIbLKO OAHO W13
3aaHHOM0 MHOXECTBA 3HAYeHuM

XjOD {kj01’ kj02’ feey kj()p }

Beegem pononHuTenbHble OyneBbl NEPEMEHHBIE V,, Yy, ..., Y, U 3anvuem
yCoBME JMCKPETHOCTU ANs X, B BUAE:

Xo = Ko' Y15 Ko® Y2« Ko® Vi
y=1uwm0, j=1,2,..,0p; (3.11)
Vity,+ ..ty =1

MocnenHee cooTHoweHne TpebyeT, 4TOObl TONbKO OAHA NepemMeHHas yv Obina
oTnuyHa oT Hynsa. HetpynHo ybegutbcesa, 4to dpopmynbl (3.11) obecnedmBatoT
ONCKPETHOCTb NepemMeHHOn X,. Takum o6Gpasom, nyTem BBefeHus OyneBbix
nepeMeHHbIX Yy, MOXHO BCerja CBeCTW HEeLEeNIOYMCIIEHHYIO OUCKPETHYI0 3ajady
MaTeMaTM4eCcKoro NporpaMMmnMpPoBaHnNS K LLenoYmcneHHom. Kak BngHo, COOTHOLLIEHNS
(3.11) npenctaBnAOT coOOM P-KPaTHYIO JIOrMYECKYO anbTepHaTUBY:

= 1 = 2 —
<X = Ko's MM Xy = Kp?, MM L, AN Xg = KP>>.

Ona nydwero noHMMaHuA CBA3M 3adady Uesio4UCJIEHHOro nporpamMmmMmmnpoBaHnA
C 3apgadaMnM Ha MHOToCB#A3HbIX U HEBbINYKJbIX obnacTtax nokaxem, Kak 9Tu
nocnegHne CBOOATCA K 3agadaM UesIOYUCIIEHHOro nporpaMMmmnpoBaHU4. nyCTb
aonyctnmMmaa o6nacTb U3MEHEHUS nepemMeHHom Xj, MHOrocBsa3Had 1 3ajaeTca
COOTHOLWEHNAMN!

0 = Xxo<Kp;
NN X< @ WK X, 2 b; (3.11a)
0 < a< bk,

Beenem pononHuTenbHylo OyneBy MEPEMEHHYIO Y, KOTOpylo He Oyanem
BKJIOYATb B GYHKLUMIO LLENN, @ 3aMEHUM PACCMOTPEHHbIE COOTHOLLEHNS CNeayLLUMN:
Xo_b + by, 2 0;

]
X T ayp + Ko(1=yp) 2 0; (3.116)
Vo= 1 v 0.

OueBunaHO, 4TO cooTHoweHus (3.11a) n (3.116) akBMBanNeHTHbI. [encTBu-
TesbHO, Koraa y, = 1, 70 (3.116) cBoamMTes K X, = 0 1 X< a; Koraa y, = 0, T0 X,= b
n X < k. Takmum 06pa3om, MHOMOCBSA3HOCTb 00/1aCTU OOMYCTUMbIX 3HAYEHUIA NIerko
YYUTbIBAETCS BBEAEHMEM [OMNONHUTENbHbIX OY/NEBbLIX NMEPEMEHHbLIX. DTOT METOLA
6e3 Tpyoa pacnpoCTPaHAETCs Ha Ciy4valh MHOMMX NepeMeHHbIX.

Mpouenypa cBefeHUs HEBbIMYKONW 061acTV U3MEHEHUS NMEPEMEHHbIX K
CTaHOAPTHbIM OrpaHMYeHnaM cocTtouT B cneayowem. Obnactb pa3buBaeTcsa Ha
BbIMyK/ible N0A06NacTV, U Mexay HEKOTOPbIMU MapamMu UX BBOASATCS anibTepHaTUB-
Hble YCNOBUS (OAM3bIOHKLMN). Ona Kaxaon nopobnacTn onpenensietcs BepxHas
rpaHvLa U BBOAATCS OOMOJIHUTENbHbIE OrPaHMYEHUs, BKIOYAKOLWMNE ANG KaXaon
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napbl nogobnactent 6yneBbl NEPEMEHHBIE.

Mpumep. PaccmoTpum npouenypy CBeOeHUsa 3ahadyn HeBbINyK0ro
nporpaMMmMpoBaHnsA K LENOYNUCIEHHOMY MporpaMmmmpoBaHuto. MNMycte obnacTb
OONYCTUMbIX 3HAYEHUI 3afaHa CUCTEMOW HEPABEHCTB:

X, +1/4 x, £2;

2/5 X, —x, 2 -1;
X, —1/3 %, < 3;

X1, X 2 0.

CooTBeTcTBYIOLLAA 06nacTb nNpefcTtaeneHa Ha puc. 3.9. MNepBas n BTOpas
napa HepaBeHCTB 06Pa3yI0T BbINykSibie N0J06AACTA X,, X, C Y4ETOM HeoTpuLaTENb-
HOCTU MEPEMEHHbBIX C BEPXHUMMU MPAHULAMU X, a0 Xovae COOTBETCTBEHHO. BBEeaeHne
OyneBoi NepemMeHHOol y NPUBOAUT K AOMONAHUTENbHBIM HEPaBEHCTBaM:

Xy = YXae LS Os
Xy — (1 - y) Xmas«:S 0.
3n0ecb kaxpoe ycnoBme OTHOCUTCHA KO BCEM HepaBEHCTBaM COOTBeTCTByIOLLI,eI;I
obnactu.
Hepr,EI,HO y6eLI,VITbC‘FI, YTO aHaNornyHbln cnocod npMMeHnmM B Cinydae 4Hucna
nepemMeHHbIX, 6onbLuero AByX.

X
A

Xi

v

Puc.3.9. HeBbinyknas o6nactb, cocTosiLiass U3 BbiMYKJbIX MHOFOrpaHHUKOB

3.3.2. HenuHerHoe M uUeno4YUCNIEHHOE MNporpamMMupoBaHue

Mo>xHO nokasaTb, 4TO Nitobas 3aza4a BbIMyKI0Oro HEIMHENHOrO NPOrpaMMmnpo-
BaHNUS MOXeT OblTb NPUBNMXEHHO CBeAeHa K COOTBETCTBYlOWEN 3apaye
LLeIOYNCIIEHHOrO NporpaMmmMmpoBaHns. Jonyctum, 4to dyHkumsa uenm F(x) nmeer
BuA cenapabenbHo dyHKUUN
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F(ps X0 ooy X)) = ¥ FX): (3.12)

bynem cuutath, 4TO Kaxkpoe cnaraemoe F(x) npeacrasnset co0oW BbINYKIYIO
GyHKLMIO, 1 B AaNbHENLLIEM NU3NOXEHUN ONMYCTUM UHAOEKC j, UCNOb3ys 0603HaYeHne
F(x). Pazobbem BeCb MHTEpBas M3MeHeHus X Ha ydactku A, = [d, ,, d,] anuHon h, =
d, — d, ,. Ecnn BBECTM HOBble NMepemMeHHble, paBHble OJINHE nepecedyeHns oTpeska
[0, x] c oTpeskom A, T.e.

0<y,<h, k=1,2,...,p, (3.13)
TO
X=y, +y, oty
Mpn aToM PyHKUMA F(X) MOXET ObiTb NPUOAMKEHHO 3aMeHeHa Ha
F~(X) = ¢, + Cyy; + Gy, +...t CLY,,. (3.14)

Ona Bbinyknon ¢pyHkuum F(x) koadoduumeHTsl C 06pasyoT MOHOTOHHYIO
nocnenoBaTenbHOCTb

C,£C,s... £C,. (3.15)

3apada MuHUMm3dauum dyHkunm F(x), 3agaBaemon dopmynoii (3.14) npwm
ycnoBuax (3.13), aBnaeTcs 3agavyen 4aCTMYHO LEMOYUCIEHHOrO NPOrpaMmmpo-
BaHUA. YaCTUYHYIO LLEeNTOYMCNEHHOCTb 3a4a4uM MOXHO MOSICHUTb CHeAYLWUM
obpasom. lMpexae Bcero, 3aMeTM, YTO ONMTUMasibHOE peLleHne NIMHenHOoM 3agayn
MOXHO 3anucaTtb B BUAE

