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OVUOAKTUHMECKWUIA NMNAH

Kputepuun ontumnsauum. Knaccupukaumsa MetogoB ontummaaumm. CUCTEMHbIN
noaxon K ontumMmaaumn. OCHOBbI BapraLMIOHHOIO ncuincnenuns. Knaccuyeckue Metoabl
ontummaaunmn. YpasHeHne Ainepa. Ycnosue Jlexanapa. Ob6obuieHHas 3agada
Narpanxa. 3agaya ¢ orpaHM4YeHUs M B KIIaCCUYECKOM BapUaLVOHHOM UCYUCTIEHUN.
BbipoxaeHHble dyHKUuoHanbl. MpsMble MeToabl B KacCUYecKoM BapuauOHHOM
ncuncneHun. OnTManbHOe ynpasiieHMe N NMPUHLMN MakcuMmyma. HenpepbiBHbIM
npuHUMN Mmakcumyma MoHTpsarvHa. PelweHne 3agay onTMManbHOro ObICTPOAENCTBUS.
MpuHUMN oNTUManbHOCTU. AuHaMnyeckoe NporpaMmmupoBaHme. JUCKPEeTHbIN MPUHLMI
Makcumyma MoHTparnHa. OnTuMmMsauus AMCKPETHBIX MPOLLECCOB yrpaBieHns.
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NEPEYEHb YMEHUW

Ne Ymenus ANTOpPUTMBI

n/n
Haxosxnenue 9KCTpEMaH Onpenenutsb MOTUHTETPATIBHYIO
¢yHKIHOHANA (byHKIHFO.

CocraButh ypaBHeHHE Jiliepa.
Omnpenenuts SKCTpeMaid Kak perie-
HUS ypaBHEHHS Diijepa.

IIpoBeputs ymOBIETBOpPEHHE peIle-
HUA HAaYaJIbHBIM YCIIOBUAM.

Onpenenenne JOCTaTOYHBIX yC-
JIOBHIA dKCcTpeMyMa (pyHKIIMOHa-
na (ycnoswus Jlexannpa).

CocTtaButh ypaBHeHHE Dilyiepa.
Ompenenuts 3KCTpeManu Kak pelile-
HUS ypaBHEHHS Oiijepa.

Ha ocnoBanum ycnosuii Jlexanapa
OIIPEEJINTh THIT MAaKCUMyMa (MHHH-
MyMa) JTaHHOTO (PYHKIMOHAIA.

Ouenka 53¢dexkTnBHOCTH Ha-
MpaBJICHHOTO Tiepebopa B IHHA-
MHYECKOM IPOTrpaMMHPOBAHHH
II0 CPaBHEHUIO C NPSAMBIM Iepe-
GopoMm (mo 3amaye pacmpenene-

n
HUSL PECYPCOB Z i (x) = max)

Ompenenuth KOJMYECTBO BBITHCIIE-
HOA A0 pa3iMIHBIX  KOMOMHAITHIA
3HAUCHUI PECypcoB MPH MPSIMOM Iie-
pebope.

Omnpenenutb KOJMYECTBO BBIYHCIIE-
HUH JUIsI Pa3iMYHBIX KOMOWHAIUN
3HAUCHUI pecypcoB TIPHU HarpaBieH-
HOM mepedope (B JMHAMHUYECKOM I1pO-
rpaMMHUPOBAHUH).

Omnpenenutsb d3PPEKTUBHOCTH HATIPaB-
JICHHOTO Tepedopa 1Mo CPaBHEHUIO C
TIPSIMBIM B %.
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TEMATUYECKWI OB30P*
1. OCHOBHbIE NMOJIOXXEHUA ONTUMU3ALIUA

1.1. OnTumusauna B 3agadax ynpaBJieHNss U NpoeKTupoBaHuUsa

OnTUMM3auna — 3TO MNPOLLECC HAXOXOEHUS Haunyylwero peLleHus 3agaqu,
onpenensgemMoro no HeKOTOPOMY 3apaHee yCTaHOBIEHHOMY KpuTeputo. Opyrumm
crnoBaMu, 3TO UeJieHarnpasieHHad OedTeNIbHOCTb, 3aK/I04aloLwWwadacya B NoJlyYyeHun
HanNy4LWmnx pesdynbTaToB NPU COOTBETCTBYIOLLMX YCIIOBUSX.

OnTMM3aums B LULMPOKOM CMbIC/IE CIOBA HAXOOUT NMPUMEHEHME B HAyKe, TEXHUKE
1 B Nto6oli apyroii o6nacT YenoBevyeckor AeaTeNnbHOCTU, Hanpumep:

- MPY NPOEKTUPOBAHNN CAOXHBIX UHXEHEPHbIX COOPY>XXEHNN N CUCTEM;

- B ynpasfleHUN NMPOU3BOACTBEHHbIMU, TEXHUYECKUMN N SKOHOMUYECKNMMU
cuctemamu;

- B poLeccax pa3paboTki aBTOMATU3NPOBAHHBIX MHPOPMALMOHHBLIX CUCTEM U T.[,

Tak, onTuManbHas cuctema ynpaBieHUst MOXET ObITb peann3oBaHa B BUAE
Habopa npaBwu, cTpaTternn unm cnocoba ynpaBfieHns, COrnacHO KOTOPbIM cnenyeT
nocTynarb B TON WIN UHOW CUTyaunn (BOEHHOW, MNPOU3BOACTBEHHOM U T.4.) WIN B
BMOE KOMMJIeKCa TEXHUYECKUX CPeACTB ynpasrieHUs (KOCMUYECKUM UM MOPCKUM
06BEKTOM, VHXEHEPHBIM NPOEKTOM U T.A4.).

[Tonckn onTUManbHbIX pPEeWeHUn NPUBENN K CO3AAHUIO CreumanbHbIX
Marematmyeckmx metonos u yxxe B XVIII B. Gbinv 3anoxeHbl MaTeMaTUYECKME OCHOBbI
onTMMU3auMN (BapuaLMOHHOE NCYUCNIEHME, YNCNEHHbIE MeToabl 1 Ap). OgHako oo
BTOPOV NONOBUHbI XX B. METOAbLI ONTUMM3ALLMN BO MHOTMX 061aCTaX HAYKM U TEXHUKMN
MPUMEHSNNCL PefKo, NMOCKOJIbKY MPakTU4eCKOe MCMNOJIb30BaHME MaTteMaTnyeckux
MeTO0B ONTUMM3aunmn TpeboBano OrpOMHON BbIYUCIUTENbHOM paboThl, KOTOPYLo 6e3
OBM peanunsoBatb ObI10 KpaiHe TPYAHO, a B PSAE Cly4aeB - HEBO3MOXHO. Hanpumep,
OGonbluMe TPYAHOCTU BO3HMKAKOT MPW pelleHnMr 3agad onTuMu3auumn npoueccoB B
XUMUYECKOM TEXHONOrMM 1M3-3a BONbLIOrO Yucna napameTpoB U UX CIIOXHOM
B3aMMOCBA3U Mexay cobon. Mpu Hannunn 3BM 3apada 3aMeTHO ynpoLlaeTcs.

[MocTaHoBKa 3apa4v oNnTUMM3aLMM NPeanonaraeT CyLeCTBOBaHWE CleayoLmx
YCNOBUN:

1) Hannume ob6bekTa onTuMmnsaumn 1 Lenn ontumMmsaumm. @opmMynmpoBKa Kaxkaon
3a/a4M oNTMMU3aunKn JokKHA TpeboBaTb 3KCTPEMASILHOrO 3HAYEHUS NULLIL OLHOM
BEJINYUHBI, T.€. OAHOBPEMEHHO CUCTEME HE AOMMKHO MPUNMUCLIBATLCA ABa U OGonee
KpUTEPUEB ONTUMMU3ALMN (MNPaKTUYECKN BCEraa 3KCTPEMYM OAHOrO KpUTEPUS He
COOTBETCTBYET 9KCTPEMYMY APYrOro).

BoT TvinuyHbIn NpMep HENpPaBWIbHONM MOCTAaHOBKM 3a4a4M ONTuMudaumu: “lonyymTe
MakCUMMabHYI0 NMPOU3BOAUTENBHOCTbL MPU MUHUMAaNbHON cebecTommocTn”. Owmnbka
3aKJTI04YAETCS B TOM, 4TO CTABUTCS 3a4a4a NOMCKa ONTUMyMa 2-X BEJIMHMH, MPOTUBOPEYALLMX
Opyr opyry no ceoeli cytu. MNpaBuibHas NOCTaHOBKA 3afa4m Morna ObiTh creayioLlas:
“Mony4nTb MakCUMasibHYlO NPON3BOAMTENBHOCTL NPW 3aAaHHON cebecToMMOCTU Unn
NoJy4nTb MUHMMaJIbHYIO CEOECTOMMOCTb NPV 3aaHHOWN NPOV3BOAMNTENBHOCTI”.

B nepBom cny4yae kputepuii onTumMmsaummn — Nnpon3BoAUTENbHOCTb, @ BO BTOPOM
- ce6eCToMMOCTb.

2) Hannumne pecypcos ontummsaumn, nog, KOTopbIMM NOHMMAIOT BO3MOXHOCTb
BblOOpa 3Ha4YeHUII HEKOTOPbIX NapamMeTpPoB ONTUMU3MPYEMOro oObekTa. O6bekT
nomxeH obnapgate OonpefeneHHbiMU CTeneHamMy cBOOOAbl - ynpaBAAOWUMUN
BO30ENCTBUAMMU.

* XXVpHBIM LWPUPTOM BblAENEHbI HOBbIE MOHATUSA, KOTOPbIE HEOOXOANUMO YCBOUTbL. 3HAHME BTUX MOHATUIA
6y,u.eT NMPOBEPATLCA NPV TECTUPOBAHUN.

CoBpeMeHHbI M'ymaHuTapHblii YHuBepcuteT
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3) BOBMOXHOCTb KOMMYECTBEHHOW OLEHKM OMTUMUINUPYEMOWN BENNYUHBI,
NMOCKOJIbKY TO/IbKO B 3TOM CJlydae MOXHO cpaBHMBaTb ad@eKkTbl OT Bbibopa Tex unu
VHbIX YyNPaBnsioLWmMx BO3AENCTBUN.

4) YyeT orpaHn4eHun.

YacTto onTummanpyemas BefiMYMHa CBsi3aHa C 9KOHOMWYHOCTbIO PaboThl
paccMaTtpuBaemMoro oobekta. ONTUMKU3NPYeMbIi BapnaHT paboTbl 0ObekTa A0KeH
OLIEHMBATLCH KpUTEPUEM ONMTUMAJIbHOCTU, MOL KOTOPbIM MOHMMAETCS KONIMYECTBEHHAS
OLeHKa ONTUMN3NPYEMOIo KadecTBa 0ObekTa.

Ha ocHoBaHMM BbIOPAHHOIrO KPUTEPUS ONTUMAaIbHOCTU COCTaBNSeTCs Lenesas
dyHKUMSA, npeacTaBngowas coboil 3aBUCUMOCTb KPpUTEPUS ONTUMaNbHOCTU OT
napamMmeTpoB, BAUSIOLMX HA ee 3HaYeHne. Bug kputepums onTMManbHOCTU U LLENEBOM
bYHKUNM ONPeaensaeTcs KOHKPETHOW 3agadven onTMMm3anmn.

Takum o6pas3oMm, 3agaya oNTUMU3aLINK CBOAUTCS K HAXOXOEHUIO 9KCTpeMyma
LesieBon yHKUMK.

Haunbonee obuieli NOCTaHOBKOM OMNTMManbHOW 3a4a4n SBNSETCS BblpaxeHue
KpUTEPUS ONTUMANbHOCTU B BUAE OKOHOMMYECKOW OLLEHKM (MPOM3BOAUTENBHOCTD,
cebecTonMOoCTb NPOAYKLUNM, NPUbLIIb, peHTabenbHOCTb). MIHOrAa, B YacTHbIX 3ada4ax
onNTMMU3ALNK, KOraa 0ObEKT ABNSETCS YaCTbIO TEXHOIOMMYECKOro NpoLecca, He Bceraa
yoaeTcsd UAM He Bcerga uenecoobpasHo BblAeNATb NPAMON 3KOHOMWUYECKUN
nokasaTesib, KOTOpPbIN Obl MOMHOCTLIO XapakTepusoBan 3PPEeKTUBHOCTb PaboThl
paccMaTpuBaemMoro obbekTa. B Takmx crnydasx KpUTEPUEM OMTUMAaNbHOCTU MOXET
CNYXUTb TEXHONOMMYECKAS XapakTEPUCTNKA, KOCBEHHO OLLEHMBaOLWAd 9KOHOMUYHOCTb
paboTbl arperaTta (Bpemsi KOHTakTa, BbIXO4 NPOoAykTa, CTeneHb NnpeBpalLeHus,
Temneparypa).

B 3apavax ontumMmsaumm BaxHbIM MOMEHTOM SBASETCHA MCNOJIb30BaHUE
CUCTEMHOIO noaxoga npu noctaHoBke 3agadun. CyuwHOCTb CMCTEMHOro noaxona
3ak104aeTcss B KOMMIEKCHOM, €AMHOM PacCMOTPEHUM BCEX YAaCTEN CUCTEMBI U UX
adPekTMBHOM coveTaHMn. Tak, NPy KOCMUYECKUX MONeTax MOXHO, yBeNM4YmMBasi BEC
kopabns, 0oOUTLCA MakCUMasnbHOM aBTOHOMMM YNPaB/ieHNs, HE3aBUCMMO OT 3eMJIN.
MoxHo, Hao6GopoT, obecneymB XopoLUyio CBS3b C Kopabnem, OonbLue annapaTtypsbl
pPa3MecTUTb Ha 3emie, MakCUMabHO YMEHbLUNB BeC kOopabnsa. OnTUManbHyO rpaHnLLy
pacnpeneneHnsi Beca Ha3eMHo 1 6OPTOBOI annapaTypbl A0MKHbI ONpeaennTb MeToabl
oNTUMM3ALMN, NUCXOOS U3 KPUTEPUS ONTUMASIbHOCTU 1 COCTOSAHNS TEXHUKN, NOCTYMNHOM
NPOEKTMPOBLUMKAM.

Mpouecc npoekTupoBaHus ntobo CUCTEMbI BKIlOYaAeT B cebs kak npaBusio
cneayolime aTarnbl:

- cO3[aHne MaTemMaTn4yecko Moaenu npouecca, KoTopbiM TpebyeTcs ynpaBnaTb
(oObekTa ynpaBneHust), M CUCTEMbI yNpaBiieHns ¢ 00paTHbIMUM CBA3SMU (KOHTypa
ynpasfieHnd);

- HaxoxpaeHne GoOpManbHOro (MaremaTtuyeckoro) 3akoHa (onucaHus)
ynpaeneHus ans noayyeHHonm Moaenu;

- paspaboTka (NnpruobpeTeHne) CUCTEMHOro NPorpaMMHO-TEXHUYECKOro
KoMMiekca ynpaensowein MHPopMaLMOHHO-BbIYNCTINTENBHOW CUCTEMbI U CPEACTB
CBS3K;

- paszpaboTka MHPOPMALMOHHOIO 1 NPOrpamMMHOro obecneyvyeHus.

Ha kaxgom na aTux aTanoB BO3HUKAET npobnema ¢GOopMYIMPOBKM KPUTEPUEB
onTMMasibHOCTU M onTUMKM3auMn. Tak, Ha atane pa3paboTkm MHDOPMALMOHHOIO U
nporpamMmMHoro obecnevyeHmas HeobGxoaAMMO pellaTbh 3a4aysM ONTUMU3aALUMU
NPOrpaMMmnpoBaHus, T.€. 3a7a4y NOPOXOEHNT KOMAUASTOPOM BbIXOAHOM NPOrpamMmsbl,
KOTOopas Hauny4wmMMm cnocobom ucnonb3dyeT pecypcbl ABM. MNpu aTom 3agada
pas3buBaeTcs Ha psag noasanad, Hanpumep:

- rnoGanbHas onNnTUMM3auUus NMPOrpPaMMMUPOBAHUA - MepeyrnopsaoyMBaHne
YCTaAHOB/IEHHOW MNOCNenoBaTeNlbHOCTU BbINOSHEHUA KOMaH[, C LEbio UCKIOYEeHUs
M30bITOYHbIX BbIYUCIEHUN;

CoBpeMeHHbI ['ymMaHuTapHblii YHUBepcuteT
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- perucTpoBasi ONTUMMU3ALNA NPOrPaAMMMUPOBAHUS - NMPYBA3KaA perucTpos 3BM
K NMepeMeHHbIM 1 MPOMEXYTOYHbIM peaysibTaTaMm, YToObl MUHMMU3UPOBATb YMCIO
cnyyaeB “X0NI0CTOro” pesepBnpoOBaHNS PErNCTPOB;

- JIOKasibHas ONTUMU3aUUSa NPOrpaMMMpPOBaHUS - adanTaums NporpaMmbl K
KOHKPETHbIM 0COOEHHOCTAM apxmuTekTypbl IBM.

XOTs CUCTEeMHbIN NoaxoMd rnoapasymeBaeT O0LLyI0 ONTUMKU3ALIMIO BCEX ITaros,
Kaxapli N3 HUX B OTAENBLHOCTM MOXET U He ObiTb ONTUMAaSIbHbIM.

Ona peweHna 3agay oNTUMMU3aUUM Npexae BCero Heobxoaumo yMeTb
dopMynnpoBaTb KpUTEpUM ONTUMAaNbHOCTU U BrageTb MeTtoaamu (npoueaypamm)
onNTUMU3aLNN.

1.2. Knaccuuyeckme OCHOBbl ONTUMMU3aLUMN

Knaccuyeckne 0CHOBbI ONTUMU3ALMKW ONPEAENaioTCa MeTOAAMU UCCNEe0BaHUA
GYHKUMI B MaTEMATUHECKOM aHanuse

MN3BecTHO, 4TO dyHKUMA f(X) MMEET NOKasIbHbI MUHUMYM B TOYKE X, ,€CNN
CYLLLECTBYET HEKOTOPas NonoXuTeNbHas BenMynHa d, Takas, 4to ecnm Sx - x,S <d, To
f(x) = f(x,), T. . ecnn cyLecTBYeT OKPECTHOCTb TOYKU X, Takasi, 4TO Ans BCeX 3Ha-
YeHUW X B OTOW OKPecTHoCcTw f(x) Gonbwe f(x,). PyHkums f(x) nmeeT rnobGanbHbI
MUHUMYM B TOYKE X*, eCnu O BCEX X CMPABEANMBO HEPABEHCTBO f(x) = f(x*).

Ha puc.1a paHo rpadudeckoe npeactaBneHne GyHkumn flx), kotopas nmeet
NoKasibHbIA MUHUMYM B TOYKE X, 1 r100abHbIA MUHUMYM B TOYKE X*.

A
f(x)

Puc. 1a. JlokanpHBIN ¥ TI100aIBHBI MUHIMYMBI

Knaccuyeckunin noaxof, K 3afade HaxoXaeHVs 3HAYEHNA X, U X* COCTOUT B NounC-
KE YypaBHEHWUI, KOTOPbIM OHWM LOJIKHbI YAOBNETBOPATh. [1peacrasneHHas Ha puc. 1a
YHKUVS 1 ee NPON3BOLHbIE HEMPEPbIBHLI, Y BUOHO, Y4TO B TOYKAX X, U X* NPO13BOAHAs
f(x) (rpagvieHT yHKuMK) paBHa Hymo. CneposartenibHO, X, U X* OyayT peleHnamm
ypaBHEHUS:

F(x) = 0.

Touka x, B KOTOPO AOCTMIaeTCcs NIoKasbHbIA MakCUMYM, 1 TOHKA X, B KOTOPOM
MIMEeeTCs To4YKa ropuU3oHTaNbHOro nepernba GyHKUMM, Takke yooBNeTBOPSIOT 3TOMY
ypaBHeHuio. CnegoBaTtenibHO, ypaBHeHue f(x) = 0 aBnseTcs ToNbKo HeoOXoaMMbIM
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YCNOBUEM MUHUMYMA, HO HE ABNFETCHA AOCTATOUYHbIM YCIOBMEM MUHUMYMA.

3ameTum, OAHAaKO, YTO B TOYKAx X, ¥ x* mpomssoaHas f(x) MeHaeT 3Hak C
OTPMLATENBHOIO Ha MOJNOXWTENbHBIV. B TOUKe X 3HAK MEHAETCS C NOJIOKNTENbHOro
Ha OTpMUATESIbHBIA, B TO BPEMS Kak B TOYKE X, OH He MeHaeTcsa. CnenosaTenbHO,
NPOV3BOAHAs B MMHUMYME SIBAISIETCS BO3pacTaloLlen GyHKUMEeNn, a NMOCKONbKY CTENEHb
BO3pacTaHua f(x) N3mMepsaeTcs BTOPOW MPOM3BOAHOW, MOXHO 0Xuaats, 4to ( x,)>0,
f(x*) > 0, Torga kak f( x )< 0.

Ecnun, ogHako, BTOpas NpoM3BoAHasa paBHa HyM, CUTyaLms OCTaeTcs Heorpe-
LEeNeHHON.

Mony4yeHHble Bbille pe3ynbTaTbl MOTYyT HANTW HagexHoe 0O6OCHOBaHWE, ecnv
paccMoTpeTh pasnoxeHune GyHkumm fix) B pan Teiniopa B OKPECTHOCTU TOUKM X, (LN
X*, K X ), 4TO TPebyeT HernpepbIBHOCTM BYHKUMM f(X) 1 ee NPOUSBOAHbIX:

fix+ h) - fix,) = h £(x) + (h2/2!) F(x) +...

Ecnmn B TOuKe X, AOCTUrAETCA MUHIMYM, TO JieBas 4acTb ypaBHeHUs OyaeT HeoTpu-
uaTenbHoM ang noboro gocrtatoyHo manoroh. CnenoBartesnbHO, NepBas NPON3BoaAHASA
'(x_) BomkHa ObiTb paBHa Hy/0. DTO ABIAETCA AOCTATOYHLIM YCIIOBMEM (CM. ypaBHEHMe
f’(x) = Q) . Ecnun 66l OHa 6bla NONOXUTENBHOM, TO 4OCTATOYHO Masloe OTpuLaTeslbHoe
3HavyeHue h genano Gbl NpPaBylo YacTb:

fix,+ h) - f(x,) = h f(x,) + (h¥/2) f(x,) +...

oTpuLaTeNbHOM, a ecnm Obl OHa Oblna OTPULLIATENbHOM, TO AOCTATOYHO Masoe
NoNOXUTENbHOE 3HadveHne h aenano 6bl NPaByo YacTb OTPULLATENLHOMN.

Tak kak Bcerga h? > 0, 10, ecnm f’(x )>0, B TO4KE X, AOCTUraETCH MUHUMYM.
Ecrmf(x ) =0wn f( x_) <0, TO N3 aHanorn4Hbix COOOPaxXeHnii B TOYKEX, N0CTUraeTcs
MakcumMyMm. Ona onpeneneHus pasnuyna mMexnay nokajibHbiM U FnobanbHbIM
MVHMMYMaMmn HeO0BX0AMMO CPaBHWUTL 3HAYEHWU PYHKUMIA fix ) n f(x*).

Hanpumep, nccnenyem xapakTtep Todek nepernba GyHkumn:

fix) =x3— 2>+ x + 1,

Tak Kak fi(x) =3x2 - 4x+1=0,u (3x- 1)(x-1)=0,T0x=1/3nmx=1.

Mpunx =1/3 npondeogHas f(x) MEHSET 3HAK C MONIOXUTENILHOIO HA OTPULLATENbHBIN,
anpu x=1-C oTpUUATENBHOrO Ha NONOXUTENbHbLIA. CnegoBaTenbHO, B Touke X = 1/
3 pocturaetcs MakCuUMyM, a B TOYKe X = 1 - MUHUMYM.

OTOT NpUMep MOXET BbITb pelleH 6onee NPOCTbIM CNOCOO0M, eCNN BbIMUCINTD
BTOPYIO NPON3BOAHYIO f(Xx) = 6x - 4:

”(1/3) = -2, T. e. oTpuuatensHa, n npu x = 1/3 goctTuraeTcs MakCUMyM;

7 (1) = 2, T. €. NONOXMUTENbHA, U NpU X = 1 AOCTUraeTCqd MUHUMYM.
HeogHO3Ha4yHOCTb, BO3HMKaWwyo npu f(x) = 0, MOXHO paspeLlnTb, YBENNYMB
KONIMYECTBO 4NIEHOB B popMyne pasnoxeHus B pag Tennopa:

fix, + h) -f(x) = hf(x,) + (h2/21) F(x,) + (h%/31) £ (x,) + (h*/4) £ (x)) +...

[Mpn aTOM MOXHO chopMynNMpoBaTh CreayloLLee npasuio:

“‘Ecnn dyHKkuma f(x) 1 ee Npov3BOAHbIE HEMPEPbIBHbLI, TO TOYKA X, SAB/AETCA
TOYKOM SKCTpeEMyMa (MakCvmyma UM MUHMMYMA) TOorga M TONbKO TOrAa, korga n
4yeTHOe, rAe N - NoPSA0K NepBo HeobpaLLaloLWENCcs B Hy/b B TOUYKE X, MPOV3BOAHOWN.
Ecnm f( x,) < 0, TO B TOuKe X, lOCTUraeTca Makcumym, ecnm f( x,) > 0, To B Touke X,

CoBpeMeHHbI ['ymMaHuTapHblii YHUBepcuteT

10



LOCTUraeTcs MUHUMYM”.
Hanpumep, Hangem Touky nepermnba dyHkumm fix) = (x - 1)8.

fi(x) =6(x-1)°*=0npu x= 1.

MepBoit HeobpalualoLLeicsa B Hyslb B TO4ke X = 1 npou3BoaHon 6ynet f 6(1) = 6!.
CnepoBatenbHO, QYHKUMS f(X) UMEET MUHMMYM B Touke X = 1.
DOYHKUMIO N AeNCTBUTENBHBIX MEPEMEHHBIX MOXHO NPEACTaBUTb Kak:

FiX, s Xy 0 Xy peees X )

Touyka B N-MepHOM EBK/MA0BOM MPOCTPAHCTBE C KOOPANHATAMMN X, , X, , Xy ,-.., X,
o603HayaeTca BEKTOPOM-CTONOLOM X. paaveHT GyHKUUKU, T. €. BEKTOP C
KOMMOHeHTamMnaf/0 x,, 0f/0x,,... 0f/dx , ob6osHavaeTcs C fix) nnm, nHoraa, g(x). HanGonee
pacnpocTpaHeHHble 3a4a41 ONTUMU3aLMn 3aKi0HalTCa B HAXOXAEHUM MUHUMYMA
(nnn makcumyma) pyHkuMM n GyHkKuMoHana. B nepBom cnyvae HaxooaT 3HaYeHne
N MNepemeHHbIX X,, X, ..., X, NPV KOTOpbIX dyHKUMSA F (X,, X, ..., X)) NpyuHUMaeT
3KCTpemMasibHoe 3HavyeHre F = min(max).

B npocTtenwem cnyyae onddepeHunpyemMocTn GyHKLNN 1 HEPABEHCTBA HYSO
BTOPbIX MPON3BOAHbIX 3aJa4a CBOAUTCS K pelueHuto n anrebpanyeckmnx ( B obLiem
cllyyae HeJIMHENHbIX) YPaBHEHWNIA:

dF/dx=0, i =1,2,..,n. (1-1)

Mpuv onTUMKU3aUMM ynpaBneHns NPUXOANTCS ONepupoBaTb C BOMbLUNM YMUCIIOM
nepeMeHHbIX. B aTom cneunduka 3agay ontuMmsaumm, U 910 3aTPYOHSET peLleHne
YPaBHEHMIN ONTUMM3ALIUK aaxe C NoMoLLbio OBM.

Ecnn dyHkuma F(x), roex =(x, X, ..., X,), TOMUMO NEPEMEHHbIX X, X,, ..., X,
3aBUCUT elLLe (NapaMeTprYeckn) OT OPYrov MEPEMEHHON A , TO peLueHve s Kaxaoro
3HaueHust A COoOTHOLWeHus (1-1) gaeT onTMMasbHbIA 3aKOH YrpPaBIeHNs:

X(A) ={%A), % M), %, @)}

34ecb Mbl yXKe Nepexoamm, No CyLLECTBY, K MOHATUIO OYHKLMOHANa, 4YaCTHbIM
cny4aeM KoToporo ssngetca dyHkumsa. MeToabl onTUMMU3aumm, NCNOAb3yloLmMe 3TOT
KpUTEPUIA, COCTaBNSAIOT COAEPXaHNE pasaena MmateMaTkm, Ha3BaHHOIr O BapnaLMOHHbBIM
ncumcneHveMm. lNMoHatue QyHKUMOHANa B MaremaTuke sBAFETCS AaNibHEeNLWnm
0606LLeHneM NOHATUS dYHKLUMK. He o4eHb CTPOro GyHKLUMOHaN MOXHO ONpeaenmTb
KakK QyHKUMIO OT PyHKUUK, T.e. OYHKLMIO, B KOTOPON B KayeCTBe HE3aBUCUMOM
NnepeMeHHOM BbICTyNaeT gpyrasa GyHKUUS.

Ecnv ogHoMy MHOXeCTBY M 3HadeHui BenudnHblx (x [JM) cooTBeTcTByeT apyroe
MHOXeCTBO N 3Ha4YeHW BENNYNHBI Y, TO FOBOPST, YTO Y ABNASeTCA QYHKUMEN X, T.€.
y = f(x).

Hanpumep, nyctb M {1, 4,9, 8} n N {20, 70,90, 110}, n nyCTb KaXXA0My 3Ha4YEHUIO
X U3 MHOXecTBa M COOTBETCTBYET OAHO 3Ha4veHue y n3 mHoxectesa N. 9710 - meTonq
3agaHua dyHkuum B Buae tabnmy. OH 4acTo BCTpevaeTcs B kubepHeTuke.
AHanuTtnyeckn @yHKUUS MOXeT ObiTb 3a4aHa B BUOe y = X2, y = sin x.

Ecan M - MHOXeCTBO PYHKUMA K Kaxaon dyHkumm f(x), npuHagnexaiien
M{f(x) (IM}, cTaBuTCA B COOTBETCTBME OMPEOESIEHHOE 3HAYEeHME BENYVHbI Y U3
MHoxecTBa N, TO roBopsiT, 4TO Ha MHOXecTBe M 3aaaH pyHKUMOHaN.

Hanpumep:

M {sin x, cos x, tg x, ctg x},

CoBpeMeHHbI M'ymaHuTapHblii YHuBepcuteT

11



N {3, 4,5, 18}.
Opyrum npumepomMm dyHKUMOHaNa MOXeT CNYXUTb ONPeaeNeHHbI NHTerpan:

1

=100y = | v
0

Kaxxnoi ¢oyHkummn y (x) 6ynet cooTBETCTBOBATb YMCN0BOE 3Ha4veHume /. Tak, npu
y=xI=1/2, npny=x?1=1/3.

MOo>HO NOCTaBUTb 3aa4y OTbICKMBAHMWS Takon PyHKUMN J(x), KOoTopasi obpaliana
Obl 3TOT GYHKUMOHAN B MUHUMYM (MakCUMyM), T.e.

{y} - min(max).

B obuiem cnyyae noamHTerpasbHOe BblipaxeHue B (YHKUMOHANE MOXeT
3aBUCETb SIBHO OT apryMeHTa X, ¥ U MPON3BOAHON V'

b
iy = F ooy, yv)ox (1-2)
a

HeTpynHo nokasaTb, 4TO 3anuchb (1-2) BkoyaeT B cebs dyHkumo. Tak, ecnm
NOJNIOXKUTB:

F(X’ Y, Y) = f(X) g (t_X)l

TO

= fix) g (t-x)dx = f(x),

 \— &

npu a <t<b.
AHaNoOrMyHo, eCnun NoNOXnTb:

TO

MHorga cumTaloT, 4TO dYHKUMOHaN aBnseTca (yHKUmein O6eCKOHe4HOro ymicna
nepemMeHHbIx. COOTBETCTBEHHO, BapyUaLMOHHOE NCHUCIIEHME MOXHO paccMaTpmBaTth
Kak 0600LLleHe METOAOB OThICKMBAHUS SKCTPEMYMA PYHKLMM HA Ciyydain 6OnbLIOro
nnn GeCKOHEYHOro YMcna nepemeHHbIx. JencTBuTensHo, GyHKUMIO y(x) B dopmyne
(1-2) MOXHO 3amMeHUTb NPUGKEHHO NOMaHO NnHKen (puc. 1) ¢ BeplInHamu y, =

V(X)) = Ya), y, =¥(x, + A X), ¥, = WX, +n A x) = y(b), @ nHTerpan — cymmoii:

n-1
/= Z F vy, -y Ax) Ax
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>

Xo= a—» p\[4&— Xn=b
Puc. 1. 3ameHa uHTErpana Ha CyMMy

[Mocne aTOro BapuauUMOHHas 3agadya NPUOAMXKEHHO pellaeTcs kak oOblvHadA
3ajaya Ha OTbICKMBAHWE 3KCTpeMyMa OYHKLMU N NEePEMEHHbIX:
I'=(Yy YVporr V).
Takol BbIBOA, MCMOb30BaN A1 CBOErO0 OCHOBHOIO YPaBHEHUS BaPUALLMOHHOMO
ncHMcneHnsa dnnep.
OpHako 60MbLLMHCTBO 33424 ONTUMU3ALMN COAEPXUT OrPaHUYEeHNS Ha UICXOOHYIO
dyHkumio. NycTb TpebyeTcs MUHUMU3NPOBATL PYHKLMOHAN:

I = F(x, y, y)dx - min;

e

npn Hann4dmnm OFpaHI/I‘-IeHIAI7I

9, (xyy)<O;
k=1,2,3,...,m,
roe ¢ . - HexoTopble yHKUMN.

CMbICN 8TUX COOTHOLUEHWI COCTOMUT B TOM, YTO OTbICKMBAaeTCs He nobas
dyHKUMA y(x), obpawatouwas GyHKLMOHaAN B MUHUMYM, a Takas, koTopas
YLOBNETBOPSET CUCTEME OrpaHMYyeHuin. HeTpyaHo ybeamTbCcd, YTO TEM CaMbIM
3HA4YE€HME YCJIOBHOrO 3KCTpemyMma (9KCTpemym DyHKUUM Npu yCroBUmK, Koraa
Ha KpUTEepUii ONTUMKU3ALNM HANOXEHbI OrPaHNYEHNS) HE MOXeT OblTb MeHbLUue
3Ha4YeHns1 abCoNMOTHOro aKCTpemMyma (6e3 orpaHnyeHunii). AHanornyHslM o6pasom
dopmMmnpyeTca KpUTEPUN ONTUMANBHOCTU (C OFrpaHUYEHUIMN) AN QYHKLNN:

F (X, Xy ...y X)) - min;
¢ (x,x, ..., x) <0 (1-3)

n
k=1,2,3, ..., m.

B knaccuyeckomM BapuauuMOHHOM MCHYUCNEHUU B DYHKUMOHANE uHTerpan
noHMMaeTcs B OOblMHOM CMbIicNe Kak npepen cymwm Oapby. [danee B uensx
cob6n0AeHNS MPUKNAAHOrO YPOBHS N3N0XeHUs ByOeT UCMONb30BAHO KacCUYeckoe
noHATME dYyHKLMOHaNa (ecnun He AaHo CrneumanbHbIX OrOBOPOK).

CnepyeTt 3aMeTUTb, YTO BO BCEX MPUBEOEHHbIX HOPMynax nepemMeHHble X U y
MOryT ObITb BEKTOPaAMMU:

X= (X, Xy ooy X );
Y=(Y, Ypr ¥, )
=(F,F, ... F).

p
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Takaa dopma 3anmcu LUIMPOKO UCMONb3YeTCs, W, B HACTHOCTU, OHA Y4UTbIBAET
cnydam onTumMmsaunm GYHKLUMM MHOMUMX MEPEMEHHBLIX U ONTUMN3ALMN HECKOMNBbKMX
DYHKLUMA.

3anayv onTUMM3aumn NMpy HANMYMM OrPaHUYEHnid, No CyLlecTBY, NMPUBENU K
nepecMoTpy KaCcCU4ecknx MeTodoB U CO30AaHWUI0 HOBbIX METOAOB, W3BECTHbLIX MOL,
Ha3BaHMEM METOAOB NporpamMmmMmpoBaHusa. Ecnu B dopmynax (1-3) Bce dyHKUMM
JIVHEMHble, HanNMUO 3agadya JIMHENHOro nporpamMmMmnpoBaHns. B obuiem cnydae atu
COOTHOLLEHUS ONpenensatoT 3a4a4y HeJIMHEeNHOro NPorpaMMnMPOBaHNS.

1.3. Kputepun ontumusauum

Kputepuii ontTMuMmnsauumm - KOJMYECTBEHHbIA UM NOPSAKOBLIA MOKasaTerb,
KOTOPbIA BblpaXaeT NPeaesibHyl0 Mepy 9KOHOMUYECKOrO, HAyYHO-TEXHNYECKOro 1m
apyroro addekTa NPUHNMAEMOrO PELLEHNS A9 CPABHUTENIbHON OLLEHKM BO3MOXHbIX
peLleHnin (anbTepHaT1B) N BbIBOpPA HaUyyLIEro.