XonT = Y1 + YZ+ st ka! kOS p! (316)

rae y,=hy, o, Yior = heors 0 <y < hy, @ BCe Yy, Ana k>k, paBHbl Hym0. 34eCb No
CYLLECTBY HaMeyeHa HekoTopas npolenypa novcka onTMManbHOro pelleHus. B
Hayane y, yBenM4MBaeTCs OO CBOEro MakCUMasibHOrO 3HadyeHud. Ecnn akcTpemym
He OOCTUTHYT, TO, 3aMKCUMPOBAB Y, HA MakKCUManbHOM 3HAYEHUU, YBENNYUBAIOT
Y, OT HYNEBOro 3HayeHus y, = 0 O MakCUManbHOro 1 T. A., NOKa He JONAYT A0 VY-
Ecnun y,, B39Tb MakCMManbHOW, TO HapylmTca cooTHolweHne (3.16). Heobxoanumo
3Ty NEPEMEHHYI0 YMEHbLUUTL 00 3Ha4YeHUs, YOO0BETBOPSIOLLErO COOTHOLIEHUIO
(3.16). OctanbHble y, (k>k,) cnepyet MONOXWUTb PaBHbIMU HYJO, YTO ABNSETCH
CNeacTBMEM BbIMYKNOCTU PYHKUMKW Lenn, koTopass obycnoBnMBaeT COOTHOLLEHMS
(3.15). B cooTBETCTBMN C 3TUM YCNIOBMEM HelLenecoobpa3Ho 6paTb NEPEeMEHHYI0
Yie1s OTAIMYHHYKO OT HYNSl, MOKa Yy, HE OOCTUrAa CBOEro MakCMManbHOrO 3HA4YeHus.
dopmanbHO nocnepHee yTBepXaeHUe MOXeT OblTb 3annMcaHo C MOMOLLbIO
cnenyloLmx I0rMYeCknx COOTHOLLEHU, HOCALLMX anbTEPHATMBHbLIA XapakTep:

<wmmy, - h =0, nmy,,, =0>> (3.17)

OT0 ycnoBue B pacCMOTPEHHON Bblle 3agadye MuHummsaummn (3.14) npu
ycnosusx (3.13) He aABNgeTCa AOMOSHUTENbHBIM MU aBTOMATUYECKN BbIMNONHAETCA
npu cobnogeHun ycnosuii (3.13).

PaccmoTpum Tenepb HeBbiNyknyto GyHkumio F(x) (pyc. 3.10). OnaTtb 3amMeHuM
NCXOLHYI0 DYHKUMIO LEeNU NPUBAMKEHHO KYCOYHO-JIMHEWHOW (YHKUMEN B COOT-
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K

F(x ]

Al A2 A3 N A5
do di d> ds d4 ds

p X

Puc 3.10. K metoay cBeneHus 3apay HEBbINYK/IOr0 MpoOrpamMMupoBaHus
K 3ajadaM LeJIOYMCJIEHHOr0 NMpPorpamMMuUpoBaHuUS

BeTCTBUN C dopmynoit (3.14). MNpu aToM He cobnoaaeTcs ycnoBMe MOHOTOHHOCTU
KoadpurumeHToB ¢, [cM. popmyny (3.15)]. MOXHO nonbITaTbCs JOBECTU [0 BEPXHEW
rpaHuvLlbl BHavyase 3HavyeHue y,, COOTBETCTBYIOLLEE HAWMEHbLUEMY C,, 3aTeM
3Ha4eHve y,, COOTBETCTBYIOLLEE CliefylolemMy Mo BENNYUHE C, U T. [., OJHAKO npwu
3TOM OTpe3kn AX, U3 KOTOPbIX KOMMAEKTYETCHA ONTUManbHOE 3HAYeHue X,
nony4yarTcs HeCBA3HbIMKU. [Ons obecrneyeHnss nx CBA3HOCTU HEOOXOAMMO YC/oBME
(8.17) BBECTM Kak 0b6a3aTeNnbHOE, Tak Kak OHO B JJAHHOM Cjlydae aBTOMaTUYeCKU He
BbiNONHAeTCca. CBeaemM ero K LEeNoYUCNeHHOW nporpamme. [na aTtoro
BOCMOJIb3YyEMCSH OOMOJIHUTENbHLIMU NEPEMEHHbIMU

z=0wm1, k=1,2,..0p. (3.18)

Torpa ycnosue (3.17) MOXHO 3aMEHUTb COOTHOLUEHUSIMMU:

Y2 hozg
Yier S Ny 2 (3.19)
k=1,2, .. p-1

HeTpyoHo y6eauTtbes, 4TO z, = 1 COOTBETCTBYET OOCTUXEHMUIO Yy, CBOEN
BEPXHEN rpaHuLbl, Tak kak nepBoe cooTHoweHue (3.19) npespaitaetcs B y, = h,,
T.€. V.= h, (nepemeHHasa y, no ycnosuio (3.13) He moxeT ObiTb Gonbwe h,).
3HayeHure z, COOTBETCTBYET ycnoBuio y, < h,, Tak kak BTopoe cooTHoLueHne (3.19)
npespawiaeTcs B y,,,; < 0, kotopoe B cuny (3.13) o3HayaeT, 4T0 Yy ,,; = 0. Hdanee,
3ameyasl, YTO OrpaHMYEHUns, HANOXEHHbIE CBEPXY HA Y, B COOTHOweHuax (3.13),
yxe cogepxatca B dopmynax (3.19), kpome orpaHuM4yeHns Ha y,;, MOXHO 3aMEHUTb
orpaHundeHns (3.13) u (3.19) Ha cnepyoume:

v.20, k=1,2, .. p; (3.20)
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y; <hg

Y 2 he 2z 3.21
Vi1 € ez (8.21)
k=1,2, .. p-1

B uTtore ncxogHas 3agada HEBbIMYKI0ro NPOrpaMMMPOBaHNS CBenachk K 3agade
LLeI04YNCNIEHHOrO NPOrpPamMMmUPOBaHNS:

F~(x) = ¢y + Cyyy + Cyyp +...+ Cpy, = Min

Yz 0;

X=y, vy, t.ty;

z=0wwm 1; (3.22)
yishg

Yy, 2h,z;

Vi1 S Oz

k=1,2,..0p

Kpome TOro, ecnm B MCXOAHOW HENMHEWHOWN nMporpaMmme MMeKT MecTo
orpaHunyeHuns

o, (x)<0, i=1,2,...,m,

ux cnepyet ob6aBuTb K orpaHuyeHuam (3.22).

MpuBeneHHbIV Bbille cnocob CBEAEHUS HEBbIMYKIOW HENMHENHON NporpamMmsl
K 4aCTUYHO LENOYUCNEHHON NporpaMmMe peanu3yeTcs 3a CHeT BBeAeHUs O0onbLIoro
yncna AOMNOSHUTENbHbIX MEPEMEHHbBIX Y OFPAHUYEHUIA.

3.4. MeToabl oTceyeHusa

B paHHOM noppaspgene OyOeT paccMOTpeHa NiMHeliHas 3ajadva LefiouUCeH-
HOro NMPOorpamMMMpOBaHNa U AAHO MOHATME MEepBOro anroputma oMopu, KOTOpbI
3a/10kKn GyHOAMEHT TEOPUM LIENOYMCIIEHHOIO NMPOrPaMMMUPOBaHNS.

Onsa ynobcTBa M3N0XEHUS MEeTOOO0B LIeSIOYUCSIEHHOro NporpamMMmMpoBaHmns
NCrnonb3yloT crneumdryeckne o603HaYeHUsl, Ha KOTOPLIX LlenecoobpasHo npexae
BCEro OCTAHOBUTbLCA. 3ajayy LEeSIoYMUCIIEHHOro NPOrpaMMmMpPoOBaHNa PaCCMOTPUM
B BUOE:

n

Xo =Y C¥ = max; (3.23)
=1
2 ax = Dby, i=1,2, ..., m; (3.24)
=1
X 2 0; ji=1,2,...,n; (3.25)
X —uenoe; j=1,2,..,n,. (3.26)
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Mpwn n, = n 3apaya (3.23) — (3.26) aBngeTca NOAHOCTLIO, a Npu N, < N YaCTUYHO
LLeIOYMCNEHHON 3aJa4en NMHENHOro NporpaMmmMmpoBanus. Mo aHanornm ¢ 3agayen
JIVHEMHOrO NPOrpaMMuUpOBaHNS BBEAEM P, NOHATMA. MHoxecTBO HabopoB (X,
Xo; ey X,), YAOBETBOPSIOWMX ycnoBusam (3.24) — (3.26), Ha3biBaeTcs 06GnacTbio
onpeaenieHUs UAUM AONYCTUMOW obGnacTbio 3apauv LLEeNI0OYUCHIEHHOrOo
nporpaMmMupoBaHusa 1 o603HadvaeTcs Yyepes LY. na cokpalleHHoro 0603Ha4YeHus
3apaum (3.23) - (3.26) npumensieTca 3anucb (L4, ¢) , roe ¢ — BekTop-cTonbed,
COCTOSILLMI U3 9NIEMEHTOB C;. ONTUManbHOEe pelleHne WU onTUManbHbI NnaH
o6o03HayaeTcs yepes x (LY, ¢). Hapsay ¢ onTuManbHbIM MAAHOM Xgr = (Xionr 5 Xoomrs
ey Xoom) OYOET paccMaTprBaTbCs PACLUMPEHHbIA ONTUMAbHBIA NiaH

' —
xom - (XOOHT’ X10r|T’ e xnonr)’

roe
n
X, =Z1 CX,
=
CokpalleHHO OnTMMasbHbIA paclUMPeHHbI nnaH 0603HavYaeTcs Kak
x‘ (LY c).

B ueno4ncneHHoM nporpamMmMmpoBaHUM PacCMaTPUBAIOTCH LENOYNCTIEHHbIE
MHOrOrpaHHMKN1, NoL4 KOTOPbIMU MOHUMAIOTCA MHOIOrPaHHUKM C LLEeNOYUCTIEHHBIMU
BEPLUMHAMMU, N LENOYMNCIEHHbIE CUMMIEKC-Tabnnupbl, COCTOSLLME U3 LEIOHNCIIEHHBIX
3/IEMEHTOB. 3aMeTMM, YTO MHOXECTBO TOYEK, OrPaHUYEHHOE LLeNOYUCIEHHbBIM
MHOIOrpaHHNKOM, He 00s3aTeflbHO COCTOUT U3 LIeSIOYUCTIEHHBIX To4yek, TpebyeTcs
TOJIbKO LESIOYNCNEHHOCTb BEPLUMH (KPanHMX TOYEK) MHOIMOrpaHHUKA.

OcHOoBHasi upess MeTOAO0B OTCEYEHMSA 3aK/04aEeTCs B MOCTPOEHUM TakoWn
3KBMBANEHTHONM 3agayn NMHEeMHOro nporpammupoBaHua (A, ¢), Npu KOTOPON
ncxogHas 3agada LenoyYuMcneHHoro nporpammumpoBaHua (L%, €) cBoguTca K ee
peweHnio. MIHorga ato HasbiBalOT JIMHENHOW anmnpoKCUMAaLMNEN LLENOYUCAEHHOIro
nporpaMmmMmmpoBaHmg (L4, c).

Beenoem noHATME npaBUAbHOINO OTcevYeHus, GU3n4eckn osHauvaroulee BbIOOpP
Takor rmnepniaockoCTU, KOTopasd pasgender OnTUMalbHble PeLUeHUs LeNOYNCeH-
HOWM NUHenHon 3ajaym x (LY, €) n 3agaym NMHENHOro nporpaMmmupoBaHus X (L, c),
npuyemM nocnegHss He yLOBNETBOPSET YCNOBUIO LENTOYUCIIEHHOCTHU

x (L, ¢) 0L«

MaTtemaTnyeckn npaBuibHOE OTCEeYeHWe O3HadvaeT BblOOp Takoro uucna f3,
npu KOTOPOM HEPaBEHCTBO

Y ax <P (3.27)
i
BbIMOJIHAETCS MNPU YCJIOBUSX
ax(L, c) > B; (3.28)
{x (L4 c)| axJb}OL (3.29)

rge a — BEeKTOpP-CTpokKa, cocTodulaa U3 3JIeMEHTOB.
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MeTon oTCedyeHUI NO3BOSAFET NOCTPOUTb NMPOLEAYPY NOCNenoBaTENbHOMO
BblAEIEHUS ONTUMAaNbHOIO PELIEeHUs LLe0OYNCNEHHON 3adayn Mo U3BECTHOMY
pPEeLUEeHNIO COOTBETCTBYIOLLEN NIMHEHOM 3a[a4M, B KOTOPOK UCKIOYEeHbl TpeboBaHus
LeIoYMCNIeHHOCTN. OTa npoueaypa pelleHmsa 3agadn (L4, ¢) mMoxeT ObiTb onvcaHa
cnenylowmm obpasom:

1. Ha k-m 39Tane pewaeTcd BcnomorartesbHasa 3agada JIMHEWHOrO
nporpammupoBanua (L, ¢), k =0, 1, 2, roe L,=L.

2. Ecnn Ha k-Mm aTane ontumansHoe pelueHue x(L,, €), yioBneTBopseT yCNOBUIO
LEeNoYNCIEHHOCTM, TO OHO OyAeT  Takxe onTuManbHblM peweHnem x(Ly4, c©)
ncxogHom 3agayum (L4, €), Tak Kak Ha Bcex aTanax MHOXECTBa LLeNIOYUCIIEHHbIX
TOYEK cOoBMagaroT, T.e.

LoLl = L1'-l = L2Ll = ...,

4YTO SABNSIETCHA CMeurasnbHbIM YCOBUEM MPU OTCEYEHUU.

3. Ecnn Ha k-m aTane pelueHne He yOOBNETBOPSIET YCNOBUSAM LENOYUCTIEH-
HocTH, TO X(L,, €) He ABNAeTCs ONTUMabHbIM PELLEHNEM UCXOLHOM LLeNI0YNCIIEHHON
3apaun. B aTom cnyyae nepexopat ot k-ro atana Kk (k + 1)-my, no6aBnsas K IMHENHbIM
orpaHuyeHuaM 3agadm (L, €) ycnosme NpaBuSIbHONO OTCEYEeHUs

a* x < f (3.30)

KOTOpOE NnpeBpalaeT MHOrOrpaHHKK (MHOXeCTBO) L, B MHOrorpaHHuk L,,. Kaxabii
KOHKPETHbIA MeTod MMeeT CBOW cnocob 3adaHus OTCeYeHWsl, HO B anropuTmMax
FomMopu rapaHTupyeTcs KOHeYHOe 4YMCNo npoueayp.

B aTom anroputme Bnepsble ObiNa peann3oBaHa uaes MeTo[da OTCEeYeHUs.
OH pgaeT KOHeYHylo npoueaypy pelleHUs MOSHOCTbIO LLEeN0YUCNEeHHOW 3adaduun
JINHEMHOro NpPOorpamMmMrpoBaHns, 3afaHHOW B BUAE:

n

Xo =Y C¥ = max; (3.31)
=1
>ax=b; i=1,2 .., m (3.32)
j=1
xz0; j=1,2,..,n; (3.33)
X; — uenoe. (3.34)

3.5. KomOuHaTtopHble meToAabl

3.5.1. PeweHne 3apay LeNIOYUCIIEHHOrO NMPOrpaMMuUpoOBaHUSA
C MOMOLLbIO AUHAMUYECKOro MporpaMmmMupoBaHUs

Bce koMBUHATOPHbIE METObl PeLleHNs 3aay LeoYNCIEHHOro NPorpamMmMmpo-
BaHMWA OCHOBaHbl Ha TOW MW MHOW MAee HanpasfieHHOro nepebopa BapuvaHTOB, B
pesynbTate KoToporo nytemM nepebopa CoKpaLleHHOro Yncna AonyCTUMbIX PeLLeHI
OTbICKMBAETCS ONTMMaNbHOe pelleHune. Mepebop OCyLLeCTBASETCA C MOMOLLbIO
onpeneneHHoro Habopa npasus, KOTOPble MO3BOJIAOT UCKOYATb NMOAMHOXECTBA
BaApVaHTOB, He codepXaliue ONTMMaSIbHOW TOYKM.

B uUefnoM 3TK MeToApbl fierdye cCrnpasnaioTca ¢ NpobneMont OKpPYriaeHUit, Yem
METOMbl OTCEYEHUNS, KaK NPaBu/io, HE UCTIONb3YIOT CUMIIEKC-NPOLEAYPY JIMHENHOro

CoBpeMeHHbIVi l'yMaHuTapHblii YHUBepcuTeT

78



nporpaMMmMpoBaHns 1 UMetT 6onee “NpocTyio apudMeTuky” n 6onee “CrnoxHylo
normky”.

OcHOBHOE cofepXaHue 3TUX METOAO0B COCTaBNAT AMHAMMUYECKOe
nporpaMMMpoBaHMe U COBOKYMHOCTb CMocO0O0B pelueHus, 00beaMHEHHbIX 0OLLMM
TEPMUHOM — METOA “BeTBel 1 rpaHul”.

JdunHamMmunyeckoe nporpaMMuUpOBaHueE ABMASETCH YHUMBEPCAIbHBIM METOAOM
oTbiCKaHUs rnobanbHOro akcTpemyma nobbix 3agad, AN KOTOPbIX CrNpaBeanvB
MPUHUMA ONTUManbHOCTU. MpUHLUMN ONTUMaNbLHOCTU 3aBEAOMO MPUMEHUM K
cenapabenbHbiM N NIMHENHBIM (QYHKUMSAM LLENN.

OrpaHunyeHus B BUOE HEPaBEHCTB M LENOYUCNEHHOCTU YYUTbIBAIOTCH B
PEKYPPEHTHOM MpoLEecCe pelleHns PYHKLUMOHANbHOro ypaBHeHusa bennmana.