Bonpoc o BbiGope KpUTepus onTuMmn3aLmm - 0OuH N3 CaMblX BaXHbIX B MPOLLEccax
onTMMU3aLMKN, B TO Xe BPEMS OH OAMH M3 Hanmbosiee CIOXHbIX, U Npouecc Boblbopa
KPUTEPMS COAEPXKMUT CYLLLECTBEHHYIO TBOPYECKYIO COCTaBNsoLLy0. PaccmoTpum 6onee
noapo6HO TPeOBOBaHUSA, KOTOPbIE AOMKHbI MPEABLABNAATLCSA K KPUTEPUIO ONTUMU3ALLUN.

Kputepuin onTuMmnsaumm OOIKEH:

- BblpaXaTbCsi KONMYECTBEHHO;

- OblTb €AMHCTBEHHbIM;

- oTpaxaTb Hanbosee CyLLEeCTBEHHbIE CTOPOHbI MPOLIECCA;

- UMETb ACHbI PU3NYECKUI CMbICA N NETKO PacCYUTbIBATLCS.

Mpn NOCTaHOBKE KOHKPETHbIX 3a4ay ONTMMMU3AUMU KPUTEPUIA ONTUMU3ALUN
[OJXeH ObITb 3anMcaH B BUAE aHANUTUYECKOro BblpaxeHus. B Tom cnydyae, korpa
cryyariHble BO3MYLLEHUS HEBEJIMKU, a UX BO3OENCTBME Ha OOBLEKT MOXHO He
YUYUTBbIBATb, KPUTEPUIA ONTUMN3ALIMN MOXET ObITb MPEACTaBNEH Kak (PYHKLUS BXOOHBIX,
BbIXOAHbIX 1 YyNPaBAsioWMX napameTpos:

U

U,,... U),

PYEERI

K, = KX, Xy ooy X, Y Yy Y,

ol n’ 1

[oe:

K — kpuTepuin onTummnsauunm;

Y — BbIXOZHbIE NMapameTpbl;

X — KOHTpO/NIMpYyeMble BXOAHbIE NapaMeTpbl;

U — perynupyemble, ynpasnsiolme napaMmeTpbl.

Tak kak Y=f (U), T0 npu ¢purkcmpoBaHHbix X MoxHO 3anuncatb K = K (U, Cp.)

[Tpy 3TOM BCAKOE M3MEHEHME 3HayYeHUn ynpasndoWwyx napameTpoB OBOSKO
cKasblBaeTcs Ha BennynHe K:

- MPSAMO, T.K YNpassioLLme napamMmeTpbl HENOCPELCTBEHHO BXOAAT B BblpaXeHne
KpUTEpUs ONTUMM3ALLNN;

- KOCBEHHO - 4epe3d M3MeHEeHMe BbIXOOHbIX MapamMeTpoB npouecca, KOTopble
3aBUCAT OT YyrNpPaBfSOLWLNX.

Ecnn xe cny4vaiHble BO3MYLLEHUS [OCTATOYHO BESIMKM U UX HEOOXOOMMO
y4nTbIBaTb, TO CleAyeT MPUMEHSATb 3KCNepPUMEHTaIbHO-CTaTUCTUYeCcKe MeToabl,

KOTOpble MO3BOJIAT NOMY4YUTb MOAESNb 0ObekTa B BUAE PYHKUMM:
Y=6¢(X,U),
KoTopas crnpaBennvMBa TONIbKO OJI9 M3Y4YEeHHOW nokasnbHoiW obnactu. Torga
KPUTEPUIN ONTUMANbLHOCTU MPUMET CAEOYIOLLNA BUA,
K=K(Xm.,Ucp.).
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B npuHuune, ona ontMMusauum BMECTO MaTteMaTU4eckor MOLesi MOXHO
1MCnosb30BaTh U caM OObEKT, OAHAKO ONTUMWU3ALMS OMbITHBIM MyTEM UMEET psfg,
CneayoLmx HeoOCTaTKOB:

- HeobxoOuM peasbHbIi 0OBLEKT;

- HEeoOXOAMMO N3MEHATb TEXHOJIOTMHYECKUI PEXMM B 3HAYUTESbHBIX Npeaenax,
4YTO He BCerga BO3MOXHO;

- AJITENBbHOCTb UCMBLITAHUIA U CNOXHOCTb 06PabOoTKM AaHHbIX.

Hanunune matemaTtmyeckom moaenu (Npm ycnoBum, 4TO OHa AOCTATOYHO HAAEXHO
OMUCBLIBAET MNPOLLECC) NO3BOJIFET 3HAUYNTENBLHO MPOLLE PEeLNTb 3a4a4y ONTUMU3aumm
aHanNUTUYeCKMM MBO YNCNEHHBIM METOAAMN.

Kputepuun ontuMmndaumm mMoryT KnaccnuduumpoBaTbCs pa3HbiMu cnocobamu, B
3aBMCUMOCTM OT KOHKPETHbIX 3a4au4.

Tak, HOr4a pasnnyatoT NPOCTbIE N CNOXHbIE KpUTEPUK ONTUMM3aumn. Kputepuii
ONTYMN3ALLIN HA3bIBAETCS NPOCTbIM, ECNIV TPEDYETCS ONPEAENUTL SKCTPEMYM LIENEBOWA
dyHKUMM Oe3 3aaHns YCOBUIA HA Kakue-nnbo Apyrue BenuymHbl. Takue Kputepum
00ObIYHO MCMONBL3YKTCA MPU PELUEHUN YACTHbIX 3a4a4 onNTUMU3auum (Hanpumep,
onpeaeneHne MakCMManbHOM KOHUEHTpaLWUn LLeneBoro npoaykra, onTUManbHOro
BpeMeHU NpebbiBaHNSA peakuMoHHOM CMecu B annaparte v T.1.).

Kputepuii onTumMmsaLmm Ha3blBAETCS CNOXHbIM, ECAIN HEOOXOANMMO YCTaHOBUTb
3KCTPEMYM LESIEBON DYHKUMM MPU HEKOTOPbLIX YCNOBUSX, KOTOPbIE HakKnaablBaT
OrpaHMYeHnsa Ha pan OPYrux BENWYUH (Hanpumep, onpenesieHne MakCcumasibHOW
NPOV3BOANTENBHOCTM NPU 3aJaHHON CcebecToOMMOCTU, onpenefieHne ONnTUManbHOWN
TemMnepaTypbl NPWY OrpaHUYeHnsaX No TepMocTorkocTu ). Kak npasuno, npoueaypa
peweHnsa 3apgadyn onTumMmsaumm obsa3aTenbHO BkJOYaeT, NOMUMO BbiOOpa
yNpasnsioLmMx napaMeTpoB, eLle U YCTaHOBEHNE OrpaHNYeHUi Ha 3TN napameTpbl.
OrpaHnyYeHns MOryT HakaabIBaTbCA Kak Mo TEXHONOMMYECKUM, TaK 1 MO SKOHOMUYECKUM
CO0BpaxeHNsM.

B HekoTOpbIX cnyvasx BbIOENSIOTCA ABa OPYrnX BUOA KpUTepues OnTUMu3aumn.
070, BO-MEpPBLIX, MparMaTU4eckme KpUTepum - BbipaboTaHHble MNPaKTUKOM
Ka4YeCTBEHHbIE MM KONIMYECTBEHHbIE XapakTEPUCTUKU ONTUMaNbHOCTU PaboThbl
Pa3nnYHbIX CUCTEM U, BO-BTOPbIX, MaTeMaTU4eckme Kputepum - paspaboTaHHble
MarematMkamn maTemMaTu4yeckue KpUTeEPUM ONTUMANbHOCTUN, MOMIOXEHHbIE B OCHOBY
aHanUTM4yecknx, rpadoaHannTUY4EeCKNX, YUCAEHHbIX U MaALIWHHbLIX METO40B
onTMMu3aumn.

B HacTosLee BpeMs HabnopaeTcs conKeHne aTnx ABYX KPUTEPUEB: C OOHOM
CTOPOHbI, NOSABUINCb HOBblE MareMaTnyeckue MeTonbl ONTUMU3auumn, Takume, Kak
NPUHLUN MakCUMyMa U OUHAMUYECKOE MPOrpamMMuMpoBaHME, KOTOPbIE fy4ylle
npucnocobeHbl AN peLleHns NPakTUYeCcKxX 3a4ad ONTUMN3aummn, ¢ APYyron CTOPOHBI,
npakTnKka nNpoeKTUPOBaHUA BCE 4Yalle MNOJIb3YeTCH KPUTEPUAMU ONMTUMANbHOCTH,
yAOOHBIMW B MaTeMaTU4eCKOM CMbicfie. Tak MpPoOM30Wa0 C KPUTEPUEM
CpeHeKBaapaTUYeCKor oWnbKM, MPUHATLIM B KQ4eCTBE OLEHKM TOYHOCTU paboThl
aBTOMATU4YECKUX CUCTEM PErynnpoBaHus, U KPUTEPUEM BEPOATHOCTMU,
YTBEPAMBLUMMCS KakK KOJIMYECTBEHHAs OLLeHKa 3P DEKTUBHOCTU AN pabOTbl CUCTEMBI.

Ha npakTurke ncnonb3yeTcs Lenblii psag KpuTtepues ontummsanmm. Beibop Toro
VAN MHOTO KPUTEPUS 3aBUCUT OT SKOHOMUCTA U KOHCTPYKTOPA CUCTEMbI YripaBieHus,
1 B 9TOM COLEPXMUTCS 3/IEMEHT HECTPOroCcTu. B TO XXe Bpems, Npu NCNosib30BaHUN B
ONTUMU3UPYIOLWKNX pacyeTax GMBNMOTEK MPUKIAAHbIX NPOrpamMm Ans s3bIKOB
nporpaMMmMpoBaHns BCE HaLle NPUMEHSIIOT TUMOBbIE KPUTEPUN, KOTOPbIE CTAHOBATCS
0BLLENPUHATHIMU N 3aHOCHATCS HEMOCPEACTBEHHO B TEXHUYECKNE 3a4aHUS.

Janee paccmatpuBaeTcsa psg, NpUMepoB KpUTEPUEB ONMTUMU3ALMKN, KOTOpPbIe
MCMOJIb3YIOTCH B MHXEHEPHOW NPaKTUKE.

Kputepwuii cpepHero kBagparta owmobku - TpeboBaHne MUHUMYMA AUCNEPCUM
N1 KBagpaTa owmnbkn Mexay 3aaaHHbIM h(t) 1 BbIXOOHLIM X(t) CUrHanamm CUCTEMBbI.

OTOT KpUTEPUI NPUMEHSIETCS NPU OLLEHKE KavyecTBa paboTbl aBTOMAaTU3MPOBAHHbIX
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CUCTEM PErynmpoBaHns 1 yaobeH Npu peLleHn MaTeMaTU4eCcKmx 3aay onTMMnU3aLmn.
TpeboBaHMe MUHMMYMa ONCIEePCUMM U KBaapaTa owmnbkn (prc.2) Mexay 3agaHHbIM
(nnun xenaembiM) h(t) n BbIXOOHbIM X(t) CUrHaNamm CUCTEMbI 3aNNCbIBAETCS Kak:

e’, =I[ht) - xH?, - min

1 03Ha4YaeT OOMbLUYID HEXENaTeNbHOCTb (MO CPaBHEHWMIO C IMHENHBIM 3aKOHOM)
6onblWNX (YeM Masbix) MO 3HAYeHUo owwmbok (pmuc.3). [lMpuyem B COOTBETCTBUU C
puc.2 h(t) nonyyaeTcs n3 Nnoae3Horo BXOAHOro curHana m(t) c NOMOLLbIO 3a4aHHOIO
onepaTtopax(t), B TO BPEMS KaK peasbHblli CUrHan x(t) nony4aeTcs N3 BXOOHOIo curHana
cucTeMbl S(t) ¢ nomoLubio onepartopak(t), KoTopbln cnenyet HanTu. Mpm nCnob3oBaHUM
KpuTepus:

| el =[h(t) - x(D)]

=min,
cp

cp

roe “cp“ O3HavaeT ycpeaHeHue no aHcambi1i0, cHMTaeTCs, YTO Bpemd, HAHOCKMBbIN
OLLIMOKOW , NPOMNOPLNOHANEH ee BeNINYNHE.

h(t)

X(t) h(t)

Puc. 2. Cxema orperiernieHrst OMOKA aBTOMATUIECKOM CHCTEMBI PerYITHPOBAHAS

| -
.
omroKka €

Puc. 3. OueHka kadecTBa yIpaBIIeHHUS M0 BETUIUHE IUCTIEPCUI
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CpenHuin kBagpat owunbKku ech - 3T0 QYHKUMOHaN OT €€ MMMYJIbCHON
NeEpPexogHon GYyHKUMM 1 AN CTauMOHAPHbBIX CUTHANOB U IMHEMHOW CUCTEMbI UMEET
BUA,;

¢, =R (-2 KR, ()t +[ KrydT [ kT R (T-T )T,
0 0 0

rae R (T) R, (T) - dyHKuMn koppenaumm xenaemoro h(t) n xogHoro s(t)
curHanos, a R (T ) - ux B3avmMHas GyHKLMS Koppenaumm.

Ecnu npn muHummnsaummn tpebyetca obecneynTb 3afaHHOE 3HA4YeHue
OMHamMmyeckom owmnbkm, To 4O0OABNAIOTCSA YCNOBUS:

I KT)-T)dT =H, ,z=1,2,...,m,
0

roe M, - 3apaHHble 4mucna, 1 3adada CTaHOBMTCS BapUaLMOHHOM 3anaqeit Ha
YCIOBHbI/ 3KCTPEMYM.

UHTerpanbHbI KPUTEPUIA — 3TO KPUTEPUIA, UMEIOLLNI BUA UHTErpana no OTPe3Ky
(B 06wem cnydae no obnactu), HA KOTOPOM (O) 3afaHa nckomasa yHKUMS. Takon
KpUTEPUIN, B 4aCTHOCTU, UCMOMb3yeTCs ANs OonpefeneHns napaMmeTpoB CUCTEMbI
ynpaeneHns, ONTUManbHOW B MEPexogHOM pexuMMe, U B Ka4eCTBE HEro mHoraa
BbIOMPAETCHs MUHUMYM yHKLIMOHanNA:

I, = I [ e? + T2 (de/dt)® ]1dt,
0
roe e - owmnbka paccornacoBaHus B cucteme (puc.4).

X
h

o
Xbuux )

=<
I

/

Puc. 4. inTerpanbHblit KpUTEpUii KadecTBa
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OnTumanbHasa cuctema ynpaeneHusl - CUCTEMA, peann3oBaHHas B Buae Habopa
npaswn, CcTpaterum, CornacHO KOTOPbIM CreayeT noCcTynaTtb B COOTBETCTBYIOLLMX
cuUTyauusax aag nosayyvyeHns onTMMasnbHOro peLleHus.

TpeboBaHneM MUHMMYMa (yHKLMOHaNA:

I, - min
MO>XHO 006ecrneynTb B CUCTEME MEPEXOAHbIN MPOLECC C MasbiMN OTKIOHEHUSIMU,
BeJINYMHA KOTOPbIX ONpeaenseT BesIMYMHY nHTerpana:

00

I e? dt.

0

[MepexogHbIi npouecc [OCTaTO4YHO MJaBHbI, 6e3 pe3knx konebaHwui, 4To
onpeaenseTcs BeNMYNHON nHTerpana

0

I T2 (de/dt)?dt,
0

KOTOpPbIA MO CYLWECTBY BK/OYAET yrnpaBieHne no npou3BogHON. [eno B TOMm,
4YTO MPU Nepexone HyNeBOro 3HayeHus OWMOKM e Npou3BogHas €/ NPUHUMaEeT
6onblune 3HAYEHUS U U3-3a2 3TOMO BO3HMKAKOT Gonbluve nepekonebaHvs. Hannuve
BTOPOro yjieHa B PyHKUMOHANE YMEHbLUAET 3Ha4YeHne NPOnU3BOAHOM, CNOCcOBCTBYS
MEHbLLUNUM KonebaHnsaMm.

MHTerpanbHbll KpuTepuii TpedbyeT MMHMMYyMa CyMMapHOW nnouwiagmn,
OrpaHNYeHHON KPUBbLIMU OLWINOKN, ee NMPOU3BOAHON M OCbl abcuucc, npuyem
nocnepHss nnowanb 6epetcsa ¢ Becom T. U3 puc.4 BuoHO, 4TO 9TW OBE KPUBbIE
“paboTatoT” co caurom npmmepHo B 90 rpaaycos, 1 KO3 UUMEHT T OCyLLECTBNSET
onTUMasbHbIN GanaHc Mexay yrnpasieHMeM no owmnbke 1 No NPOU3BOAHON.

Kputepuii makcumasnbHOro ObICTPOAEMNCTBUA COCTOUT B MUHUMU3ALUU
BPEMEHMU, 32 KOTOPOE YNpaBseMblii 0ObEKT A0JIKEH NeperiTy B 3a4aHHOE COCTOSIHME.

OTOT KpUTEPUIA BO3HUK MPU 3apOXAEHUM BapPUALIMOHHOIO NCYUCEHMS (NnepBas
3ajaya KOTOporo — 3agaya 0 “6paxmcToxXpoHe”, KPpUBOW Hauckopeliwero crycka, u
Obina 3apaveli GbICTPOAENCTBUS) U OCHOBHOE PasBUTME MOJIyYUsT MPU PELLEHUN
BOEHHbIX 3agay B 60-e rr. XX B., B KOTOpPbIX ObiCTpOAENCTBUE SABASETCSH
npUHUMNnanbHbiM GakTopoM.

B Hambonee pacnpoCTpaHeHHOM cJlyyae 3ajada onTumMu3auumu no
ObICTPOAENCTBNIO CBOAUTCS K MOJTyYEHUIO MEPEXOAHOM0 NPOLIECCa, 3akaHYMBaIOLLLEroCs
B KpaTyanwee BpeMd. byab TO cuctema ynpasfieHUS pPakeTon WK aHTEHHON
pannonokaumMoHHOM cTaHumu, TpebyeTcs, 4ToObl NepexoaHblli NPoLecc 3akaHunBancs
B MUHMMaNbHOE Bpems. [leno B TOM, YTO A0 OKOHYaHWS MepexonHoro npouecca
CUCTEMA HE MOXET BbINMOMHNUTL CBOEr0 OCHOBHOIO Ha3HA4YeHUs Cneasien CUCTEMBI,
HanpuMep aHTEHHa PaAMONOKALVMOHHONM CTaHUMM HE MOXET CNeauTb 32 BXOOHbIM
curHanom (puc. 5). na atoro cny4as B GpyHKLMOHANe:

b
/= I F (x, ¥, y)dx - min
a

HEeoOX0AMMO MONIOXUTb:
F(x, x, t)=1
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N, UBMEHUB X~ T, Y - X, ¥ — X', NMONYH4UTb:

tk

l,= I Fix, X, hdt=t, - t, ~ min,
to

npuyem to COOTBETCTBYET Ha4Ya/ibHbIM KOOpAMHATaM fnpouecca, a tk - KOHEYHbIM.

X
A
XB};IX
X ex N\ A
=~
| | |
| 1 |
| | |
| | |
B
|
. c | t
be K | *
|
|
|
:
_éMaKC I >t
tO tn

Puc. 5. Cucrema, ontumMainbHast 1o GbICTPOIEHCTBHIO

Hanbonee pacnpocTpaHeHo nony4yeHne onTUManbHOro NEPEXOAHOro npoLecca
C BKJIOYEHNEM MaKCUMasIbHOrO YCKOPEHUS! B Havasie C NocnenyoLymM nepexonom Ha
MakCuMaslbHOE TOPMOXeEHME. B aToM crydae HEOOX0AMMO TOJBKO ONPEAENTbL MOMEHT
nepeksodeHnsa t . 3aaada MakCMMasbHOro ObICTPOAEVICTBUA MOXET BO3HUKHYTL He
06sa3aTesibHO B CBSA3U C NEPEXOAHbIM NPOLLECCOM ClesLmx cucteM. Ecnu, Hanpumep,
TpebyeTcs 3a HaMMeHbLLIEee BpeMsl A0CTaBUTb JIeTaTesbHbI annapat ¢ 3eMnu Ha JyHy,
TO 3Ta 3ajaya Takxke CBefeTCs K 3agade 0 MakCuMasnbHOM ObICTPOAENCTBUN.

Kputepuin MmHuMmyma CTOMMOCTM B €AUHULY BPEMEHU - CTOMMOCTb
DYHKLMOHNPOBAHUSA COBOKYMHOCTM CUCTEM MAacCCOBOr0 OOCNYXMBaHUS B €4UHULLY
BPEMEHMN.

B kauvectBe gpyroro npumMmepa dyHkUMOHana, BCTPEYaloLwerocs B npakTuke
NPOEKTUPOBAHUA OMNTUMasNbHbIX CUCTEM, MOXHO MNPUBECTUM CTOMMOCTb
GYHKUNOHNPOBaAHNS COBOKYMHOCTM CUCTEM MaCCOBOro 06CNyXuBaHUS (MW CETU
MaccoBOro 006CNY>XMBaHUS) B e4MHULY BPEMEHU:

C= C1 pcp+ C2 ch,

rae p,, — CPpeaHee 4ncno cBOOOAHBIX NPMGOPOB; W, — CPeAHEee YMCIO 3asiBOK,
OXMAAIOLMX CBOE o4epeau; C, U C, — CTOMMOCTM NPOCTOEB OAHOro npubopa u
3a5BK/ COOTBETCTBEHHO B €A4MHULYY BPEMEHN.

M3-3a cny4ainHoCT NOTOKa 3asBOK Y BPEMEHU X 0OCNYXMBaHWA BCEeraa MMeeTcs
Kakoe-TO CpeaHee 4UCNo NMpOocTaMBaloWmMX NPUOOPOB NN OXUAAILINX 3asBOK.
TpebyeTcs Tak pacnpenenvtb YNCcao NpubopoB Mo pasHbIM CUCTEMAM, 4TOObI
C = min. Takas kubepHeTM4yeckas Moaeslb U KpUTEPUM LUMPOKO UCMONb3YIOTCA Npu
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CcO34aHnN ONTUMalbHbLIX CUCTEM YyMpaBfieHus B chepe 0O0CNyXMBaHUSA, Hanpumep
ynpaBfieHNss CUCTEMOIN FOCTMHUL. B kauecTBe 3as9BOK 3[4€Cb BbICTYNalOT KNAMEHTbI, B
KayecTBe NpMbopPoB - aAMUHNCTPATOPbI. MOTOK KIIMEHTOB 1 BpeMs X 00CTyXnBaHus
— crnyyaliHble BenMYuHbL. Mnoxo, 1 korga npocTamMBaloT agMUHNUCTPATOPbI, U Koraa
OXMOAT KIMEHTbl. MUHUMYM dyHKLUMOHana:

C=c,p,tc,w,

2 cp

O3HayaeT ONnTMMasbHbI BEIOOP 4YMcna afMUHUCTPATOPOB, OCHOBAHHbLIA Ha
onpenesieHHon CTaTUCTMKE MoToKa KAMEHTOB. [na pelleHus 3agadqn O0JXKHbl ObiTb
N3BECTHbI 3HAYEHUS CTOMMOCTU MPOCTOS KIIMEHTOB U aAMUHUCTPATOPOB. BenuunHbl
P, U W SIBNAIOTCS GYHKUMSIMUN YiCna NPUOOPOB Ha OTAESbHbIX y4acTkax.

B oTnnumne oT npenplaylmx crydaes, aTa 3agada MMEeT [eno C AMCKPETHbIM
M3MEHEHMEM MapamMeTpoB, Tak Kak 4YMCNO NMPUOOPOB MOXET U3MEHATLCA TOJIbKO
ONCKPETHbIM 06pasom. MoaToMy 34eChb HEMPUMEHMMO KJlTaCCMYEeCKoe BapuaLMOHHOe
NcuYUCneHne, 1 HeobxoaMMo NPUMEHSTL crieumasnbHblie MeTobl TUNna AUCKPETHOIO U
LLeNI0YMCNEHHOr0 NPOrpaMM1UpPOBaHUS.

KpuTtepuit MUHUMYMa KPUTUYECKOro BPpeMEHU BbINOJIHEHUS PaboTbl — 370
MUHUMM3AUUSA KPUTUYECKOrO MyTW Mo rpady nNpu orpaHUYeHHbIX pecypcax.

B CBA3M C MHTEHCMBHbLIM BHEOPEHMEM CETEBbIX METO[OB MIaHMPOBaHUSA U
yrnpaBfeHns BO3HMKAIOT 3a4a4m O KPUTUYECKOM MyTW. Hanpumep, BbINOMHEHME
CJ/IOXXHOro npoekTa CBOAUTCS K MOCNeA0BaTENIbHOCTU BbIMOJIHEHUS KaKoro-To
onpeaeneHHoro konmyecTsa pabot. g oTobpaxeHns aToro npouecca npubderatoT K
reomMeTpuyecKon NHTepnpeTaummn ¢ nomoLlpto rpada (puc.6).

A 4

to

Puc. 6. CeteBoii rpad komruiekca pabor

Y3en rpada ob6o3HavyaeT KoHel, ogHoW paboThl U Havano apyron. Ayra, nnu
pebpo, rpada - paboTta, a anvHa pedbpa NPonopLMoHabHa BPEMEHN BbIMNOJIHEHMUS
paboThbl. MycTb ANTENBHOCTb BbINOSIHEHUS OTAENbHOW PaboThI:

rae t u t, — MOMEHTbI BPEMEHM, COOTBETCTBYIOLLME Haday 1 KOHLY paboThl.
KpI/ITI/I'-IeCKI/IM B rpade OyneTt Takoi MyTb, HA KOTOPOM CyMMapHOe Bpems
BbIMOSIHEHNS PAOOT MakcMMarnbHO. STOT NyTb 3a4ePXNBAET BCIO pa3paboTky: 6e3 ero
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YMEHbLLUEHNA HEBO3MOXHO COKPATUTb BPEMS BbIMOJHEHUS BCelM pa3paboTku.
Kputnuecknii nyTb ONpenensetcs peleHnemM 3KCTpeMasibHOW 3agadn, B KOTOPOM
obpallaeTcs B MakCMMyM Crefyiollee BbipaxeHue:

t, = t. - max.
P 1] ]

CymMMupoBaHue B 3TOW ABOWMHOM CymMMe HeobXoAMMO MPOU3BOAUTbH TakuMm
06pasoM, 4TOObI NOJYYNUTL MYThb M3 HAYA/IbHOW BEPLLUVHBI ) B KOHEYHYI0 _6e3 paspbiBa
1 ABaXObl HE MPONTN MO OAHOW 1 ToM Xe ayre. Kputepuin MUHUMyMa KpUTUYECKOro
BPEMEHMN:

=t - min,
(]
03Ha4YaeT MMHUMM3ALMIO KPUTUYECKOro NMyTU NPY orpaHnyeHHbIX pecypcax. Mpu
3TOM Hal/IMYHblIE PECYPChbl pacnpenensTcs Ha Te pabdoThbl, KOTOPbIE NexaT Ha
KPUTUYECKOM NyTW. B gaHHOM cny4yae, no CywecTBy, PeLaeTcs MMHUMaKCHas 3agada,
XapakTepHas onis Teopumn urp:
min max z t =7,

] i

npuYyeM MakcuMyMm BbliOMpaeTCcs cpenu BCex nyTei B rpade no BpeMeHMU
BbINOSIHEHUS PaboT, a MUHUMYM BepeTcs no pecypcam ans paboT, nexawmx Ha
KPUTUYECKOM MNYTU.

MuHUMaKCHbIA KPUTEPUN - NCMNOMb3YETCS AN ONpPefeneHns onTUManbHOM
cTpaterum Npu HaAn4mMm cuTyaLmmn, Korga MHTEpPeCh! ABYX CTOPOH NPOTMBOMOIOXHbI.

MUWHNUMaKCHbLIN KPUTEPUI LLMPOKO NCMOJIb3YETCH AA ONpeaeneHns onTnMasnbHOM
cTpaTterMm npu Hanmymm KOHMAUKTHOW CUTyauuu, Korga WHTEpEeChbl ABYX CTOPOH
MPOTUBOMOJIOXHbI, T.€. BbIMIPbIL OLHOWN CTOPOHLI O3HayaeT NPOouUrpbIlw opyron. B
3TOM CJlydae 4acTo NPMXOAUTCS BbIOMpaTh cpenu Xyawux Ans cebs crtpateruni
NPOTMBHMKA HaMMeHee XyAuy, T. €. 6paTtb MakCUMyM MO MHOXECTBY CTpaTerui
NPOTMBHMKA U MUHMMYM MO COOCTBEHHLIM CTpaTernsm. B aTom u 3aknoyaertcs
MWHUMaKCHbIN KPUTEPUIA, LUMPOKO MCMOMb3YyEMbI B TEOPUN Urp. B Teopmn MaTpuyHbIX
Urp 3afaeTcs MaTpuua nnaTexen:

roe:i=1,2,....,m; j=1,2,...,n.

Kaxxablih aneMeHT 3ToM MaTpuLbl O3HAYaEeT niaTex NPOTUBHKKY B Clyvyae, korga
OH MPUMEHSAET CTPaTEruio j, a Halla CTopoHa - cTpaTeruto i. TpebyeTcsa HaTK cpeaun
MHOXECTBa XyALKMX A1 HAaC CTpaTeruii NPOTMBHMKA HAMEHEE MIIOXYI0, T. €. PeLUnTb
MWHUMaKCHYIO 3aaauy:

min max a, =7
i
HeTpynHo y6eaunTbCs, 4TO €CNv MOMEHSITb 3HAKW @, Ha 00paTHbIE, @ 3TO Pr3NYECKN
O3Ha4aeT 3aMeHy Mpourpbllla Haleli CTOPOHbI Ha BbIMIPbIW, TO OyaeT pelatbes
MakCUMWHHas 3ajaqa:
max min (-a, ) = ?
i
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B HekoTOpbIX 3aga4ax, MMEIOLNX TaK Ha3blBaeMylo CeAI0BYIO TOYKY,

min max a, = max min a;.
i j i j

1.4. Knaccudukauma metogos ontumMmsaumm

Knaccundukauma metoooB onTuMu3aumn npeactaBnseTr cobom AoCTaToOvHO
CNOXHYIO 3a4a4y, Tak Kak B OCHOBHOM OHU UCTOPUYECKM PasBMBaINCh HE3ABUCUMO
OOMH OT JPYroro C UCMNOJIb30BaHMEM PAa3NNYHbIX KOHLUENLUUA, MaTeMaTuyeCKmx
annapartoB u T. 4. OgHako cneunanncTy no MHGOPMATUKE 1 BbIYNCIUTENBHOM TEXHUKE
HeobX0AMMO 03HAKOMUTBLCS C HUMMU.

PasymeeTcs, 4To npuBoamMMas knaccudbukaumns (kak n niobdasa knaccudukaums)
HOCUT YCNIOBHbLIA XapakTep, HO B LLESIOM OHa MO3BOJISET Cpaldy OXBaTUTb BCE
0COBEHHOCTM METOOB.

B03MOXHO HECKONBKO NOAX0A0B K knaccudbwukaumn. CnenyeT pasnuyaTb METOObI
onpeaeneHns akcTpemyma oyHKuMM n dyHkumoHana (puc. 7). Mockonbky dyHKUmMs
SBNSIETCS YACTHbIM clydaeM QyHKLMOHANa, MeToabl OTbICKaHUS 3KCTPEMYMa DYHKLMN
npowe. MeToabl OMHAMMYECKOro NMPOrpaMMUPOBaAHUSA U NPUHLMNA MakCumyma
NPUMEHSIOTCS /15 OTbICKaHWUS 3KCTPeMyMa dyHKUMOHana n GyHKumn. NMpsamMele MeTOAbI
BapuaLMOHHOr 0 ncHncnexns (metoabl Putua, drinepa n ap.), kak n ANCKPETHbI BapuaHT
ypaBHeHUs diinepa, CBOAAT 3afayvy OTbiCKaHWUA 3kCcTpeMyma @yHKUMOHana K
9KCTPEMYMY (DYHKLMN.

DKcTpeMym DKcTpeMym
byHknmoHana byakuun

HC]’IpepBIBHB]C METOIbI HMCKpCTHLIC METO bl

A A

JleTepMeHUp OBaHHBIE BeposiTHbIe MEeTOABI
METO /1Bl

v v

AHalUTHYECKHUE METO bl YuciaeHHbIe MET OJbI

Puc. 7. Cxema METO/IOB ONTUM U3ALUH
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MeToabl OTbICKaHWUst 9KCTPeMyMa DYHKLIMM NoNyHnav 605blloe pa3BUTUE B CBA3U
C BbIYMCIUTENBHBIMU TPYAHOCTAMU PELUeHNs CUCTeMbl anrebpanyecknx ypaBHEHW
BMaa:

dF (x,, X, ..., xn)/dxj= 0, j=1,2,...,n,

0COBEHHO MPY HANUYMM OrpaHNYEHUI A Ha KOOPAMHATHI X.

Knaccunyeckaa matemaTuka orpaHnymMBanacb pas3paboTkon METOLOB PELLEHUS U
[okazaTtenbCTBamMu NPUHLMNNANbHON Pas3peLnmMmoCcTy Taknx CUCTEM YPaBHEHWI, YTO
NPMBENO K CO3L0aHUID aHaUTUYECKUX MEeTOAO0B ONTUMMU3auuum (Metonbl
MPUHUUNNANBHON PaspewmnmMoCcTu ypaBHEHUN onTumMudaumun). MNpu pewweHunun
KOHKpPEeTHbIX 3a[a4 BaXKHO BNaAETb Npoueaypamu, No3BONSOLLMMN AOBOAUTL PELLEHNE
[0 YNCNOBbLIX AaHHbIX. OTO 3aCTaBUIIO UCKaTb 1 pa3pabaTbiBaTb YUCIE€HHbIE MEeTOAbl
onTUMM3auun (MeTobl pPeLleHnNss KOHKPETHBIX MHXEHEPHbIX 33434 C AOBEAEHUEM
pEeLeHnst 00 YUCOBbLIX OaHHbIX). MNpakTuka NPOeKTUPOBAHUA KOHKPETHbLIX CUCTEM
yrnpaBneHus TpebyeT NprUMeHeHnss 0601Mx MeTO0B.

DkcrpeMyM  GYHKIHMT

>
[Ipsimbie MeTo b1 JInneiinoe Hesmuelinoe
TIPOrpaMMHUPOBAHUC HporpaMMHpOBaHIC
A
A 4 y A 4
JnckpetHoe JIMCKpeTHBI MPUHINII Llenouncinennoe

JHMHAMHUYECKOE MaKCUMyMa IporpaMMUpPOBaHHIE

NIpOrpaMMHpPOBaHUE

Puc. 8. MeTozbl OTBICKaHUSI SKCTPEMYMOB (pyHKIIHIT

3a aHanuTU4eckuMmn mMeTogamMm OCTaEeTCH NPEeVMYLLEeCTBO, 3ak/ioyaloLeecs B
BO3MOXHOCTWN OnpefefneHns Kay4eCTBEHHOW KapTuHbl NMOBEAEHUSA ONTUMAsbHOMN
CUCTEMBI NP U3MEHEHUN ee napamMeTpPoOB U CTPYKTYPbl. YNCNEHHbIE Xe MeToAbl
obecneymBaloT MNONyYeHME KOHKPETHbIX YUCIOBbIX 3HAYEHUI nMapamMeTpoB.
PaunoHanbHoe oO6beAMHEHME 3TUX METOL0B MPOM3BOAUTCS Mpu paspaboTke
4eI0BEeKO-MaLUMHHBIX METOA0B ONTUMMU3aLMKN, NCNONb3YIOWMX Ouanor 4YenoBeka u
OBM, 6a3bl JaHHbIX N BO3MOXHOCTM COBPEMEHHbIX TENEKOMMYHUKALIMOHHBIX CUCTEM.
Mpy 3TOM O6GLIYHO MOBTOPSIOT BLIYUCIEHUS, U3MEHSIS YCNOBUSA, UCMONb3yYS, rae
Heobxo0AMMO, aHanuTUYeckMe MeToAbl, MPeACTaBleHHble B BUAE CTaHOAPTHbIX
OmMBNNOTEYHbIX MPOrpamMMm, 1, camMOe rnaBHOE, OMepPaTMBHO BKJOYAa B MpoLeaypy
OTbICKAHWS ONTUMAasIbHOrO YNpPaBEHUS UHTENNEKTYaNbHbIE CMOCOOHOCTUN YenoBeka.

Mpwn Takom cnocobe oNTUMU3ALUN NCXOOHbBIV KPUTEPUIA ONTUMANbHOCTU MOXET
ObITb MATEMATUYECKN HECTPOro GOpPMann3oBaH B BUAE GYHKUUN nnn GyHKUMOHaNA.
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Tak, OH MOXET COCTOSATb U3 HECKOJIbKMX MOJSIOXEHNI, CHOPMYNMPOBAHHBIX AOCTATOYHO
4YeTKO Ha CJIOBECHOM, COAEPXATENbHOM YPOBHE, YTO NPU HAIMYUK guanora YyenoBek
— MallvHa BMNOJSIHE A0MNYCTUMO.