Ona cnyyas cenapabenbHOW PYHKUUM LENN MOXHO COCTaBUTb 0OLLYIO
BbIYUCNINTENIbHYIO CXEMY pelleHus 3afadyn HEeNMHENHOro Lefio4YNCIAEHHOro
nporpaMMmpoBaHng Mo MeToay AMHAMWUYECKOro nporpaMmmMmupoBaHus. lMpuyem
pasMepHOCTb 3ajayn AMHAMWYECKOro NMporpaMMuMpoOBaHUS onpenenseTcs
XapakTepom GYHKUMU LEenn U OrpaHnyeHni.

OcCHOBHasl TPyQHOCTb MPW MCMOJIb30BaHUM MEeToAa AMHAMMUYECKOro Mporpam-
MWPOBAHUS 3aK/loHaeTCs B CBEAEHUN MCXOLHOW 33434y K MOAENMN MHOro3TarnHoro
npouecca onTMMmM3auumm, MCNob3yeMOro B 9TOM MeToAe, C BBeAeHMEM (QYHKUUU
Bennmana. B kaxaoi KOHKpPEeTHOI 3ajave npy 9TOM UCMONb3YIOTCS CBOW MPUEMBI,
KOMMIEKCOM KOTOPbIX MOXHO OBMaAeTb MOCNe M3BECTHOrO OMbITa.

Ha npumepe 3agaun o6 onacHoli nepenpae (Npumep B3AT u3: bennmaH P.,
Opendyc C. MpuknagHble 3a4ad4y AMHAMUYECKOro nporpammupoBaHus. M., 1965)
paccMOTpMM MPUMEHEHME 3TOro mMetoga. [pynna, cocrosias M3 MUCCUOHEPOB U
NA0enoB, AOMKHA NepenpaBuTbCA Yepe3 peky Ha nogke, Kotopas MMmeet
OrpaHNYeHHy rpysonoabeMHOCTb R. Jlogka ynpasnsgercsa ogHuMM unmu 6onee
naccaxumpamu B nob6on kombuHaumu. Ha kaxpgom Gepery m B fofke OOJIKHO
cobnogaTbCa ycnoBMe HenoaoeacTBa, 3ak/oyaloleecsd B TOM, 4TOObl 4UCO
NOA0en0B B rpynne He MPEBbLILANO YUCAa MUCCUOHEPOB (M = /).

0O603Ha4YMM 4YMCNO MUCCUOHEPOB U NIOAOEAOB Ha NIeBOM Oepery 4yepe3 m; u
[,, Ha npaBom Gepery m,un I, u B nogke m u /. COOTBETCTBEHHO CHOPMYNMpyeM
Oonee obuime ycnoBus HeNOOeacTBa:

R, (m,, /;) 2 0 Ha neBom Oepery;
R, (m,, ,) 2 0 Ha npaBom bepery;
R, (m, /) B nopgke.

CocTtaBum dyHKUMOHaANbHOE ypaBHeHue bennmana, ong 4ero BBenem
dyHKuMio Sy (M, /,), paBHylO MakCMManbHOMY 4MCAy NOAEN Ha npaBom Gepery
nocne N waroe npu ycnoBuu, YTO MPOLLECC MEPEBO3KM HayMHaNCs C m,
MWCCUOHEPOB U [/, NOJ0en0B Ha neBoM bBepery mu m, n [, Ha npasom bGepery.
Cuntaetcs, 4To Ha NOOOM Llare HU OOWH YESIOBEK HE BO3BPALLAETCH Ha MepBbli
Geper co BTOPOro, ec/iin Bce yXe HaxoOsTcs Ha BTopom Oepery.

OpuH war 3akno4aeTcs B NepeBO3Ke X, MUCCUOHEPOB U Y, NOL0EN0B C NEBOIO
Ha npasblli 6eper n B 06paTHO NEpPeBO3Ke X, MUCCUMOHEPOB U Y, NIOAOEN0B C
npaBoro Ha nesblii Geper.

B cooTBETCTBUM C MPUHLMMOM onTuManbHOCTU ansg N = 0 MOXHO Hanucatb:

Sy (my, L) =max Sy 4 (My = Xy + Xy, [; = ¥4 +Y2),

X Y1

rOe BENVYUHBI X, Vi, X, Y, AO/KHbI YAOBIETBOPSATL C/EAYIOWMM YCIIOBUSIM:
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O<x, = m, O<y, </,

0<x, < my+x, O<sy, <L +vy;

0<x +ty, <K, 0 <x,*+vy,<K;

R; (%, y,) =20, R; (X, v,) =2 0.

Ry (Mg =x, [y =y,) 2 0;

R, (m, —x,+x,, [, -y, +Y,)20; (3.35)
R, (my + %, L +y;) 20.

Ro (My + X X5, [ 7Y, Y,) 205

N

Ona N = 1 nveewm:

S, (my, [,) =max [ (m,+Xx,), (,L,+VY,)] (3.36)

XYy

MuHMManbHOE YMCo NepeBO30K paBHO Takomy N, Ans KOTOPOro
Sy =m;+ my+ [+, (3.37)

Mpumep. [lonycTuMm, 4TO CyMMapHOE KONNMYeCTBO MUCCUOHEPOB m,+ m, = 3
N CyMMapHOe KOJIM4eCTBO Nofoenos /, +1, = 3, rpy3onogbemMHoOCTb iogkn K = 2.

0O603Ha4MmM Yyepes (i, j) CoOCTosAHNE, NPU KOTOPOM i MUCCUOHEPOB U | N0A0E0B
HaxogaTca Ha nesBom bGepery, a 3 — i1 3 — j — Ha npaBoM Gepery. Toraa ¢ TO4YkU
3peHns HenaoencTsa AOMNYyCTUMbl TONbKO Creaylolme COCTOAHUS:

(0,1), (1,1), (3,1), (0,2), (2,2), (3,2), (0,3), (3,3).

Mcnonb3ya dyHKUMOHANIbHOE YypaBHEHME, MOJyYaeMm:

S,(0,1) =6, S, (1,1) =6, S,(3,1) = 2, 5,(0,2) = 6,
S,(2,2) =3, S,(3,2) = 2, §,(0,3) = 4, §,(3,3) = 1.
Ecnn
S, (i, j) =6, 10 Svﬂl (ib,j)=6, pn=1,2,..

YunTbiBag 9T0 0OCTOATENLCTBO, C MOMOLLBIO PEKYPPEHTHbLIX PYHKLMOHANBHBIX
YPaBHEHUI MONyYaEM:

S,(3,1) = 3, S,(2, 2) = 4, S,(3, 2) = 2,
S,(0,3) = 6, S,(3,3) = 2, S4(3,1) = 4,
S,(2,2) = 6, S,(3,2) = 3, S,(3, 2) = 4,
S,(3, 3) = 3, S.(3, 2) = 6, S«(3,3) = 2,
S(3, 1) = 6, S.(3, 3) = 4, S«(3,3) =6

OTctopa cnenyet, YTO MUHMMAalbHO Tpebyemoe YMCIO0 NePeBO30K PABHO LLECTU.

Mpouenypy peleHns pacCCMOTPEHHOW 3a4a4M NIerko NpoCneanTb C MOMOLLbIO
rpada, npencraeneHHoro Ha puc. 3.11. Kaxpoe pebpo rpada cooTBeTcTBYeT
nepeBo3ke C oaoHoro Gepera Ha gpyron. Takum obpa3om, OgHOMY aTany
OVNHaMMYECKOro nNporpamMMmMpoBaHns COOTBETCTBYIOT ABa pebpa rpada. Ctpenku
ykasblBaloT HanpaeneHne aencteua. Lindpbl B ckobkax OKONMO KaX[AoOW BepLUUHbI
O3HavaloT: nepBasg — YUCNO MUCCUMOHEPOB, BTOpPAs — YUCNAO NIOA0EA0B HAa OO4HOM
n3 b6eperos, nocnegHss undpa obosHavaeT neBbin (1) 1 npaebii (0) 6epera; aee

CoBpeMeHHbIVi l'yMaHuTapHblii YHUBepcuTeT

80



Ioran

II sran

III 3Tan

IV sran

V oran

VI stan

(1)0,2 (3,3,1) 00 (0,0,0)

/l\
~a

(3,1,0) (2,2,0)
(2)0,1 (3.2,1)
(3)0,2 5o
(4)0,1 v (.11
5)2.0
)2, (1,1,0)
6)1,1 v (2.2.1)
(7)2,0

(0,2,0)
(8)0,1 v 031
(90,2

(0,1,0)
(10)0.1 02nE YRR

(11)0,2
(0,0,0) => (0,0,0,)

Puc. 3.11. MosicHeHne Kk 3apa4ye O MMCCUOHEpax u npoepax

umMdpbl cieBa COOTBETCTBYIOT YMCIY MEPeBO3VMbIX MUCCUOHEPOB N NOA0EO0B.
Taknum obpasom, npoleaypa HanpasIeHHOro noucka onTUManbHOro peLleHns

3aK/lo4aeTCs B CreayloLeMm:
1) nepeBo3uM OBYX NOAOEOOB C NeBOro Gepera Ha npasbiid;
2) BO3Bpalll@aeM 0OHOro fogoena Hasaz Ha neBblin Oeper;

11) nepeBo3uM OByX NOA0EOOB C NeBOro H6epera Ha npa.blii.