B 3apayax ¢ orpaHuyeHnsiMu 60nbLIOE Pa3BUTME MOYHUIN METOb! IMHEHOIO
W HENVHENHOro nporpamMmMmpoBaHns, NpsamMblie MeToObl OTbICKaHUS 3KCTpemyma
OYHKLUNKN, a TakXe LOUCKPETHble MPUHLUUMbI MakCuMymMa U AUMHaMU4YecKoe
nporpamMmmMmupoBaHue (puc. 8).

MeToabl OTbICKaHUSA 9KCTpemyma (YHKLMOHana BeayT CBOe Ha4vasno OT
Kfnaccuyeckux metogoB dnnepa — JlarpaHxa — amMunbToOHa M 3aKaH4YMBalOTCSA
OMNHaMMYECKMM MPOrpaMMmnpoBaHeEM 1 MPUHLIMNIOM MakcuMyma (puc. 9). B Hux Takxe
cofepxarcsa npsMble MeToAbl OTbICKAHUSA 3KCTpeMyMa GyHKLUMOHANa 1 pasnnyHble
YaCTHbIE MeToAbI.

DKcTpeMyM
(yHKIFIOHATA
Meron Diinepa — < CrierpanbHbIe MET OBl
Jlarpamxa-I'amunbToHa
IpsiMbie MeTOBI < JlHammgeckoe
P OrPaMMHPOBAHKE
v

IpuHiyn Makcumyma

Puc. 9. MeTo/bl OTBICKaHHS SKCTPEMYMOB (DYHKIIMOHAIIOB

[Mo4yTn BO BCex meToax:

- Onnepa — JlarpaHxa — [aMUAbTOHA;

- MPUHUMNE MakCUMyMa;

- AMHaMMNYEeCKOM NPOrpaMmMnpoBaHnu;

- NPSAMbIX METOAAX OTbICKAHWUS 9KCTpEMyMa DYyHKLMN

MOXHO BbIAENUTb [OUCKPETHblE W HenpepbiBHble Moanmdukauuu,
OEeTEPMUHNPOBAHHbIE U Clly4YalHble BapuaHThI.

AvckpeTHaa 3apa4ya oNnTUMMU3aLuuMK BO3HMKAET BCAKMI pas, korga TpebyeTcs
HaMTV oNTUMasibHOE 3HA4YEeHNE NePEMEHHbIX, KOTOPbIE 3a[aHbl, Tak Xe Kak U QyHKLNA
OT HUX, B BUAe Habopa AUCKPETHbIX 3HAYEHUIA.

B cBa3n ¢ pa3paboTkoM aBTOMATU3UPOBAHHLIX MHOOPMALMOHHbLIX CUCTEM
ynpaeneHus (AUCY) Gonblioe 3HavyeHue npuobpenn mMeTonbl Leno4YnUciieHHOro
nporpammunpoBanns. OgHa n3 ocHoBHbIX 3agad AUCY - onepaTuBHO-KaneHgapHoe
naaHNPOBaHWe, OTHOCUTCS K 3aZia4am LeIo4MCIEHHOr0 NporpaMmMmpoBaHng. EqmnHoro
obuiero metosa pelleHns 3agay LefloYNCIEHHOro NPOrpamMMMpOBaHUS HET.
PaspaboTtaHo MHOro cnocoboB peLleHus NPUroaHbIX ANS YacTHOro knacca 3ajad,
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cpenun KoTopbix O0MbLIOE MECTO 3aHMMAIOT HECTPOrne 3BPUCTUHECKME METOAbI.
Ocoboro BHMMaHUS Cpean HUX 3aCNyXUBalOT JIMHFBUCTUYECKUEe MeTOoAbl
onTUMM3auumn (MeToabl, UMUTUPYIOLLNE NMPUMEHSEMbIE HENOBEKOM METOAbI
onTMMU3aLMM U NJAaHUPOBaHUS C o0aBneHneM 3GOEKTUBHBLIX aHANIMTUYECKUX W
yncnosbix npouenyp). OHM Gnuxe BCero noaxoasaT K YenoBe4YeckKoMy cnocoby
MbILLNEHUS U yaoOHbl anga peanusdaunm Ha IBM ¢ nomowbio npobnemMHo-
OPUEHTUPOBAHHbLIX S3bIKOB. YeN10BEKO-MALUNHHBIE METOAbI PELLEHUS LLENOYNCIEHHbIX
3a4a4 ONTUMM3aLMn ABASIOTCS MO CYLLECTBY CBOEMY JIMHIBUCTUHECKMMU B LUMPOKOM
CMbICTIE.

B 3aknioyeHve Haoo OTMETUTb, HTO OAHU U Te e MEeTOAbl, pacCMaTpPUBaEMBbIE C
pPasHbIX TOYEK 3PEHMUS, MOTYT UCMOJIb30BATLCHA KaK aHaIUTUYECKME N KaK YACTIEHHbIE.
Tak, rpagneHTHbIN MeTon, NCMOMb3YeTCs B MPSIMbIX METOAAX OTbICKaHUS 9KCTPEMyMa
DYHKLUMN 1 METOLAX HENIMHENHOTO (KBaAPaTUYHOMO U BbINYKIOro) NPOrpamMmMupoBaHus.
Bo BTOpPOM Criydae OH MCMNOJIb3YETCH KaK aHaIMTUYECKNIA, B MEPBOM — KaK YNCIIEHHbLIN
MeTo[,.

1.5. CucTeMHbIi aHanNM3 U onNnTUMU3auusa

CuUCTEMHbI aHanu3 - 3TO CUHTE3 UAel 1 NPUHUUNOB TEOPUU UCCNenoBaHns
onepauuin U MeToAOB TEOPUU YNpPaBieHUS C BO3MOXHOCTAMU COBPEMEHHOM
BbIYNCAUTENBHOM TEXHMKKN. B HacTosiLwee BpeMs UCMOb3YIOTCS CNeaylome NOHATUS:
“CUCTEeMHbIN aHanu3”, “Teopus cuctem” n “cuctemHbli nogxon”. CnoeBo cuctema u
CB$I3aHHbIE C HUM TEPMWHbI MNOY4UAN LLMPOKOE PacnpocTpaHeHne. 9T0 NPOM30LLIo
noToMy, YTO Ha nMepenHwuii nnaH Bce 6onee n 6onee BbICTyNaeT HEOOXOANUMOCTb
M3YYEHUS CIIOXHbIX KOMMIEKCOB (cuctem). Takas HeobXxoaMMoCTb onpenensercs
YCNOXHEHNEM CO34aBaEMbIX TEXHUYECKMX KOHCTPYKUMWIA, YCTPOWMCTB, TEXHONOMMIA 1
BCEX COBOKYMHOCTEN XO3AMCTBEHHbIX CBA3EM, C KOTOPbIMU NMPUXOANTCS UMETb OeN0
9KOHOMUCTaM, XO39MNCTBEHHBIM PYKOBOAUTENSAM U MHXEHEPAM.

MoTpebHOCTb N3y4eHnst BLUONOrMYecKNX 0ObEKTOB 1 NPOBIEM 3KOOMK, KOTOPbIE
C KaXAblM rogoM CTaHOBATCS BCE akTyasibHee, TakkKe MPUBOAUT UCCNenoBaTens K
C/IOXHbIM CUCTEMAM.

[MoHaTne cnuctema OTHOCUTCS K YNCHY TeX, OJ1 KOTOPbIX TPYAHO AaTb CTPOroe
onpeneneHve. 4Yacto CUCTEMOW Ha3bIBAOT COBOKYMHOCTb 3/IEMEHTOB, MeXAy KOTOPbIMU
CYLLECTBYIOT T€ UKW Opyrue CBa3u (Hanpumep, cMctema AByX NPUTArMBatoLLMXCS Macce).
Mbl He Byaoem MbITaTbCA AaBaTb CTPOroe onpeaeneHre cuctemMol. na Hawmx uenen
[OCTATOYHO TOFO WMHTYUTMBHOIO MOHATUS CUCTEMbI, KOTOPOE MMEETCS Y KaxXaoro,
M3YYaloLEero UHXeHepHbIE AUCLUMINHBI.

B oTBeT Ha NOTPeBOHOCTU M3YHEHUSI CIOXHbIX CUCTEM BO3HWUKIIA OVUCUMUMNIMHA
“cuctemMHbI aHanms”. OQHON U3 LEeHTPasIbHbIX MPOBIEM CUCTEMHOIO aHaNM3a ABSeTCs
npobnema NpUHATUS peLLeHnid. VIHCTpyMeHTa Teopum UCCNeaoBaHus onepaumin ans
3TUX LeNnel YyacTo okasbiBaeTcs HegocTaTtoyHo. Kak yxe Oblio cka3aHo Bbllle,
HeonpeneneHHOCTb LIeNy B 3a4a4ax onTMMm3aumm COCTOUT B MHOTOKPUTEPUANTbHOCTH.
TpyOHO coOM3MepUTb U COMOCTaBUTbL Mexay coboi pasnnyHble TpeboBaHus - TPYAHO
dopmanusoBaTtb NoHATME “Uenb”’, 06beanHUTb nokaszatenn. B psaae 3agay nubo
BOOOLLE HeNnb3s CKOJbKO-HMOYAb TOYHO MOCTaBUTb Lenn, NMbo Te Lenu, KOoTopble
X0Tenocb Obl MOCTaBUTb, HepeasibHbl (MPUMepPbl NOAOOHbLIX CUTyaUMii gaeT nopom
3KOHOMMKA). B Takmx cnyyasax Ha NOMOLLb NPUXOOUT CUCTEMHbIN aHannsa.

JonycTum, 4TO peyb MAET O MiaaHax MepPCneKTMBHOIO Pa3BUTUSA TOMINBHO-
3HepreTnyeckoro komnnekca. Kak onpegenntb uenn? KoHe4yHo, Bcerga MOXHO
chopmynmpoBaTb TpeOOBaHUA: TONMBA NOoOOMbLUE, 3aTPaT NOMEHbLUE U T. 4. Ho ang
npoekTa njaHa Heobxoammbl 6osiee UM MeHee ToYHbIe NokasaTenn 1 peannucTnieckme
LLenn, KOTOpblE COrNacyloTcsa ¢ NOTPEOHOCTAMU CTPaHbl U MOTyT ObiTb 06ecneyYeHbl
CYLLECTBYOLWMMU pecypcamMn. B Takmx npobrnemax cambliii rinaBHbIi MOMEHT -
chopmynmpoBaTb LLen, KOTOpble OOMKEH NpecnefoBatb NpoekT. Llens nepecrtaer
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OblTb BHELUHUM HAKTOPOM, Kak, HanpuMmep, B TEOPUM UCCNea0BaHMS onepauui unm
Teopun ynpassieHnsl, OHa CTaHOBUTCS CaMOCTOSATE/IbHbIM 0OBbEKTOM UCCNen0BaHNS.

YTto Hapo uccnepoBaTtento ANnsg Toro, 4TobGbl YCTAHOBUTHL (MPaBUJIbHO
chopmynmpoBaTb) T€ peaNibHble LEeNn, OCyWeCTBIEHNE KOTOPbIX OOJIXHbI
obecneyrBaTb CO30aBaeMble KOHCTPYKLMS UM XO39ACTBEHHbIV KomMnnekc? O4yeBnaHo,
YTO AN 3TOro HeoBxoauMo, Npexae BCero, NpeacTaBuTb cebe GYyHKLMOHMPOBaHME
OyayLen KOHCTPYKLMK, CONOCTaBUTb €8 BO3MOXHOCTU C TEMU pecypcamMm, KOTOPbIMK
OynyT pacnonaratb pa3paboTynkn. JocTniyb 9TOr0 MOXHO C MOMOLLbID PUINYECKUX
(MakeTbl BYAYLLMX KOHCTPYKLMIA) UM MaTEMaTUYECKUX MOAENEN.

Takum 06pasomMm, 4Tobbl MCMONb30BaTb MaTEMATUKY, CHaYana HeobxoanuMo onncaTb
cMCTEMY MOAENEN 1N co3gaTb MaTeMaTUyYeCKkmin annapar, KOTOPbI NO3BOINT NPOBECTHU
aHann3 n3y4yaemoro npoLecca, yBuaeTb NOCNEACTBUS NPUHATLIX PELLUEHUN, OLLEHUTb
BO3MOXHOCTW MPU PasnnNyHbIX afbTepHaTUBAX, U TOMbKO HA OCHOBE Takoro aHanmsa
MOXHO cdopmMynmnpoBatb Lenn. CNoXHOCTb U3yHaeMbIX Y MPOEKTUPYEMBIX CUCTEM
NnPUBOAUT K HEOOXOAMMOCTU CO3[aHUSA CcreumanbHON TEXHUKM UCCeaoBaHuS,
MCMoNb3yoLWeEN annapaTt nMuTaunm, - BocrnpomdeseneHnsa Ha OBM cneuuanbHO
OpraHn30BaHHbIMM CUCTEMaMKWU MaTemMaTudeckmx mopenen OyHKUMOHUPOBAHUS
NPOEKTMPYEMOro NN U3y4aeMOoro Komriekca.

[TocnepHee He 03HavyaeT HEOOOLEHKM KiaCCUYeCKMX MeTOA0B aHanmn3a. bonee
Toro, apPeKkTUMBHOE NCMOJIb30BAHNE UMUTALUOHHbLIX CUCTEM HEOOXOoOUMO
npepnonaraeT npeapaputenbHyio 06paboTky mopenu. MiccnepoBaHne AMHAMUKU
npouecca, No3BoNsLWeE YBUAETb NEPCNEKTUBLI U HAMETUTb LEMN, - 3TO NNLLb OAUH
M3 acrnekToB CUCTEMHOro aHanms3a, MOXeT ObiTb, U CaMbll BaXHbI, HO He
McYepnbIBaOLLMIA BCEr0 MHOroo6pasuns BOMPOCOB, HA KOTOPbLIE OH B COCTOSIHUW AaTb
oTBeT. ITO BCEro NMLLb NePBbLIN War nccnegoeanuns. Cnepyrowas npobnema cocTouTt
B TOM, 4TOObl peann3oBaTb HAMEYEHHbIE Lenun, T. €. CHOPMYIMPOBATbL PELLEHUS, B
pe3yfbTaTe BbIMOJIHEHUS KOTOPbIX OyaeT obecrneyeHo OOCTUXEHME ITUX Lenei
(BbIOpPaHbI MapameTpbl CO34aBaEMbIX KOHCTPYKLIMN WX NMPOEKTA).

Cpenon 3agay, BO3HMKAIOLWMX B CBSI3M C CO3AaHNEM COOTBETCTBYIOLLMX MPOEKTOB,
60/1blLIOE MECTO 3aHMMAlOT NPob6eMbl CoYeTaHUS CTPYKTYPHbIX U PYHKLUMOHANbHbLIX
acnekTtoB. OAnH 13 TPyOHbIX BONPOCOB, CBA3AHHbLIX C 9TUM, OTHOCUTCA K NpobneMam
NPOEKTMPOBaHUSA nepapxmieckon opraHnsaummn. Jlioboie 6onee Unv MeHee CHOXHbIe
CUCTEMbI BCEraa OpraHn3oBaHbl MO MePapXMyYeCKOMY MPUHLNUMY B CBA3W C TEM, HTO
LeHTpann3oBaHHble 06paboTka UHbDOPMaUUK 1 NPUHATUE PELLEHWNA YacTo ObiBalOT
HEBO3MOXHbl 13-3a 60J1bLIOro o6bema MHopMaLMn, KOTOPYIO creayeT cobupaTb U
nepepabaTbiBaTh, N3-32 BOSHUKAKLLMX MPU 9TOM 3aAEPXEK U UCKaXKEHWI 1 T. A. Ecnu
peyb NAET O NPOEKTUPOBAHNM TEXHUYECKNX CUCTEM, TO 3a4a4a UCCNEeL0BaHNS CUCTEM
(3apadva NpPoeKTUPOBLLMKA) COCTOUT B pa3paboTke GYHKLIMOHANIbHOWM CXEMbI, KOTOPas
MOXET ObITb peanM3oBaHa 3aBeJOMO HE €[AIMHCTBEHHbLIM CNIOCOOO0M, 1 B ONpeaeneHnmn
YacCTHbIX Lenen.

3HaunTENBHO CNOXHEe 0OCTOUT AEN0, Koraa peyb MAET O HAPOAHOXO3ANCTBEHHBIX
KoMMekcax, PyHKUNOHMPOBAHNE 3/1IEMEHTOB KOTOPbIX 3aBUCUT OT TOr0, KaK ynpasnsioT
uMn nogn. B oTnvume OT MalumHbl, YenoBek BCerga MMeeT COOCTBEHHbIE LENU U
VHTEpPECHI, N MPOEKTUPOBLLMKY CUCTEMBbI Y>K€ HEAOCTATOYHO TONIbKO GOPMYIMPOBaTb
uenn ans HUXKHUX 3BeHbeB. Heobxoanmo ele 6biTb YyBEPEHHBLIM, YTO 3TW Uenn oyayT
LOCTUMHYTbI, YTO HUXXHME 3BEHbS BbIMOMHAT TPEeOOBaHNSA BEPXHUX 3BEHLEB. [1na 3TOro,
B CBOIO o4yepedb, A0JXeH OblTb CMPOEKTMPOBAH creunasnbHblii “MexaHn3m”, 0gHOro
npukasa gas OOCTUXEHUS uenu ObiBaeT HefocTatovyHo. BOT moyemy BO3HMKAeET
NnoTpebHOCTb B CreLManbHON TEOPUN, KOTOpasi A0JIXXHA Pa3BUBaTb MPUHLUMMLI CO3AaHS
vepapxun B ynpasneHUn 1 MeToAbl X aHanmsa. Teopus nepapXm4ecknx CUCTeM, KOTopas
M3y4yaeT HEKOTOPbIE U3 acNekTOB 3TOMN NPoBneMbl, ABASETCA OOHOM N3 BaXHENLMX
YyacTer CUCTEMHOIro aHanm3a.

Taknm 06pa3oM, CUCTEMHBIM aHaNM3 - 3TO AMCLUMMNIMHA, Pa3BMBatoLLLAs METOAbI
NPOEKTMPOBAHNSA CIIOXKHbIX TEXHNYECKUX, HAPOAHOXO3ANCTBEHHbBIX N 9KOIOMMYECKNX
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cucteM. CUCTEMHBIA aHanmM3, Kak OanbHeilllee pasBUTUE TEOPUU UCCNEeLOBaHUS
onepauuii U Teopun ynpaeneHus, BkoYaeT B cebs 3TU AUCUUMIMHBI CO BCEM
apceHanoM CpencTB, Pas3BUTLIX B MX PaMKax.

B HacTogLee BpeMsi CNoxmnnacbk HEKOTOPas yCnoBHas knaccndbukaums matematm-
4yecknx mMopenel no xapakTepy v cnocody MCMNoJib30BaHNS NMPOU3BONbHBIX PYHKLNIA
1 MapameTpoB, KOTOPbIE OHM COAEPXaT. B nx Yncno BxoaaT cnenytoLme BUAb MOAENEN:

1) Mogenu 6e3 ynpaBneHusi, KOTopble ONUCLIBAIOT ANHAMMYECKME NPOLECCHI (C
MOMOLLBIO, Hanpumep, anddepeHunanbHbiX NAM PA3HOCTHbLIX YPaBHEHUN) N He
coaepxaT cBo6OAHbIX NapamMeTpoB U GyHKUMA. K nx yncny oTHoCUTCS 60IbLUIMHCTBO
NPOrHOCTMYECKUX MoAenen, korga 3ajaHHoe HavarbHOoe COCTOsiHMEe onpenenser
TpaekTopuio npouecca. Mogenu Takoro poga MoOryT ObiTb U CTOXaCTUHECKUMMU,
HanpumMep, OHWU MOrYT coAepXaTb CllydanHble BENUYUHbI U DYHKLUMN BUAA:

X' =f(x, t &),

roe X - HeKOTOPbIN CllyYanHbI BEKTOP C U3BECTHLIM 3aKOHOM pacnpegeneHuns.
B aTOoM cnydae nccnenytoTcs He OTAEbHbIE TPAEKTOPUIN, a X CTaTUCTUHYECKME CBOMNCTBA,
HanpumMmep cpenHee 3HavyeHve. Mogenv nogo6HOro poaa ABASTCS TUMUYHLIMU 415
onvcaHus NPOLLECCOoB, MPOUCXOOALLMX B HEXNBOW NpUpoae.

2) Mopenu, KkoTopble MOryT OGbITb MCMOL30BaHbI AJ1 ONTUMU3ALLMN HEKOTOPbIX
nencrtenin. Hanpumep, AMHaMMUYeCKnin NpoLecc, MOLESb KOTOPOro ONUCbIBAETCS ypas-
HEHMEM BMAA:

X =f(x, tu),
roe BblOoOp PyHKUMM U(t,x) HAXOOAUTCA B pPacrnopsikeHun Kakoro-To cybbekTa.
BekTop-dyHkumnsa u(f,x) Ha3biBaeTcs ynpaBneHMeM. YnpaBfieHne BbiOMpaeTcs u3
YCNOBUS AOCTUXEHUST HEKOTOPO Lenn. PacnpocTpaHeHHbIn Knacc 3aaay ¢ MOMOLLBIO

JAaHHOWM MOLENN MOXHO onucaTth CleayioLLmm obpa3om: 3a Bpems T nepeBecTr cucremy
13 COCTOAHNA

X(0) =x,
B COCTOSIHME
XT)=x,
Tak, 4Tobbl “3aTpaThl” ObIIV MUHUMAbHBLIMU, T. €.:
T
{)F(x, u, tH)ydt - min.

OrpaHuuenna x(0) = x,, X(T) = X, 1 UeneBylo GYHKUMIO B MOHATME MOAENN He
BKtOHaAOT. Jng ogHOM 1 ToM xe moaenux' = f(x, t,u) MOryT CTaBUTbCS pasHble 3a4a4u.

3) Mogenu, KoTopble MOryT UCMOJb30BaThLCA AJ151 aHaNIM3a KOHMNKTHBIX CUTYaLWIA.
Mpeanonoxum, 4To AUHAMUYECKNIA NPOLLECC OnpenenseTcs OeNCTBUSMN HECKOJTbKNX
CyObEKTOB, B PACMOPSKEHUN KOTOPbIX MMEIOTCS yNpaBneHust: U, v, w,... Toraa:

X =f(x,t,u uw,...),

npuyem ynpasneHus 6yayT BelOMpPaTbLCA M3 YCIOBUIA BMAA:
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T
JF, (X, u, v, w, ..., tydt - min,
0

Kaxgoe M3 KOTOpPbIX OTpaxaeT BMOSHE OnpefefieHHble MHTepPechkl TOro WUam
npyroro cyobekTa.

2. KJIACCUYECKUE METOObI ONTUMU3ALIUN, OCHOBDbI
BAPUALMOHHOIO UCHUCJIEHUSA

2.1. OCHOBHblE MOHATUS, UCMOJSIb3yEeMble B K/TaCCUYECKUX
meToaax

Mepen HavyanoM M3NOXEHMSA annaparta KJaCcCUYeCKoro BapuaLWOHHOrO
NCYUCNEHNST HEOOXOAMMO BCMOMHUTbL HEKOTOPbLIE OCHOBHbLIE MOHATUS.

B knaccnyeckomMm BapuauMOHHOM WMCYMCJIEHMM KCMOJb3YIOTCA cneayoLlme
knaccbl yHkuum (puc. 10):

a) HenpepbiBHble PYHKUMU - rpadurK Takux GYHKUWI npeacTasnseTr coboi
KpuBylO 6e3 pa3pbIBOB;

0) KyCO4HO-HenpepbIBHbIe GYHKUUU — DYHKLUUN, KOTOPbIE HEMPEPbLIBHbLI Ha
WHTEpBase BCloay, 3a UCKIII0YEHMEM KOHEYHOr O Yncna TOYeK paspbiBa NEPBOro poaa;

r rnapgkaa QyHKUMS - Takagd OYHKUMS, Y KOTOPOW B 3aJaHHOM WMHTepBase
HenpepbiBHA nepsasi N(PON3BOAHas;

0) KycoyHo-rnaakas ¢GyHKUumMa - takasg GyHKUMA, Yy KOTOPOW B 3a4aHHOM
VHTepBane nepsas NPOM3BOLHAA MMEET KOHEYHOE YMCNO TOYEK pas3pbiBa NMepPBOro
pona.

Puc. 10. I'padukn pazauyHblX GyHKIMI yIpaBIeHUS: a) HEIPEePHIBHBIC (QYHKIHH; 0) KyCOUHO-
HenpepbIBHbIE PYHKUNY; B) agKas QYHKLIHS; I') KyCOYHO-TIaaAKas () YHKIHS
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PaspbiBbl GYHKLMI KNACCUPULMPYIOTCA CnenyiowymMm 06pa3om:

6ecKOHeu4HbIl pa3pbiB - 3HaYeHne GyHKUMKW NMpU NOAXOAe K TOYke paspbiBa
ycTpemnsieTcs K 6ECKOHEYHOCTU;

pa3pbiB NepBOro poaa (KOHeYHbIN) - y GYyHKLMN B TOYKE pa3pbiBa CyLLECTBYIOT
KOHe4YHble npefesnbl cnpasa 1 Crnesa;

YCTPaHUMbIA pa3pbiB - MNpeaesbl cnpasBa W cneBa B TOYKE paspbiBa PaBHbI
Mexay coboi, HO 3HaYeHne OYHKLUUN B 9TON TOUYKE OT/IMYHO OT HUX.

PaccMoTprM noHATUS rnobanbHOro 1 1oKanbHOro akCTpeMymoB. FnobanbHbIiA
9KCTPEeMYM J0CTUraeTCcsd CpaBHEHMEM BCEX KPUBbLIX JAHHOIO KJlacca, a JIOKasibHbIN
BKCTPEMYM - JOCTUIraeTcsl CPaBHEHMEM TOJIbKO 6/IM3KNX B HEKOTOPOM CMbICIIE KPUBbIX.

OTcropa 9CHO, YTO BCAKNIA rNo6asibHbIN SKCTPEMYM OLHOBPEMEHHO U JIOKAJTbHbIN.

Hanpumep, TpebyeTcs NponoXuTb KpaTyariLlyo JOPOory Mexay ABYMS MyHKTamu,
pasneneHHbIMU ropoi. ECTeCTBEHHO, YTO ee cneayeT UcKaTb CPeau nyTen, ormdaioLLmx
ropy cnesa wunv cnpasa. Jonyctvm, HaukpaTyanLmii nyTb C/iesa KOpoye, HeM cripasa.
Torpa nyTb cnesa 6yaeT nasathb rnobanbHbI 9KCTPEMYM, a MyTb CMpaBa - JIOKabHbINA.

Knaccuyeckoe BapuauMOHHOE MCYUCIIEHUE - Teopus HeoOBXOAMMBIX U
[OCTaTOYHbIX YCNOBUIA IOKANbHOIO 9KCTPEMYMA, KOTOPbIM AO0SXHA YOOBAETBOPSATh
nckomMas GyHkLMS B 3aa4ax Ha 9KCTPEMYM, coaepXallunx OrpaHn4eHms TobKo Tmna
paBeHCTBa N NMEIOLWMX LLeNIeBON PYHKLUMOHAN MHTErpansHoro suaa.

Knaccuyeckne metonbl BapuvauWOHHOTO MCYUCNEHUS HE MPUMEHUMbI K
OTbICKAHUIO PYHKLUUN, ONTUMAlbHbIX B Kinacce QYyHKUUN, rpadukm KOTOPbIX
n3o06paxaloTcs B BUAE Pa3PbIBHbIX M CTyMeH4YaTbiX KPUBbIX, NPEeACTaBlEHHbIX Ha
puc. 10. Ing Takux GYHKLMIA XapakTePHO Ha/IMumMe BEPTUKaASIbHbLIX yHacTKOB, rae nepaas
NpPon3BoAHas NMPYHUMaET GECKOHEYHbIE 3HAYEHUS.

2.2. YpaBHeHue Junepa
[MycTb Ha HEKOTOPOW rNaaKon KPUBOW, 3a4aHHON Ha OTpe3ke [a,b] u nmetoLLen B

€ro KoHuax 3afaHHble 3HavyeHus y(a) =y, u y(b) =y, NOCTUraeTcs IKCTPEMYM
dyHKUMOHana:

a

lim (y,)=y. (2-1)

n- o

Hapo onpenennTtb HEOOGXOOAMMbIE YCNOBUS, KOTOPbLIM [O0JIXHA YOOBNETBOPSATH
dYHKUMS Y(X), 4TOObI Ha Hel [OCTUrancsad MUHMMYM. [1ng 3TOro cpaBHMM 3HAYEHUS
dyHKUMOHana ans 6amn3kux K y(x) GyHKLMIA, npuaasas y(x) Bapuaumio:

y(x) +en(x),
roe e - uncno; I (x) - npousBonbHas rnankas GyHKUMS, YOOBNETBOPSIOLLAS

ycnosuam Il (@)= (b)=0wn I](x) > 0.
PaccMoTprM pasHOCTb PYHKLIMOHANOB:

b b
Al=] Foxyren.y+eniac [ Aoy yiac
a a
Pasnoxum ee B pag MaknopeHa no € (npousBogHbie 6epytca npu e =0 ):
A | = edl/de + €2/2 (d? I/de?) + ... (2-2)

BbipaxeHue:
O I =¢dl/ds,

CoBpeMeHHbI M'ymaHuTapHblii YHuBepcuteT

29



KOTOPOE SBNSIETCS NaBHOM JIMHENHOW YacCTbio PYHKLMOHANA, Ha3blBAETCS NepBOM
Bapuauuven pyHKuuoHana.
B cBolo o4epenp:

02 1=¢€%/2(d?/de?)

Ha3blBalOT BTOPOI Bapuauuven pyHkumoHana. [pyn Manbix € BCEMU YeHaMu B
BblpaXeHUN (2-2), KpOMe NepBOro, MOXHO nNpeHebpeyb, T.e,:

Al =l

Ecnu Ha KprBOIA Y(x) [OCTUraeTcst JIoKanbHbIi MUHUMYM, TO dyHKums | (y + €1 )
aprymMeHTa € UMeeT NIOKasibHbI MUHUMYM Npu € = 0, NO3TOMY:

Al = O = edlde > 0. (2-3)
Ona nonyyeHns ypaBHeHus diinepa ncnonb3dyem dopmynbl (2-1) n (2-2):
b b

d
dyoe=— [ Fixyren, yreniae=[ 10 F/0yeyrenya +

a
b
+0 F/0 y(dy+ell ')/dS)]dXZI (NoF/dy+N0F/dy)ax

a

[MpovHTErpnpyem BTOPOM YIEH MO YaCTAM:
b

b
| naraviax=Fnr, | nar, o

Tak kak I7 (x) obpaliaeTcs B Hyflb B TOYKax a v B, TO:
b b
[ (maravya=-[ nwr agox
a a
oTKyda:
b
ol=a I (F,-dF /dx) 17 dx. (2-4)

a

Tenepb k BblpaxeHuto (2-4) TpebyeTcs NpuMeHnTb nemMmmy JlarpaHxa, kotopas
dopmynmpyeTcs cnenyowmmMm 06pa3om: ecsm HerpepbiBHas QyHKUms M(x) obnagaet
TEM CBOVICTBOM, YTO:

b
| Monw=0 (@5
a

19 nobovi rnaakovi pyHkumm I (x), To o6s3aTesbHO
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M(x)=0 (2-6)

ansaBcexa< x < b.

[einctBnuTtenbHO, NPeanosioXum npoTUBHOE, NMYyCTb XOTA Obl B OOHOWN TOYKe C,
roe a< ¢ < b,M(c) %0, pna onpenenenHHoctnM(c) > 0. Torna B cuiy HENPEPLIBHOCTA
M, B HEKOTOPOW OKPECTHOCTM To4kU ¢ ByneT M(x) > 0. Boibepem B kavecTse DyHKLUN
I (x) Takyio, koTopas 6osbLLE HY/St B OKPECTHOCTSAX TOUKN C, @ HA OCTaIbHOM UHTEpBane
paBHa HyJIO (O4eBMOHO, Takas GYHKLUMS CyLecTByeT, CM. puc. 11). Mpwn Takom BbIGope
npouseeneHne M(x) I (x) > 0 B okpecTHOCTM Toukn X = ¢ U M(x)I] (x) = O BHe aToiA
TOYKM, MOITOMY UHTErpan OyaeT MONOXUTEsNEH, YTO NPOTUBOPEYUT UCXOOHOMY
ycnosuio. Tem cambiM ieMma JlarpaHxa gokasaHa.

A

a c b

v

e

Puc. 11. Iloscuenue k Teopeme Jlarpamxka

B cooTtBeTcTBUKN C dopMynamu (2-4) - (2-6) HeobGxoanMoe yCnoBMe SKCTpPeEMyMa
3anuLeTcs Kak:

F,-d Fy'/dx =0. (2-7)

3T0 1 ecTb ypaBHeHue diinepa. OOwee peweHue (2-7) coOepXuT OBe
HeonpeneNieHHble MOCTOSIHHbIE, ANS ONpefesieHnus KOTOopbix TpebyeTcs
yOOBNETBOPEHME ABYX YCA0BUI. Kak npaBuio, B Ka4ecTBe Takmx YCNOBUN 3a0at0TCs
3Ha4YeHus GQyHKUMN y(X) B Ha4Yane v KoHue vHtepsana y (a) u y(b).

Taknum o6pa3omM, aKCTpemasibHas 3agadya CBOOAUTCS K PELUEHUIO HENWUHENHOro
onddepeHumanbHOro ypaBHeHUs, Tak Kak B 06weM crydae GyHKUMA F HenNnHenHa
OTHOCUTENILHO Y 1 Y.

3ameTum, 4To:

OFy oFy oFy _
dx + ay (dy/dx) + oy (d y /dx).

MoacTaensieM 3TO BblpaXeHWe B ypaBHeHUe diinepa 1 nosyyaem:

dFy'/dx=

F-F, -F, y-F  y=0. (2-8)

OTtctona BUAHO, 4TO B OOLLEM Clyyae ypaBHEHME Jiinepa ABNIeTCs HEJIMHENHbIM
onddepeHumanbHbIM ypaBHEHMEM BTOPOro nopsaka v nosToMy €ro pelnTb He
yoaeTca. Npu Hawem BbiBOAE ANS CNpaBed/IMBOCTU 3TOr0 ypaBHeHUs TpebyeTcs
HENPEPbLIBHOCTb KakK MNepBON, Tak M BTOPOMN NPON3BOAHbIX GYHKUMM Y (X), T. €. 3apaHee
CTaBUTCH YCIIOBME HEMPEPLIBHOCTU MEPBbLIX ABYX MPOU3BOOHbIX HA SKCTpeEManu.

PaccmoTpum B KayecTBe npumMmepa 3agadvy O AJIMHE KPUBOMW, COEOVHSIOLLEN
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[Be JaHHble TOYKU:

1
I=§= ‘!’\/1*' Y, dx.
B pnaHHOM cnyyae

Fix y,y) = 1+Y,
Fy 20; ijz y/ \ll+y2

dF dx=L.3/2.
y/ [1+y2]

OTkyna ypaBHeHve Jiinepa uMmeeT Bup;
d Fy/dx =0.

CnepoBaTenbHO, AnddepeHumanbHble ypaBHEHUS AN 9KCTpemanein u pelueHme
3annLLyTCS Kak:

y =0;
y=Cx+C,

JTO €CTb ypaBHEHVE NPAMON. MOCTOAHHbIE NHTerprpoBaHua C, n C,onpeaensaioTca
M3 TOro YyCNOBMSl, 4TO NMpsiMas JoJkHa NPOXOAUTb Yepeld 00e AaHHble TOYKU. Takum
obpasomMm, npsiMas nMHUsS obecnednBaeT kpaTdyalillee pacCTOosHWE MexAay ABYMs
TOoYKaMMU.

[anee paccMOTPUM YacTHbIE CrlyHam ypaBHEHUSI Suiiepa.

1. Jonyctum, F He 3aBucut oTy. Torga:
d Fy’/dx =0,
1 cnepoBaTenbHO:
Fy'= const.
M3 aTOro ypaBHeHus onpenensemM y kak GyHKLMIO X U 3aTEM - UICKOMYIO (PYHKLINIO

Y(X) Kak MHTerpan ot 3TOro peLleHus.
2. MycTb F He 3aBUCUT OT X IBHO, T.e.:

F=FHy,y),
Toraa ypaBHeHue (2-8) 3annueTcd, Kak:
Fy_ Fyy’ y’_ Fy’y' y”= 0.

YMHOXaeM Bce YNieHbl Ha y (Y He JOMKHO 00pallaThCs B HyJlb):
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d(F-yF,)/dx=0,
oTKyda
F-yF,/=C.