M3 puc. 3.11 BuaHo, 4TO B NpobiemMe MUCCUOHEPOB U NOO0EN0B CYLLUECTBYEeT
donee OAHOro onTMMasZibHOro nyTn pelieHunda. TaK, Ha NepBOM 3Tane MOXHO Wnn
nepese3Tn OBYX N0O0€40B M 3aTeM OAHOro nwgoena obpaTtHO UM OLHOrO
MMUCCUOHEpPa M OOHOr0 nogoena, a NOTOM OOHOMO MUCCUMOHepa obpaTHo. Yucno

NnepeBo30K 1 Waros noncka pelweHns 6w:|,eT OANHAKOBbIM.

KomnnekcHbIli noaxon no cxeme BeTBAeHU 00beanHsaeT uenbiii psg 61mn3kmx
KOMOWHATOPHbLIX METO0B, Kak-TO: METO/, BETBE U rpaHunL, MeTo NocneanoBaTesib-
HOro KOHCTPYMPOBAHWSA, aHanM3a U oTceBa BapuaHToB U Ap. Obuwas noesa metona

3.5.2. MeTon BeTBeW U rpaHuy,
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npocTta. MHOXeCTBO AOMYCTUMbIX MNAQHOB HEKOTOPLIM CrMOCOOOM pas3buBaeTcs Ha
NnoAMHOXECTBO. B cBoOlo oyepenpb Kaxaoe 13 NMOLMHOXECTB MO 3TOMY Xe Unn
npyromy cnocoby cHoBa pas3buBaeTcs Ha MOAMHOXECTBA O TeX Mop, NoKa Kaxaoe
NOAMHOXECTBO He OyaeT npepcTaBnaTb COOOW TOYKY B MHOFOMEPHOM
npocTpaHcTBe. B cuny koHe4yHOCTU HABOPOB 3HAYEHWUI NMEPEMEHHbIX AEePEBO
NOOMHOXECTB (CxemMa BETB/IEHUIN) KOHEYHO.

MocTpoeHne cxembl BETBIEHUS €CTb HE 4YTO MHOEe, Kak dopMuUpoBaHuE
npoueaypbl nepebdopa. Nepebop MOXET OCYLLECTBAATLCSA Pa3/IMYHbIMU Crocobamu.
CeueHune ncxogHom gonyctumon obnactn G, rmnepnaockocTeio Ha Yactn G, n Gy,
¢ nocnenywowmum pasgenedveMm G, Ha Gy, n G,, (puc. 3.12) npencrtasnseTr cobon
NOCTPOEHNE OepeBa BETBEHUN C COOTBETCTBYIOLMMM NOOMHOXECTBAMU, KakK 3TO
nokasaHo Ha puc. 3.13.

Go

Puc. 3.12. K meTtony BeTBeil U rpaHuy,

BO3MOXHOCTb OLEeHKkN 0O6padyemMbiXx MOAMHOXECTB MO Hambonbliemy
(HavMmeHbLleMy) 3HaYeHUI0 A9 3ajad Makcumusaumm (MUHUMM3auum) No3BONgeT
cokpaTuTb nepebop B CUJy TOro, YTO OAHO M3 MOAMHOXECTB MPU BbINOJHEHUN
onpeneneHHblX COOTHOLLIEHU UCKIIOYAETCH U He HyXAaeTcs B MOCnenylolem
aHanunse.

MOHATHO, 4TO BbLIOOP OLEHOK M FPaHUL, U CXEMbl BETBIEHUS B3aMMOCBS3aHbI
MU TPYOHO ykasaTb o6OLiMe pekoMeHAauuu Mo MCMOJIb30BAHUIO HA MPakTUKe 3TOro
MeToAa.

Cxema BeTBJIEHUSA UNNOCTPUpyeTCca peweHnem o600UEeHHON 3aaayun
OOHOMEPHOr0 Packposi C KOHKPETHLIMU YUCIOBbIMU OAHHBIMU.
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Puc. 3.13. lpadunyeckoe pewwieHne pgnss mMeTona BeTBe U rpaHuvy,

Mpumep. VimetoTca 3arotoBku gavHon a, = 18, a, = 16, a; = 13. Paspesaq nx
Ha 4acTW, HO HEe CKfiemBas, MOXHO nofyyatb getanu gavHonm b, = 12, b, = 10,
b,=8, b, =6, by=15, by = 4. CTOMMOCTb KaXxaoW feTann U3BEeCTHa U B YCJIOBHbIX
egnHnLuax YACNEHHO paBHa MX gnunHe. lNepeyncneHHble geTann NpeacTaBaaioT
coboi “noptdens 3aka3oB”, KOTOPLIM XenaTeNbHO 00ecneynTb B NEPBYI0 O4Yepep.
B TOM cnyyae, ecnu 3TO HEBO3MOXHO, MakCUMMU3UPYETCA CTOMMOCTb MOJyYaeMbIX
netaneii U3 3agaHHo HoMeHknaTypbl. Ecnu e noptdens 3akazoB obecneynBaeTcs,
HEeo6Xxo0aMMO MaKCUMM3MPOBaTb CTOMMOCTb [AOMNOJIHUTENbHOM NPOAYKLUMN.

BennyuHy

oynem HasbiBaTb geduumtom. OTpuuaTenbHOCTb Aeduumta eue He o3HadvaeT
CyLLEeCTBOBaAHME BapuaHTa packpos, Npu MNONOXUTENbHOM AeduunTe packpon
HEBO3MOXeH. 3TO CBOMWCTBO MOXET OblTb MCMONb30BAHO ANS yKa3aHus
nepcnekTMBHOCTM BapmaHTta. Tak, ecnu 3arotoBka a, packpavsaeTtcs Ha by n by, TO
HEe3aBNCUMO OT KOMOMHALMIA OCTaNbHbIX OTPE3KOB PACKPOM HEBLIMOHUM, MOCKOJIbKY
ONS1 OCTaBLUMXCS OTPE3KOB AeDULNT MOSOXUTENEH.

[MepBble aTanbl NPMBOAUMON HUXE CXEMbl BETBJIEHUHA, UCMNONb3YOLWEN
KOMOWHATOPHbIE OTHOLUEHUS MOAMHOXECTB BapMaHTOB, MokKa3aHbl Ha puc. 3.14.
Ha nepBom atane ¢popmupyioTcs pa3bueHns nepBoli rpynnbl OTPE3KOB (3aroTOBOK)
Ha BTOPYIO rpynny (Ooetanen) He3aBUCUMO OT TOro, Kakor MMEHHO OTPE30K MepBOM
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3,6

(1,2,3) (2,2,2) 10

(1,1.4) g———————
——————

—

—

Puc. 3.14. K 3apaye onTumMasbHOro packposi 3arotToBOK

(1,1,4)
(14,1)
(4,1,1)
(3,2,1)
(3,1,2)
(2,3,1)
(2,1,3)
(4,3,2)
(1,2,3)
(2,2,2)

rpynnbl paspesaetcd. Konvyectso BeTBelM NepBOro srana MOXHO BbIMVCIUTb NULLb
Nno peKyppeHTHbIM COOTHOoweHusM. Cmbicn noamHoxecTtsa {1, 2, 3} 3aknovaeTcs
B TOM, YTO OOMH M3 OTPE3KOB MEPBOW rpynnbl B pe3ynbTate packposd AaeT OAWH
OTPE30K BTOPOW rpynnbl, OAUH M3 OCTaBLIMXCHA OTPE3KOB MEPBOW rpynnbl
packpamBaeTcs Ha ABa OTpe3ka BTOPOW rpynnbl M3 YMCna OCTaBLUMXCS W, HAKOHELL,
nocneaHWin 0TPe30K NepBol rPynnbl AENUTCS Ha TpW YacTu, obpasys Tpy OoTpeska
BTOpOW rpynnbl. Ha BTOpoM 3atane GopmMupyloTCa BCe NepecTaHOBKWU (C y4eToM
nopsiaka) anemeHToB nepsoro atana. Ckaxem, BapuaHT {2, 1, 3} o3HayaeT, 4TO
VIMEHHO MepBbI/i 9NIEMEHT NMEepPBOM rpynnbl a pa3pes3aeTcsd Ha ABe 4acTu U T. 4.

OuepepHoit aTan BeTBNeHNs ob6padyeTcs purkcaumeli 0Tpe3koB BTOPOM rpynnbl
npv yka3aHHOM Ha npeablayllemM 3Tane 4uMcne 4acTel, Ha KOTOpoe paspel3aeTcs
nepsbli aneMeHT. pyrumn cnosamm, GopmMmpyemM codeTaHus no Yncny pasneneHnin
NnepBOro asieMeHTa NepPBOr0 MHOXECTBA HA YMCIIO 3/IEMEHTOB BTOPOr0 MHOXECTBA.
B pnanbHenwem dunkcnpyem oTpeskn BTOPON rpynnbl NPy BTOPOM 31eMEHTE NepBoi
rpynnbl 1, HaKoHeL, MPW OCTaBLIEMCH 3JIEMEHTE MEepBOW rpynnbl NoJy4yaem
KOHKPETHble BapuaHTbl packpos, Bcero 447 BapuaHToB. B nmoapoGHO onvcaHHom
CXeMe BETBJIEHUS, B OTAMYME OT 4acTO NMPUMEHSEeMbIX, HW Ha OOHOM 3Tane He
MCMNONb3yeTCd KOHKPETHbIN 4YMCNOBOM Matepuasn. PekoMmeHayeTcss noCTPOUTb ANs
3TOr0 Xe npumepa MHYI0 CXeMy BETBJIEHUS, HA4YMHAa C TpeTbero atana, no
cnenylouwemMy npuaHaky: oTPe3Ku BTOPOW rpynnbl PUKCUPYIOTCA NPU SNEMEHTE
NnepBON rpynmnbl, pa3pe3aeMoOM Ha MEHbLLUEE YMCNO YacTen. 3ateM Hago CPaBHUTb
cxembl. HeTpyaHo yb6eamTbes, 4TO Ha KaX[AOM 3Tarne BETBJIEHVME OCYLLECTBNSETCH
no perynspHor npouenype, YTo NO3BOMSET 3anOMUHATb NMlb OOWH BApPUAHT.
CpaBHeHne geduumToB Npenbiaywero 1 nocneaylouwero BapMaHToB No3BONASET
BblAENUTb MNEPCMNEKTUBHbIA N COOTBETCTBYIOLWYIO eMy BeTBb. OKOHYATENbHbIN
pesynbTat UmeeT BUA;
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dopmanbHO 3agadyy MOXHO Ob110 Gbl CBECTM K 00LEeMyY BUAY IMHENHOM 3a4a4m
Lef0YNCNEeHHOro NporpaMMmMpoOBaHug, HO Takoe CBeAeHue npuBeneT K
3HAUYUTENILHOMY YBEJIMYEHUIO KOSIMYECTBA MEPEMEHHbBIX U OPYrMM TPYAHOCTSAM.
MaTtpuua KkoapdUUMEeHTOB Npu 3TOM NprnobpeTaeT KBa3nbJI0YHbI BUA C HEMIOTHLIM
3anosiHeHVeM ee OTAMYHBIMU OT Hyng anemMeHTamu. Kak npasuno, 3agaydu
MHOFOVHAEKCHbIE C OOMbLIMM YUCIOM YC/IOBUIA U CNOXHOW YyNOPSA0YEHHOCThIO
PEKOMEHAYETCS peLlatb MO CXeMe BETBIEHWI, MCMNONb3ys Cneunduky ycnoBun n
OrpaHuNyYeHmni.

[ns 3apay AMCKPETHOrO TMMa 3TOT METOZ Noslydun Hanbosbliee pacnpocTpa-
HEHMe B CUy MPOCTOTbl U OOCTYMHOCTM U, KPOME TOro, Hambonee eCTeCTBEHHOW
GOpMbI ONUCAHUA CUCTEM YCJ/IOBUM M OrPaHUYEHUn, ABASIOWMNXCSH, KaK npasBuio,
OTNPaBHbLIM MYHKTOM MOCTPOeHus nepesa BeTBAeHUd. Mo CcywecTBy MHOrue
OpUrMHasbHbIE aNrOPUTMbI SBASIOTCA MOAMMUKALMSIMU METOAA BETBEWN U MPaHUL, C
yyeToM cneundukm ycnosuin 3agaqu.

3.6. Apyrue metoabl OonNnTUMU3aLUUN

PaccmoTpum npexzae Bcero npubankeHHble MeTOAbl peleHus 3ajad
LLeNOYMCNIEHHOrO NPOrpPaMMMPOBAHMS, HE rapaHTHPYOLMEe CXOOUMOCTHY 32 KOHEeYHOe
YNCNO LaroB, a Takke BEPOSATHOCTHblE MeTOAbl, obecrneymBaiole CxoaMMocTb B
BEPOSATHOCTHOM CMbicne. Ciofa Xe OTHOCATCS 9BPUCTUYECKME METOAbl B HMCTOM
BUOE U B KOMOMHAUUM C BEPOSATHOCTHLIMM.

PeweHue 3apay UeNIOYUCNIEHHOr0 NPOrpaMMuMpoOBaHUA C MOMOLLbIO
JINHTBUCTUYECKUX Mopenei. Cneunduyeckne cBONCTBA NUMHIBUCTUYECKUNX
METOA0B MO3BONAIT 3GPEKTUBHO MX UCNONb30BATb Npu pa3paboTke CUCTEM
ynpasnenus 6onbwnmu cuctemamu. K Takum cBoMcTBaM B MEPBYIOD O4epenb
OTHECEM NpOCTOTy 0OLWeHnsa YyenoBeka C MalWHOW, Tak Kak JIMHIBUCTUYECKME
METOAbl UCMONb3YIOT B KAYECTBE BXOAHbIX 13bIKM, 6ONIEe NOHATHLIE HECMEUNANNCTY,
4YeM M3BECTHbIE aNrOPUTMUYECKNE A3bIKK, @ TaKxKe aBTOMaTU3UPOBAHHbBIN (B pexume
ananora) npouecc GOpMUPOBAHUA MOAENN PELLIEHUS 3aaaqu.

[Mpocnegym OCHOBHbIE MOMEHTbI METOAA JIMHIBUCTUYECKOr0 MOAENMPOBAHMS
Ha pelleHnn 3agadm ob onacHoi nepenpase. O603Ha4YMM NPUCYTCTBME MUCCUOHEPA
CMMBOJIOM M, MPUCYTCTBME nogoena cumeonom /. Torga uenoyka CUMBOOB
(koTopylo B panbHeliwem Oyaem noHMmaTtb Kak ¢pasdy s3blka OnucaHns COCTOSIHWIA
yrnpaBngemMon cuctembl) mmmm//// 6ynet onMcaHnem Ha4vasnbHOrO0 COCTOSHUSA Ha
nesom Oepery. MNpun aTomM cnocobe onuMcaHus COCTOSHUIA Kaxaas nepeBo3ka
COOTBETCTBYET NpaBuly BUa 0 — €, rge o — Lenoyka M3 CUMBOJIOB M U (unn) I,
a € - nycton cumBon. OTMETMM, 4YTO AJIMHA LENOYKM O He A0JKHA MpeBbIWaTb
rpy30noabeEMHOCTb JIOAKW, @ KOMYECTBO CUMMBOJIOB M HE A0/IKHO OblTb MEHbLUE
yucna cMMBOJIOB [ (yCnoBue HengoencTsa B noake). Tak, Ang cnyyas, korga Ha
neBom 6epery HaxogaTcs 4 MUCCUOHepa U 3 nogoena, UMEeT MecTO COCTOsIHME
mmmm///. TlycTb Mbl XOTUM MNepPEeBE3TU ABYX MUCCUMOHEPOB M OOHOrO n0ao0ena,
Torga npaBuAo BbIFNAAUT Kak noactaHoBka mm/ — €, NMPUMEHeHne KOTOPOWN K
onncaHuio cocToaHna gaet mmmm// — mmell = mmll. BeBegem B paccmoTpeHve
OBOVHbIE MEPEBO3KW, T.€. MPEAnosiokKMM, YTO NIogKa COoBepLlaeT Penc C IEBOro
Oepera Ha npaBblli 1 00paTHO. TakMe NMepeBO3KM 3anuLIYTCA Kak npasuna Buaa
o - B, roe aun B — HenycTble LENOYKM, NO AJIMHE HEe MPEBbLILIAIOLME BENNYUHDI
rpy3onogbeMHOCTM NIOOKU, U, KPOME TOro, B HUX cobnopatlTcs ycnoBus
HenopoencTea. Ecnu coctosHne Ha neBom Gepery mmeeTt onucaHme mmmmli/ n
Mbl MEPEBO3MM C NIEBOro Gepera Ha NpaBblil ABYX MUCCMOHEPOB 1 OOHOMO Ntoaoena,
a o6paTHO OJHOr0 MUCCUOHEepa 1 OAHOro Nogoeaa, To NpaBuno npuobpeTaeT BUA,
mm/ - m/, a pe3ynbTat ero npumeHeHus — mmmmlill - mmm//l. Takum o6pasom,
Mbl COOPMMPOBaNM 3HAKOMYKO MOAENb 334a4u, COAEPXaLLyld > — A3blK ONMcaHus
COCTOSIHUIN, KOTOPbLIN OnpenendeTcs Kak NogMHOXEeCTBO MHOXeCTBa ) BCeX
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LLenoyek, COCTaBNIEHHbIX U3 CMMBOJIOB M U [, 1 MHOXECTBO npasBun npeobpasosa-
HUS, Kaxaoe M3 KOTOpblIX MMeeT Bua o — B, rae au B0 Y, a Y - andasuT,
COCTOSAILLUMIA U3 CUMBOSIOB M 1 /.