OT0 paBEHCTBO HA3bIBAOT NePBbIM MHTErpanom dinepa (VMHTErpasiomM 3Heprun).
3. JonycTtum, 4to F 3aBMCUT TONbKO OT Y. B 3TOM cnydyae ypaBHeHue 3iinepa
NPYHUMAET BUA:

dFy'/dx =0
n y = const = k, ypaBHeHMe aKCTpeMarei 3anmieTcs Kak:
y=kx+b,

T. €. 9KCTpemanu 6yayT NpsMbIMU IUHUSIMUA.

4. HakoHel, OonycTuMm, 4To Fy'y' = 0. B yacTtHOCTWN, 3TO MOXeET ObITb, korgaF
=F(x,y) vmm F=M (x, y)+ N(x, y) y, T.e. DYHKUMOHAN UNI1 COBCEM HE 3aBUCUT OT
NPOW3BOAHON Y, UNN 3aBUCUT OT HEE JIMHENHO. PYHKLUMOHAabI, AN KOTOPbIX Fy,y, =0
Ha3bIBAOTCS BbIPOXAEHHbIMU B CUy clefylmx coobpaxeHuii. Mepenuviuem
dopmyny (2-8)

y'=(F-F, -F  Y)JF,, (2-9)

M3 3TOro BbipaXeHuss BUAHO, 4YTO AN BbIPOXAEHHbIX PYHKLMOHANOB He
CYLLLECTBYET BTOPOW MPON3BOLHOM AN SKCTPEMASIN, OHA HE SBNSIETCS KYCOYHO-MNaaKom
1, crnenoBatenbHO, AOMYCTUMOW (YHKUMEN, AN KOTOPOW BbIBOOAWIOCb YPaBHEHWNE
Onnepa.

Fy' y’ MOXeT 06palLaTbCs B HyJb AN HEBbIPOXAEHHbIX YHKLIMOHANOB TOMbKO B
OTAENbHbIX TOYKAX, 32 UCKITIOYEHNEM KOTOPbIX dopmyna (2-9) faeT 3HaYeHne BTOPOM
NPOM3BOOHON, T.€. 3KCTPEMAb HEBbIPOXAEHHOrO GYHKUMOHAaNa SBASeTCs KyCO4YHO-
rnagkon GyHKUMen, MMetowen Ha OTAENbHbIX y4acTKax HEemnpepbiBHYO BTOPYIO
NPOV3BOAHYI0. 310MbI KPMBOW MOFYT ObIThb B TEX TOYKAX, B KOTOPbIX MK Fy'y' =0, un
YNCIUTENb NPaBoW YacTu Gpopmynbl (2-9) TepnuT paspbiB.

2.3. YcnoBue JlexaHppa

JDanee Oynet paccmoTpeHo ycnoBue JlexaHapa - HeoOXOooMMOe ycnoBue
3KCTpeMyMa, COCTOsILLee B HEOTPULATENbHOCTU MaBHOMo KO3dduumeHTa BTOPOM
Bapuvaumu, NO3BONFIOLLLEE OTINYATb MUHVUMYM OT MakCMMyMa - KOTOPOE UTPaET BaXKHYIO
pPOJib B KJIaCCMYECKOM BapuaLMOHHOM UCHYUCNEHUN. Tak KaK Ha 9KCTpemanu nepsas
Bapuauuns O/ obpallaeTcs B Hy/b, TO 3HaK NPUpPaLLLEHNs ONPeaensieTcs B OCHOBHOM
BTOPOI Bapuauumen, noatomy B cnydae muHumyma G2 > 0, B cnydyae mMakcumyma
03<0.

OueBnaHO, 4TO:

b b
oQI/d82=I o [F(x y+ell, y'+sf]’)dx]/d£2=I (F,1z+2F, nn+
a

a

+F, 1 ?)dx.
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Mpeo6pasyem BTOPON YEH 3TOr0 BbIPAKEHWUS, B3SB MHTErpas no 4acTsaMm:
b X=b b
, , s x=b )
2f Fonnax= I Fan=rn - Finrax
a X=a a

oTKyna:
b

ol/de? = ZI (PN 2+RN '?)dx, (2-10)
a

roe
P=1/2(F,-dF, /dx);
R=1/2F .
M3 dopmynbl (2-10) cnepyeT, 4TO NS BbINOMHEHUS YCIOBUS MUHUMYMA:
?l/de? > 0 (2-11)
HeoOXo0aOMMO, YTOObI:

F,, = 0. (2-12)

JelicTBuUTENbHO, NOCKONLKY dyHKUMSA I (X) Npon3BonbHas, To ee Bceraa MoxHO
nopobpaTb Tak, 4Tobbl dyHkuma ]2 6bina mana, a I 2 Benuka. Beibop cnenyet
0oCTaHOBUTb Ha dyHKLMKM 1] (X) Manoii no abcontoTHOM BeNMYMHE, HO BbICTPO U PE3KO
n3MeHsaLwencs. na tTakon GyHKLMM 3HaK BTOPOW Bapmnaumm, O4eBUOHO, cOBNagaeT
CO 3HaKoMm KoadduumeHTa R.

EcnunR(x) < 0 B HEKOTOPOW TOYKE, TO A1 COOTBETCTBYIOLWEN /] (X) NpaBas YacTb
B (2-10) 6yneTt < 0, yto NpoTMBOpPEUnT (2-11).

Tem cambiM ycnoBue JlexxaHgpa nokasaHo.

[na 3apayn Ha MakCMMyM OTCIOAA CNeAyeT, YTO AOJIKHO BbIMOMHATLCS YCOBME:

F, < 0. (2-13)
Kak npasuno, B Teopum paccMaTpurBaloTCs TOSIbKO 324241 Ha MUHUMYM, a K 3agade
Ha MakCMMyM MOXHO MNepenTn 3aMeHOolr 3Haka y LLenieBoro yHkLumnoHana.

2.4. HekoTopble BapuaLVOHHbIEe 3apayv

MoryT BCcTpeyaTbCs 3aaa4m 60nee CNoXHbIe, B YACTHOCTU Takne, B KOTOPbIX KOHLLbI
KPMBbLIX HE 3aKperyieHbl, - 3aja4yn C He3aKpersieHHbIMU, WU MOABUXHbIMMU,
KOHUaMun. B aToM cnyyae Bapuaums GyHkKuMoHana 3aBuCcUT OT Bapuauun MCKOMOM
dyHKUMM 1 ee KOHUOB. Ha puc. 12 nsobpaxeHbl ncxogHas y (xX) 1 NpoBapbMpOBaHHas
W(x) + h (x) dyHKumn.
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y(x) +h(x)
T/vl:!} Oy1
5Yﬂ;/
y(x)

Xg Xo+ OXg X; X +0xg

Puc. 12. BapnanmonHas 3a7a4a ¢ OABWKHBIMHU KOHIIAMU

MpupaleHne pyHKUMOHana npeacTaBngeTcs B Gopme:

x1+Ax1 x1
A I=l(y+h)- I(y) = [ Fx y+h y+h)dx- [ Fx y, y)dx =
X0+ Ax0 x0
x1 x1+Ax1
= J’ [ F(x, y+h, y+h) - F(x, y, y)]dx+ I F(x, y+h, y+h')dx -
x0 x1
X0+ Ax0
- J’ F(x, y+h, y'+h')dx.
X0

30echb MepBbIi UHTErpasn - Bapuauus KpUBOW, a [Ba MOCHeoHUX - Bapuaumm
KOHLOB. BbIg€NUM raBHyIo JIMHENHYIO Y4acTb npupalleHus - sapuaumio O/, ong 4yero
nonoxum mManeimu h, h', dx,, dx,:

x1
O0l= [ [Fh+Fhldx+F|_, O X -Fl_, & x,. (2-14)
x0

BTOpoi1 4neH NnoaAMHTErpanbHOro BbipaXxeHus B Gopmyne (2-14) npovHTerpmpyem
Nno 4acTaM, B pe3yfnbTaTe Y4ero noay4ymm:

x1

ol= _[0 (F, -dF, /dx)hdx + F , [t Fl,O X, -Fl, O X,
X

C TO4YHOCTbIO 10 BECKOHEYHO MasiblX BbICLLErO NMopsiKa MOXHO HanmcaTtb (CM.
puc. 12):
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hix)=0 y,- vV dx,
hix)=0 vy, -y d x,

TOoraa OKoHYaTesIbHO nony4Ymm:

x1
5l= 1 (F,-dF,/dx)hdx+F | . &y +(F-yF)|_.0x -
X0
F e 0o ~(FYF) 1 08 X, (2-15)

roe ecTb MHTErpanbHbi YNEH, 3aBUCALWMIA OT Bapmaunm KPUBOW BHYTPU
nepBoHa4YyasbHOro MHTEPBana, W 4YieHbl BHE MHTErpana, 3aBUCSLLME OT Bapuaumn
KOHLLOB.

PaccmoTpum Tenepb 3aza4y onpeneneHnst akcTtpeMmyma dyHkumoHana cpeau
KPUBBIX Y(X), KOHLbI KOTOPbIX MOMYT MEPEMELLATLCS MO ABYM KPUBbLIM:

y=0 .
y= .

B 06Lem cnyyae B kKa4eCTBE rpaHnL, MOTyT BbICTYNaTb TDEXMEPHbIE Y N-MEPHbIe
KPMBbIE N MOBEPXHOCTU B 3aJa4ax, CBA3aHHbIX C MOPCKMMU nepexonamu ¢ O4HOro
MaTepuka Ha APYroi UM KOCMUYECKMMU NoieTaMmmn Mexay 6,11M3ko pacrnonoXeHHbIMN
HebGeCHbIMK Tenamu. MNpuMepom Takon 3agaym MoXeT ObiTb onpeneneHue
MUHMMANIbHOTO PACCTOAHUS MeXAy OKpyXHocTamu (puc.13). [Ana peweHwns
Heo6XoAMMO ONpPenenUTb He TONbKO KPMBYIO, HO U MONOXEHWE ee KOHUOB A n B.
OueBnaHO, YTO 3Ta KpMBasg A0/KHA OblTb SKCTPEMASIbIO, Tak Kak B MPOTUBHOM Cllyyae

A

90°

ANIO®

|-
Ll

Puc. 13. MunumanbpHOE paccTOsIHHE MEKIY ABYMS [NIaJKUMU KPUBBIMHA

yepes Te Xxe Toukn A 1 B MOXHO Obino Gbl MPOBECTU OPYrY0 KPUBYKD, AAIOLLYIO
MVHVUMYM PacCTOSIHWUS, MOSTOMY MEPBBI YeH B popmyne (2-14) obpallaeTcs B HyNb
n

6I= Fy' |X:X15 y7 + (F_ y’ Fy') Ix:x16 X1- Fy’ |x:x0 6 yO - (F- y’ Fy') |x:x06 XO;

C TOYHOCTbIO A0 BGECKOHEYHO MasiblX BbICLLEro nopgdaka 3anviem:
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oy= ¢ (x) O x,;
Sy=Wwsx,

oTKyZa ycnosue akctpemyma O/ = 0 npruobperteT BuA:

(Fy’ l‘)U ’+F_ y Fy) |><=><1 6 X1 - (Fy ¢ ’+F_ y Fy) |x=x0 5 XO =O'

Takkak J X, U O X, - He3aBNCVMbIe APYr OT Apyra npupaLleHns, To:
(F, L,U F-y'F) |, .=0;

(F, ¢ +F-y F,) | _, =O.
3TN COOTHOLLIEHNS HA3bIBAIOTCS YC/IOBUAIMU TPaHCBEepCcaNbHOCTU. Bxogsaue B
pelleHne ypaBHeHUs Ddiiiepa ABe HeomnpedeneHHble KOHCTAaHTbl MOryT ObiTb
onpeaeneHbl U3 3TUX yCroBuii. MonoxeHNs KOHLIOB SKCTPeManm (TOHKU X, U X, ) MOTyT

ObITb HANOEHbl Kak TOYKU rnepecevyeHna aKcTpemMasim C KpUBbIMU: y = $ - NepBbIn

KoHeu, Yy =¢’- BTOPOW KOHeL. YkKaxem cnyyanl, B KOTOPOM YC/IOBUIO

TpaHCBEPCANIbHOCTM MOXHO faTb FEeOMETPUYECKYIO MHTepnpeTaumio. PaccmMoTpum
dyHKUMOHaN Bmaa:

X2
I= Il f(x, y) 1+ p* dx.  (2-16)
X

B aTom cnyyae

F, =1 y)(y/[1+ P )= F, /[ 1+y?)
11 YCNOBYE TPAHCBEPCANbHOCTY 3aN1LLETCS Kak

[F(1 +V¢ /1 +y2) =0

OTKyda cnenyert, 4To

T N

AHaNOrM4yHoO O/ BTOPOro KoHua
y=-1, " (2-18)
Ho ycnoBus (2-18) n (2-17) o3HayaloT, 4TO KpuBas y (x) nepecekaeT KpuBble
¢ (x)n l')U (x) noa, NpsIMbIM YrIOM, NO3TOMY A5t GyHKLUMOHAN0B Buaa (2-16) ycnosue

TpaHCBEPCaNbHOCTN COBMAfAET C YyC/oBMEM OpToroHanbHocTu. K Takoro popa
dyHKUMOHaNam oTHOCUTCA GYHKLMOHA, KOTOPbIM onpeaensaeT pacCTosHueE:
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X2
s=){11/1+)>2 dx.

OTciopa MOXHO yTBEpXAaTb, YTO KpaTyaillee pacCTOSHUE MexAay OBYMS
KPUBLIMU MMOJy4aeTCs BLOJIb TPeTber, UM nepneHankynapHom. Tak, Ana AByX
OKPYXHOCTel aTo 6yaeT nepneHamKynsp, NPOXoasLmniA Yepes X LLEHTPSI.

dyHKunoHany (2-15) Takke MOXHO AaTb FEOMETPUYECKYID MHTeprnpeTauuto
(puc.14). OyHkums z = f(x, y) onpenensieT HeKOTOPY NMOBEPXHOCTb B TPEXMEPHOM
NPOCTPaHCTBe 1 GU3NYECKM MOXET 03Ha4YaTb, HaNPUMepP, Pacxon TONAnea Ha eAVHULLY
OnnHbl. Takum 00pa3oM, MHTerpan O3HayaeT MOJHbIA pacxod TonavMBa BAOMb
TpaekTopun, COEAVHSAIOWEN ABE rpaHu4YHble KpuBble. BapuaunmoHHas 3apjava Ha
MWUHVMMYM O3HayaeT onpeneneHve Takom TPaekTopun y (X), COeAUNHSALWEN KpuBble

y=¢ (x) n yzl,U (x), BOONb KOTOPOU pacxopn, Tonnvea 6bin Obl MMHUManeH. Ecnu
paccMOTPETb UHTErpasn BUaa:

x2

I f(x, y) \[1+y? dx

1

TO ero MOXHO WHTeprnpeTMpoBaTb, B YaCTHOCTWU, C MOMOLLbIO MOBEPXHOCTU
BpALLEHMS, KOTOPYIO OMUCHLIBAET B TPEXMEPHOM MPOETPAHCTBE KPMBag, NPOBEAEHHAs
B MJIOCKOCTU (X, ¥) MexXAy KpUebIMr y=¢ (x) ny= (Xx), Np” BpaLLeH BOKPYr OCU
Ox. B atom cnyyae f(x, y) o3Ha4aeT BeC eOMHUYHOW noLwiaan. dnemMeHT nnaowiaam
paBeH:

Z=4(%4)

Puc. 14. losicuenne k pynkimonany (2-15)

ydadS = y1ll+y2 dx da.

dusnyeckn MUHUMYM YHKUMOHanNa

2 Xp X2
I= (f) dad txyy 1+yiax=2m I oixyy [1+9? ox
Xy Xy
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O3HayaeT onpeneneHne Takon KPUBOM y (x), ONs KOTOPOM BeC niaowianun
NOBEPXHOCTU BPALLEHNA MUHUMASIEH.

2.5. O6o0OweHHaa 3apaya JlarpaHxa v 3apadya ¢ OrpaHUYeHUusiMu
B BapnaumMOHHOM MCHYUCIIEHUU

B npakTuke BCTpeyaloTCs 3afa4M Ha OTbICKaHMe 3KCTpemMyma dyHKUMoHana npm
DOMONMHUTENbHBIX YCNOBUAX, HANMOXEHHbIX HA QYHKLMU, B KlacCe KOTOPbIX ULLETCS
aKCTPEMYM. TN 334341 HA3bIBAKOT 3a4a4aMu Ha YCNIOBHbIV 9KCTpeMyM. VX npumepom
MOXET CNYXNTb 3a4a4a O HAXOXAEHMM KpaTHaLLero pacCTOsSHUS Mexay ABYMS TOUKaMu
npuv yCrnoBuW, YTO KPUBAs, COEAMHSAIOWAsa 3TU OBE TOYKM, JIEXUT HA HEKOTOPOU
NOBEPXHOCTU, HanpumMmep Ha cdepe. PelueHrne cBOAUTCA K ONPEAENEHNIO MUHMYMa
dyHKUMOHana:

X1
I=S= xI 1+y2+ 72.dx (2-19)
0

rnpwv ycrnoBun:
X2+y+z2-R=0. (2-20)
[ng pewenns Takux 3a4a4q MCNoNb3yeTcs MeToa, HeonpeaesieHHbIX MHOXUTesen

JlarpaHxa.
Teopema: /19 Toro 4To6bl HAUTV IKCTPEMYM PYHKLIMOHAA

X1
I= I F(x, y, y'z, Z')dx (2-21)
Xo
npy ycroBum
WY x v, 2)0, (2-22)

HEeo6XoAMMO BBECTY BCTIOMOIaTesibHyI0 (OYHKLIMIO:
o=F+ Ao,

rge A (x) noka Hen3BecTHasi PyHKLMS (HeornpeneIeHHbIN MHOXuTe b JlarpaHxa),
U McKkaTb 0BbIYHBIMY METOAaMU IKCTPEMYM DYHKLMOHANA!

1= I @ dx. (2-23)

B 3apadye TpebyeTcs onpenenntb TP HEM3BECTHbIE QYHKUMN Y (X), Z(X), /\ (x),

yOOBNETBOPSAOLWME TPEM YpPaBHEHUSM: ABYM ypaBHEHMAM diinepa ana GyHKumMoHana
(2-22):
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®, -dd,/dx=F, -dF,/dx+ l-,Uy/\ (x) =0,

® -dd, /dx=F -dF,/ax+ Y X o=0

N OOHOMY YPaBHEHMIO CBS3M:

L/j (x,y,z)=0.

Kpome Toro, A0KHbI BbIMOIHATLCS YCI0BUSA TPAHCBEPCANBbHOCTU, MPY 3TOM POJib
dYHKUMKM F BypeT urpatb GYyHKUMS:

CD=F+l,/J/\.