[MocTpoeHHaa mMopenb He OAeT elle HMYero HoBoro. B camom pgene, oHa
npeacTaesnsieT cobo NPocTo yAoOHY 3anmMcb NOpPOXAeHUs rpada ynpaBneHus —
OPUEHTMPOBAHHOIO rpada, BepPLMHbI KOTOPOro OTOXAECTBJIEHbI C COCTOAHUSAMM
Ha nesBoM Gepery, a pebpa — c OBOMHbLIMW NMepeBo3kamu. ITa Moaesb He JaeT
HUKaKNX CBEOEHMIN O TOM, KaKylo NepeBo3Ky N3 HECKOJIbKMX BO3MOXHbIX AJ15 KaXa0ro
COCTOSIHWUS cnenyeT NMPUMEHUTb, 4ToObl oblLee 4YMCNo NepeBO030K Obio
MUHUMasIbHbIM. 3aMeTMM, Y4TO METO[, AMHAMWYeCcKoro nporpaMMMpoBaHUS MMeeT
[eno NpPakTU4YecKn C TEM XE CaMbiM OMUCAHUEM.

OcHoBHasi 0COOGEHHOCTb METOAO0B JIMHIBUCTUYECKOr0 MOAEeNIMpoBaHUdA
3aK/to4aeTcs B TOM, YTO OHW BBOASAAT HEKME MakpoomnucaHus 3ajadu, KoTopble
NoO3BONSAIOT 00beANHATb CXOAHble MO CTPYKTYype OMNMcaHuii COCTOSHUSA B
MaKpOCOCTOSIHUS. OTUM A0CTUraeTcs paccMOTpeHne 3apayn ¢ 6osee o6LLEN TOYKK
3peHusd, T.e. pelleHne ULLeTcsa He Ha rpade, a Ha Makporpade ynpaBneHus,
MIMeloLLLEM ropasao MeHbLUe BepLUVH U pebep.

B Takmx 3apadax apPekTMBHO NpUMeEHSOTCS rpadoBble Moaenu — MOLENN,
MCMNONb3YIOLINE KOHLEMNLUMN TOMONOMMYECKMX FEOMETPUIM M NPOCTPAHCTB, a Takxe
rpadoBbie MOTOKOBbIE MOAENU B BUAE MIOCKOro rpada, B KOTOPOM OTCYTCTBYIOT
neTnu, eCTb HavasibHaa BepluMHa (UCTOK) U KOHEeYHasd BepLunHa (CTOK).

[TocTpoOEeHNE MaKpPOCOCTOSHUIA OCYLLLECTBASETCS MPU MOMOLLN CMELNanbHOro
annaparta nopoxaawLux rpaMmmaTuk, paspadboTaHHOro B LENSX MOOeNnnpoBaHus
€CTEeCTBEHHbIX A3bIKOB. [lopoxpgalouwas rpammatnka I npeacrtaBnseTcs kak COBO-
KYNHOCTb TEPMMUHaNbHOro cnosaps T, HeTepMuHanbHoro cnoeaps N, T n N =,
HayanbHoro cumeona S [0 N n MHOXecTBa npasun BbiBoga P, nmelowmx sug a - 3,
roe B npocteriwem cnydae o ON, B 0O (N O T) — uenodyka, cocTaBieHHas u3
CMMBOJIOB TEPMUHANBLHOIO U HETEPMWUHANIbHOIO CrIoBape.

CyLliecTBYIOT crneuymanbHble MeToAbl MOCTPOEHUSA rpaMMaTuK Mo AaHHOMY
NoAMHOXeCTBY dpa3 ga3blka. AT MeTOoAbl B HEKOTOPbIX Clyvyasx AonyckaloT
aBTOMaTUYECKOE NOCTPOEHMNE FrpaMMaTnKM, HO B OONbLUVMHCTBE C/ly4aeB OKa3blBAETCS
BO3MOXHbIM aBTOMaTU3NPOBAHHOE (B PEXMME Auanora) noCTPOEHME.

B cnydae 3apaym 006 onacHol nepenpaBe ynaeTcs OCYLLECTBUTb
aBTOMaTUYECKOE MOCTPOEHME rpaMMaTuK, B pe3yfbTate KOTOPOro nosy4arTcs Tpu
rpaMmmaTukn, pasdbuBatolime BCe MHOXECTBO COCTOSIHMIA Ha TPM MOAMHOXEecCTBa,
COOTBETCTBYIOLLME YCNOBUSAM HENOO0EeOCTBRA.
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3AOAHUS 019 CAMOCTOSATEJ/IbHON PABOThI

1. CocTaBbTe /IOrM4ecKyro cxemy 6asbl 3HaHU M0 TeMe IOHUTHI.
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2. Haviopute 3HayeHus1 MakCuMyma v MUHUMYMa QYHKLN

fix) = x (x — 1)?

3. MeTogom rpaaneHTHOro criycka Hauiamte MUHUMYM

Flx) = x2/4 + x,?
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4. Havigute peleHve crenyole 3aga4v1 MeTo4oM HauCKopenLero criycka

F(x,, x,) =4 - (x, = 4)% - (x, — 4)? -~ max

5. Pewuute cnegyrollyto 3aaa4vy JIMHERHOro MporpaMMmpoBaHms

OrpaHunyeHuns: X, +2x,£5

3x, + x,< 8
YcnoBme HeoTpuuaTenbHOCTU: X, X,2 0
LleneBaa dyHKuuS: z =X, + X, - max
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6. Haiomte B o6nactn D = {| x,| < 1, | x,| < 1}

i = x4 4 _ y2 _ y2
mlg Fx,, X)) = x* + X = x? - X,

yepes pelleHne CUCTEeMbl YpaBHEHU

1l
o

2x.° - X,
3 —_— =
2x,° - x,= 0
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1.

TPEHWUHI YMEHUN

Mpumep BbINOJIHEHUS YNPaXHEHUS TPeHuHra Ha ymeHue Ne 1

3apaHue

Ona dyHkumn F(x,, X,) HalNTU YCNOBHbLIA 3KCTPEMYM, €Cu

npu orpaHuyeHnsx

F(x,, X,) = X, X,

2 2 =
X2+ X2 =2

MEPBOTO MOPSIIKA
st L(xi, x2, A)

PeweHue
: =
Ne Anropury KoHkpeTHOe neicTBHE, COOTBETCTBYIONIEE
/i IPEIIOKECHHOMY aJITOPUTMY
ITocTpouts
1. | pyukuuro Jla- L(x1, x2, A) = x1x2 + A2 —x12— x22)
rpaHka
Haiitu yactabie _ _
, | mpomssome OL/0x1=x2—-2Ax1; OL/0x2=x1—2Axy

OL/O0N =2 —x12— x22

CocTaBUTh CHC-

MYMBI (DYHKITH

TEMy YpaBHEHUUN S(l —2hx, =0
3. | mna Haxoxmenus | X —2Ax, =0
CTallMOHAPHBIX R
Touek L(xi1, x2, ) % X%, =0
x19=1;x0=1;A0=1/2;
4 Pemute cucremy | xi! = —1; x2! = —1; Al = 1/2;
" | ypaBHeHUi xi2=1;x22 = —1; N2 = —1/2;
xB3=-1;x3=1;A3=1/2
F(1,1)=1; F(-1,-1)=1; F(-1,1) = -1; F(1,-1) = 1.
5 Haiitu sxctpe- OTkyna:

Fonax=lmpu(xi=L,xx=1)n(x1=-1,x= -1);
Fon=-lopu(xi=-L,x=Duxi=1,x= -1).

Pewunte camMoCTOSITE/IbHO:

3anarHne 1.1

Ona dyHkumn  F(x,, X,) HAWTU YCIIOBHbIA SKCTPEMYM, €C/n

npmn orpaHn4eHnax

F(x;, x,) = x, + X,

1/x,+1/x, =2 n x,, x, 2 0.
CoBpeMeHHbI NyMaHUTapHblii YHuBepcuTeT
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3apganHne 1.2
Ona dyHkumm F(X,, X,) HAWTN YCNOBHbIA 3KCTPEMYM, €Ciu
Flxq, Xo) = %2 + x°

npu orpaHuyeHnsx
X, +tX=2 n X;, X, 2 0.
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2. Mpumep BbLINOJIHEHUSA YNPaXHEHUS TPEHUHra Ha ymeHue Ne 2

3apaHue
MuHnMm3mnpoBaTb QYHKUUIO
F=1/4X,+1/3 X%,
npv OrpaHnuyYeHnsx
5X,+ X,-520
2 X, + 5X,— 10 = 0
X, X, = 0.
PeweHue
Ne KonkperHoe neiicTBue, COOTBETCTBYIOIIEE
Anropurm P a ’ yrott
/i MIPEIOKEHHOMY aJITOPUTMY
| BBecTtu BcrmoMoratenbuble | x1 = Xi, x2=5X1+ X2-35,
" | mepeMeHHBIC x3=2 X1+ 5X2-10, x4= X2
F=1/4 x1 +1/3 x4= min
2 IIpeobpazoBaTh 3aga9y K Sx1—x2+x4=35,
" | craHgapTHOHM opMme 2x1—x3+ 5x4= 10,
X1, X2, X3, x4, 2 0
[MonyuuTs KaHOHUYECKYIO | x1— 1/2x3 + 5/2x4=5> 0,
3 bopmy 3amaun, mpuHUMas B | X2 — 5/2 x3 +23/2x4=20> 0,
" | xauecTBe OA3UCHBIX MEpe-
MEHHBIX X1, X2 24F = 3x3—7 x4 + 30
Kosddumment npu xs orpunatencH
[TpoBecTn aHanu3 mosene- (b(? . P pH
. (24F = 3 x3 — Tx4 + 30), cnemoBarensHo, F
HUSI 1IeJIeBON (PYHKIIMU B
4. .. | yOBIBaeT Ipyu BO3PACTAHUHU X4.
3aBUCHMOCTH OT U3MEHEHU I
. HeobxogumMo 3aMEHUTH Ha x4 OOHY W3 Oa-
4
3MCHBIX IEPEMEHHBIX
ITpoBecTn ananus Toro, IIpu Bo3pactanum C mepBOi obOpaimaercs B
5. | kakyio Oa3ucHyIO mepeMeH- | Hylb OasucHas mnepeMeHHas x2. CremoBa-
HYI0 HEOOXOJUMO 3aMEHUThH | TEIBHO, X4 3 MEHHT X2,
Haiitu 3Hauenus kos¢ du- o =x=0
. 2=x3=0,
HUEHTOB B HOBOW KaHOHHM-
6. |eHTe x4=20/(23/2) = 40/23,
yeckoii opme mocie 3ame- _
x1=15/23.
HBI Oa3uca
Monvauts HoBVIo Katomn- | <"~ 5123 x2 + 1/23 x3=15/23 >0,
y y Xa+2/23 x3—5/23 x3=40/23 >0,
7. | geckyto popmy mocie 3ame-
HBI 0a3mca Ha X1 1 X4
1203F =7 xp+ 17 x3 + 205
ITpoBecTn aHanu3 mosee- .
p . A B ueneBoit dyHKIuKM KO3DGHULIUEHTH MPH
HUS 1IeJIeBON (PYHKIIMY B
. | CBOOOMHBIX MEPEeMEHHBIX X3 U X2 MOJIOKHU-
8. |3aBHCHMOCTH OT U3MEHEHU
TEIbHBI, 3HAYUT, MOKHO TIOJYUUTh EIUHCT-
CBOOO/HBIX EPEMEHHBIX
U BEHHOE ONMTUMAJIbHOE PElICHHE.
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No KonkperHoe aeicTBUE, COOTBETCTBYIOIIEE
Anroputrm
n/m NPEeAJIOKEHHOMY aJITOPUTMY
[IpupaBHuBaeM CBOOOIHBIE TEpPEeMEHHBIE
9 Haiitu onTumansHoe pe- HYJIIO U IIOJIyYaeM:
© | meHue F =205/1223 = 205/276
€IMHCTBEHHOE ONTUMAJIbHOE pPelIeHNE

Pewmnte camMoCTOSTE/NLHO!
SanaHne 2.1
MwuHnmMmunampoBatb QyHKUMIO
F=1/8X,+1/2 X,

npn orpaHn4eHunax
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3aganne 2.2
MuHnMun3mnposatb QyHKUMIO
F=4X +3X,
npu orpaHnyeHnsx

>0
15=20
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3. Mpumep BbINONMHEHUSA yNpaXHEeHUs TPeHuUHra Ha ymeHue N 3

3apaHue

MccnepoBatb GyHKLMIO

F(X,, X5) = x* + X0 — 2 XX, — X% — X2

Ha Ge3yClIOBHbII 3KCTPEMYM.

PeweHue
Ne A KonxkperHoe aeifcTBue, COOTBETCT-
JICOPUTM
/i BYIOIIEE NP EIOKESHHOMY aJITOPUTMY
1 Haiitin yacTHbBIE MPOU3BOIHBIE O0F / 0x1=4x13 —2x2—2x1;
" | mepBoro mnopsaka OF / 0x2= 4x23 — 2x2—2x1
2. |TlocTpouTh CHCTEMY ypaBHEHHU I B4X13 - 2% -2% =0
' 4%’ -2x, -2x,= 0
3. | HaiiTu cramoHapHble TOUKH (x1 B L, x __1)’ (x1=0, x2=0);
(x1=-1, xa=-1)
Haii aCTHbIE TPOU3BO e 0°F / Oi2 = 12x12 = 2;
HTH YaCTHBIE IPOU3BOIHEI
4, P A O2F [ 0x22= 12x22-2;
BTOPOTO TOPSIKA
02F / 0x10x2= -2
Hatitu 3HaueHus 4aCTHBIX IPO-
5 | M3BOJHBIX BTOPOTO MOPS/IKA B A= 2:Ar= 2:Ap=-2
MEepBOH CTAIIMOHAPHOW TOYKE
(x1=0, x2=0)
A1A,-A2p=0
OnpeneanTh HaJIMYHE SKCTPe- _ _
6. _ _ B touke (x1 = 0, x2=0) HY)XHBI TOTIOJ-
MyMma B Touke (x1= 0, x2=10)
HUTEJIbHBIE UCCITETOBAHMS
HaiiTu 3HaueHus 4aCTHBIX Mpo-
HU3BOIHBIX BTOPOIO MOPSAKA B
7. | ISBOMIBIX BIODOTO NAPAARL BY A1 =10; As = ~10; Ap = -2
BTOPOU CTALIMOHAPHOHN TOUKE (X1
=1, x2=1)
A1A2-A22=96>0, A1 =10> 0.
OnpenenuTs HAJMYKUE IKCTPeE- _ _
8. _ - B touke (x1 = 1, x2 = 1) umeercsa Mu-
MyMma B Touke (x1=1, x2=1)
HAMYM
Hatitn MuHIMYM QYHKINH B o _ _
9. rouxe (x1= 1, x2= 1) Fmin = -2 BTOUKE (X1=1, X2=1)
HaiiTu 3HaueHUs YaCTHBIX MpoO-
H3BOJHBIX BTOPOTO MOPSAIKA BO
10. " P PAR A1=10; A2=10; Ap = -2

2-#1 cTallMOHAPHOU TOUKe (X1 = —
1, x2=-1)
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KonkperHoe neicTBE, COOTBETCT-

AnTropuT™M
/i BYIOIIee MPEAITOKEHHOMY aITOPUTMY
o A1A2>-A2p=96>0,A1=10>0.
NpeaeauTh HaJMUUe IKCTPe- _ _
11. _ _ B Touke (x1 = -1, x2=-1) umeercsa Mu-
MyMa B Touke (x1=-1, x2=-1)
HUMYM
Haiitu MunumMyM QyHKIUU B o _ _
12. Touxe (x1 =-1, x2= 1) Fmin = -2 B TOUKE (X1 = -1, x2=-1)
Pelwnte camMocTosiTe/IbHO:!
SapnaHne 3.1

NccnepoBatb GyHKLUMIO

= 3 3 2 2
F(x;, X)) = x® + X% = 3 X%, — X2 — X,

Ha Ge3yClIoBHbI 3KCTPEMYM.
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Sapnanne 3.2
Mccneposatb GyHKUMIO
F(x,, X,) = X,* = 2 Xx,x, + X2 — X, +2

Ha 6e3yC/IOBHbIN 3KCTPEMYM.

METOAbI ONTUMU3ALUN
IOHUTA 2

NMPAMbIE METO[bl OTbICKAHUA 3KCTPEMYMA
N OCHOBbl MATEMATUYECKOIO NMPOrPAMMUPOBAHUSA

Pepaktop H.M. Munnnexko
Onepatop koMmmnbloTepHol BepcTkn [.B. depotos

M3p. nuu. JIP Ne 071765 ot 07.12.1998 CpaHo B neyatb
HOY “CoBpeMeHHbIli 'ymaHutapHbiii MHCTUTYT”
Tupax 3aka3s
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