[Mprmepom 3apayum Ha YCNIOBHbIN 3KCTPEMYM HABJISETCH N30MNepuMeTpuYecKas
3ajaya, KoTopas nony4una Takoe Ha3BaHue 13-3a HaCTHOW 3a4a4n onpeaesneHms cpeam
BCEX KPUBbIX PABHOM AJIMHbI (M30NEPUMETPUYECKNX) OOHOM KPUBOW, OrPaHnynBaloLLEN
MakCuMasbHyio niowaap. 34eCb 9KCTPEMYM dyHKLMOHana:

X1

= I F(x, y, y’')dx
Xo
onpenensaeTca npu orpaHnyMBaloLWLEM YCIOBUM B BUAE MHTerpana:

X1

I, = I K(x, y, y’)dx = const.
Xo
JaHHasa 3apaya ceoauTcs k 06006LLEeHHON 3aaade JlarpaHxa BBeaeHneM QyHKLNN:

©= A KA.

NnoC/e Yero peLllaeTcs 3agada Ha 9KCTpeMyM dyHKUMOHana:

yXxe 6e3 MCXoQHOro orpaHmyeHus. B msonepumeTpuyeckor 3apaye
OCYLLECTBNIAETCS NPUHLMN B3aMMHOCTW — 3KCTpemanu 3agadv [, —» min, [, = const
COBMafaloT G aKCTpemManamm 3agadmn/, — min, I, = const, T.k. ypaBHeHne dinepa ans
3TUX 3a4a4 OOHO U TO Xe — OHO COOTBETCTBYET PyHKUMM P.

[MpaBnno HeonpeaeneHHbIX MHOXUTENEN JlarpaHxxa coxpaHaeTcs v Torga, korga
OorpaHu4yMBaloLLLEe YCIOBME COAEPXNT NPOM3BOAHbIE. B aTOM cnyyae akcTpemasbHas
3a/ia4a Ha3biBaeTCca 3apadein JlarpaHxa.

K 3apade JlarpaHxa cBOOATCA NOYTWM BCE 4YacCTHbIE 3a4adqu BapuaLMOHHOrO
ncurcnennsa. Tak, npu 3aBUCMMOCTU PYyHKLMOHANa OT BbICLUNX MPOU3BOAHbIX 3aa4a
Takxke pelwaetca metogom JlarpaHxa. [eincTBuTenbHO, eCim nMeeTca GyHKLUNOHAN:

x1

=1 Fx vy, y) dx,
x0
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TO MOXHO BBECTM HOBYIO OYHKUMIO ¥ =z, y'' = z, TOrga pelueHne cBeLeTcs K
OTbICK@HMIO 3KCTpeMyma dyHKLMOHana:

X1

l=I Fix, y, vy, 2")dx,
Xo
npun ycnosumu

y' -z =0.

Ha npakTuke ANng [OCTUXEHUS ONTUMaNbHOrO ynpasieHUs (KOoTopoe
paccMaTpuBaeTCs B Crieayiolleli rnaBe) 4acTo NpuUxoauTcsl OTbICKMBaTb SKCTPEMYM
dyHKLMOHaNa npu orpaHnyYeHnsIX, HaIOXEHHbIX Ha KJlaCC CPaBHMBAEMbIX (DYHKLWIA.
[Jeno B TOM, 4TO, HanpuUMep, MOLHOCTN MCMNONHUTENbHbLIX YCTPOMCTB CUCTEM
yrnpaBneHus, Kak npasusio, orpaHuyeHbl. MatemaTuyeckn 3TO O3Ha4aeT, YTo AJis
CpaBHEHUs [ONYCKAIOTCS QYHKUMM Y, YAOBNETBOPSIOLLME HEPABEHCTBY:

L,Ui(x,yj,yj’)go, i=1,2,....m

Takne 3agayn yoaeTcs pellatb Ha YPOBHE MHXEHEPHOM CTPOrOCTM BBEAEHMEM
OJHOCTOPOHHMX Bapuauuii U AOMNOJIHUTENbHLIM YCNOXHEeHNeM GyHKUMoHanos. Mpu
3TOM 3ajadva, eCTeCTBEHHO, ycnoxHsaeTtcd. [na npumepa O6yoeT pacCMOTpeH
MPOCTENLUNIA Ciyyan (BNOMHE AOCTATOYHbIN, C METOAMYECKON TOYKM 3PEHUS), KOorga
3aaaHbl GyHKLUMOHAN BMaa:

b
=1 Fixy y)dx (2-24)
a
1 orpaHmnymBeatloLlee ycnoBue:

L»U (x) < ¥x).

Kpueas y = l-,U (x) onpepensieT rpaHuuy o6nacTu, BHYTPU UM BHE KOTOPOI

LOJKHA HaxoauTbCa PyHKUMS, OOCTaBngdoWwaa akcTpeMym dyHKumoHany (puc. 15).
OGnacTu, B KOTOpPblE BKIOYAETCH rpaHMLA, Ha3bIBAIOTCA 3aMKHYTbiMU. OCHOBHas
TPYOHOCTb B peLleHnn Taknx 3afad COCTOUT B crieaytoulem. [1ng 3amMkHyTOM ob6nactu
KPVBYIO Y (X) MOXHO CpaBHMBAaTb TONbKO C KPUBON y+ () Y, Tak Kak, ecnm y (x)

NPOXOAMT MO rpaHuvue [y = LlU (x), T0 kpusas y+ Oy (O y > 0)yxe BbixoauT

3a npeaenb OonyCTUMOon 061acTu, T. €. Ha rpaHnLLEe O0MYCTUMA TOJIbKO OAHOCTOPOHHSS
Bapuaums. MNpu BIBOAE e OCHOBHOrO ypaBHeHMs Jiinepa Ucrnosib30Bannch Bapraumm
000ux 3HakoB Y+ y n y-0O ( Oy > 0) 1 3HadeHnsa GpyHKLUMOHANA Ha SKCTPpemManm
y (X) CPaBHMBANNChL C €ro 3HaYeHUAMU Ons 06enx OOMYCTUMBIX QYHKUMA y + Jy ny

- Oy. Ansa Toro 4tobbl yCTPAHUTb 3TO HECOOTBETCTBME, 3aMEHSIIOT NEPEMEHHbIE: BMECTO
y BBOOST Z, MOJIb3YSiCb YPaBHEHUEM:

z=y-Y ),

N3 KOTOPOro CRneayeT, 4To
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nnn

Puc. 15. K3anaue ¢ orpaHMYEHUSIMH

MoaTtomy dyHkuMoHan (2-24) B HOBbIX NepeMeHHbIX MOXeT OblTb 3anMcaH B
BUAOE:

b
=1 Fix 2z +W (x), 222+ (x10x. (2-25)
a

Ha HOBYIO OYHKLMIO Z (X) HE HANOXEHO HUKAKMX OrPaHNYEHUI, MPOCTO Ha rpaHnLe
obnacTtu oHa nNpuHUMaeT 3HadyeHne z = 0, 1 aKCTpeMyM dyHKUMOHana (2-25) MoXHO
nckatb 0OblYHBIM METOAOM, NMpuaaBas [OBYCTOPOHHME Bapuauum. B pesynbrate
Nnony4ymTCa ypaBHeHue dinepa ang GyHKUMKU:

F -dF,/dx=0. (2-26)
YpaBHeHue dinepa (2-26) MoxeT ObITb NepenncaHo B BUAOE:
FZ-dFZ,/dx=2sz- 22dFy,/dx=0

nnu
27(F,- d F,/dx) =0. (2-27)

YpaBHeHue (2-27) pacnagaeTcs Ha aBa:z = 0, KOTOpOe COBNaaaeT C ypaBHEHNEM

y= w (x), n ypaBHEHNe dinepa

F,- dF, /dx)= 0.

M3 aTnx ABYX ypaBHEHMM CleAyeT, YTO SKCTPEeMYM MPU HaMYUU OrpaHUYeHNi
MOXET AOCTUIraTbCs NINLLb HA KPUBBIX, COCTABNIEHHBIX U3 KYCKOB 3KCTPEMAsIel 1 KyCKOB
rpaHu1Lbl 4OMYCTUMO 061acTu.

[ns nofHOro pelueHns 3agadn ¢ OrpaHUYeHUsMN HEOBX0AMMO HaMTK YCIIOBUS
nepexofa aKcTpemManu K rpaHuLe o61act 1 HA06OPOT, HO AaHHas 3a4a4a BbIXOAUT 3a
rpaHnUpbl AaHHOMO Kypca.
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2.6. KaHoHnyeckasa ¢opma ypaBHeHuUi Idnnepa U nNpsiMblie
MeToAbl B BapuUaLMOHHOM UCYUCIIEHUUN

CumMmmeTpuyHasa nnm kaHoHmyeckas dopma anddepeHumnanbHbiX ypaBHEHUN
Olinepa ocHoBaHa Ha BapuaLMOHHOW MexaHuke MamunbToHa - JlarpaHxa. Beenem
BMECTO Y HOBYIO NEepPEMEHHYIO:

p=F, (2-28)

M3 HEE MOXHO Bblpa3uTtb y’ = ¢ (x, y, p). MMoaTomy, ecnun BBECTU PYHKLMIO,

Ha3blBaeMyto raMmJibTOHMaHOM:

H(X! Y, p):_ F(X’ Z V)+y Fy’(Xi Y, y)’

roey’ = ¢ (p), T.e.
H(X! Y, p):_ F(X’ \Z ¢ (p)! )+p ¢ (p)r

TO NpsMbIM AndDEPEHUMPOBAHNEM MOXHO MOAYYUTb Cleaylolmne ypaBHEHWS:

OH/Oy=p dy/ dv-F,-F,dy/ 3y (2-29)
o= -F0P /ap+® (0+0a® sap (230

MopctaBuB B ypaBHeHMEe diinepa
F, -dF,/dx=0
dopmyny (2-28), nonyy4nm:
F = dp/dx.

C yyeTOoM nocnegHero cooTHOWeHus n Gopmynbl (2-28) ypaBHeHus (2-29) n
(2-30) npumyT BUA:

-0 H/Q y=dp/dx, (2-31)
0 H/Qd p=dy/dx (2-32)

9710 - ramunbTOHOBa dopma ypaBHeHMIA Diinepa, npencraensoLias coboi
CBsI3aHHYI0 napy anddepeHumanbHbiX YPaBHEHNA B YAaCTHbIX MPOU3BOAHbLIX. VIHaye
VX Ha3blBAlOT KaHOHU4YECcKoW (pOopMOi ypaBHEHUI dinepa uinm ypaBHEHUSMU
ramMunbTOHA.

OTOT METOA, LeNMKOM 3aMMCTBOBAH U3 KIIAaCCUYECKON MEXAHUIKM.

CocTosiHme noboit GU3NYECKONn MexaHUYECKON CUCTEMbI XapakTepU3yeTcs B
ONpefesnieHHbIi MOMEHT BPEMEHU t KOOPAMHATAMN g U UX MPOU3BOAHLIMU G’ WU
vMmnynbcamu P, NOSTOMY COCTOSIHWE CUCTEMbI B MOMEHT BPEMEHU t MOXET ObiTb
npencTaBneHo TOYKON B pa30BOM NMPOCTPAHCTBE 2 N U3MEPEHUIA, MO OCAM KOOpAUHAT
KOTOPOro OT/IOXEHbI P, U Q..

B mexaHnke eCcTb NPMHLMN HAMEHbLUEro AeNCTBUSA NV NPUHLMN FTaMuUnbTOHa,
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KOTOpLI dopmMynupyeTcsa cneaylowmMm obpasomM: nepexon CUCTEMbl U3 OOHOrO
COCTOSIHUSI B OPYroe COCTOfHME MPOUCXOAUT MO TakoWn TpaekTopum B $as3oBOM
MPOCTPaHCTBE, HAa KOTOPOM HEKOTOPbLIN MHTErpabHbii GYHKUVOHA, Ha3blBaeMbli
nelictemem, obpalaeTcs B MUHMMYM (TOYHEE, TPAEKTOPUS CUCTEMBI ABNSETCH
aKcTpemManbio 9Toro dyHkunoHana). MyHkuMoHan-gencTene BolOMpaeTcs Takum
obpa3oM, 4TO ypaBHeHMe Jiinepa Ons Hero coBnagaeT C ypaBHEHMEM OBUXEHUS,
COOTBETCTBYIOLLMM 3aKOHaM HblOTOHa.

B 60nblIMHCTBE MpakTUYECKUX 3aJay ypaBHeHue Oiinepa - JlarpaHxa He
nHTerpupyetcs. MNoatoMmy 60sbLIOE pacnpoCTpaHeHWE MOJyYUIM Tak Ha3blBaeMble
npsiMble MeTOAbI, KOTOPbIE AAOT NPUONMXKEHHOE pELLEHME 3aaa4yu.

Mpoes npaMbix METOA0B 3aKJIIOYAETCA B crneayowem. [ycTb TpebyeTca HamTn
bYHKUMIO y(X), BOCTaBAFIOWYIO 3KCTPpeMyM dyHKkumnoHany I(y). NMocTtpoum
nocnenoBateNibHOCTb PYHKUNIA Y,, V,, .., ¥,, KOTOpasA CXOOAUTCH K GYHKUMN Y, T. €.:
lim (y,)=y.

n- oo

N LOKAXEM, YTO NMpu 3TOM DYHKLIMOHAN TakxKe CTPEMUTCS K HEKOTOPOMY Nnpeaeny:

lim (y,)=y.
n- oo

CyuiecTByeT MHOI0O NpsiMbIX MeToA0B. /13 H1X Hanbosiee n3BeCcTHbl MeToapl Putua
n diinepa, N9 KOTOPbIX C MOMOLLbIO CJIOXHbIX MaTeMaTUYECKUX PaCCYXOEHUN
[0Ka3blBAETCS, NPU KaKMX YCI0BUSX 06ecneqnBaeTCcs CXOAMMOCTb MOCeA0BaTENIbHOCTA
DYHKUNI K 3KCTpEManu.

3aeck OyoeTt paccMoTpeH metop, Putua.

Jonyctum, TpebyeTcs HaiTV MUHUMYM dYHKLUMOHana

X1
Kyl= | Fix vy y)dx
Xo
NP rpaHN4YHbIX YCIIOBUAX:
wx,) =A ¥x)=B. (2-33)

Beenem B paccMoTpeHne pyHKUmn:

n
wx)=Q 0+ 3 o @ (), (2-34)
] =1

roe:

D ooa @ x)-8
¢ J.(x0)= ¢ j(x1)=0.

dyHKUMNM ¢ ,- NIMHENHO-HE3aBUCKMbIE M Ha3bIBAOTCA KOOPAUHATHLIMU
(6a3MCHbIMM), ONS HUX TOXOECTBO:
C, ¢ ot C, ¢ et cn¢ , =0
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BbINOIHAETCS TONLKO NpU C | = 0, j=1,...,n. Ecnm noactaButb BbIpaXeHue
(2-34) B (2-33), TO PyHKUMOHAN NpeBpaTUTCS B PYHKLMIO N NEPEMEHHbIX:

Hy (x)}=Q(c,, ¢, ...,C).

TpebyeTcs onpeaenmTb 3Ha4eHNs C;, KOTOPbIe 0OPALLAIT B MUHUMYM GYHKLMIO
Q, T, e. 3aa4a CBOAMTCS K PeLIeHnio N anrebpanyecknx ypaBHEHWIA:

0Q/0 ¢, =0, j=1,2,...,n. (2-35)
Bo MHOrmx cnyyasx HalgeHHble Takmm 06pa3om QyHKUUU yj(x) CXOAATCH K
aKCTpeManu.
Mpumep. MuHMMM3MpyeM GyHKLNOHAN:
1
- {) (v’ 2+ +2 xy); W0)=y(1)= 0.

Lns aToro Bbibepem koopanHaTHble bYHKUMN ¢ , B BUAE:

¢ o X)=0; ¢ {(X)=x? - X;

D po=x 2 @ (g,

npv N=2 noJay4nMm:
¥, (X)=C, (X2 - X)+C 5 - X2);
Y, (x)=c, (2x-1)+c, (3x* - 2x);
I{y,(x)}=Qc,,c,)=(11/30)c2+(11/30)c,c,+c2/7-c/6-c,/10.

Torpa ypaBHeHus ona onpenefieHna 3HavyeHuin KoapoduULMEHTOB ¢,, C
3anunLyTCs Kak:

2

(11 /15) ¢, +(11/30) c,= 1/6;
(11/30)c,+(2/7)c,=1/10.
Otkypa:
c,=69/473;¢,=7/43;
Y, (X)=(T7x - 8 x> - 69 x )/473.
TouyHOEe pelleHVe B JAHHOM ClyYyae UMeeT BUA;
y ={ [e(e*- e>)] [(e*- 1)} - x.
B Tabnuue gaetcsa cpaBHEHME TOYHOMO M MPUOAMXKEHHOrO peLleHnin 3aaa4du.
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Tabnuua 1

X y ¥2(X) X y %(X)

0,0 0,0000 | 0,0000 0,6 -0,0588 - 0,0585
0,2 - 0,0287 | -0,0285 0,8 -0,0444 - 0,0442
0,4 -0,0505 | - 0,0506 1,0 0,0000 - 0,00Q0

3. ONTUMANIbHOE YNPABJIEHUE U NPUHUMINT MAKCUMYMA

3.1. Pa3Butue Teopumu ynpasJieHUS

3apoxaeHne Teopun yrnpaerieHus (Teopun pPeryanpoBaHns) 0ObIYHO MPUHATO
[aTnupoBaTb COPOKOBbIMM rogamm XIX B., korga HeE3aBUCUMO Opyr OT Apyra nosiBUAnNCh
nBe paboThl, NOCBSLIEHHbIE OOHOK U TOW Xe npobneme, - npobneme BbIGOpa
napameTpoB perynsatopa Yartta. ABTOPOM OOHOI U3 HUX Obll aHIANACKUIA HU3NK
MakcBenn, a opyroi - Hal COOTeYeCTBEHHUK, HXeHep W. A. BoeiluHerpaackuii. Obe
3TN paboTbl ObIIM MOCBSALEHbI CO34aHUI0 Hay4YHbIX OCHOB PEryInMpoBaHus paboTsbl
NnapoBOi MaLLUVHbI, T.e. NMPUHLMMNOB, NO3BOSIAOLLIMX 06ecneymTb MOCTOSHCTBO 0O60POTOB
Basia NPy U3MEHSIIOLLLENCS BHELLHEN Harpy3ke. bonblloe BnvsiHve Ha pa3sButue  mnaemn
1 METOO0B TEOPUM PETYIMPOBAHMS Oka3ana Teopuun yctonymsocTu A. M. JlanyHoBsa.

PaccmoTpum cBA3b 3a4a4 TeopUn PerynmpoBaHns C OCHOBHbIMU npobnemamm
Teopumn yctoiumBocTu. MycTb HEOHGXOOMMO LienieHanpaBieHHoe N3MEHEHNE KaKOro-
nmbo PU3nYecKoro npoLuecca, BANATb HA XOA4 KOTOPOro MOXHO MyTeM U3MeHeHUs
TEX WU MHBIX KOHCTPYKTUBHbLIX NapamMeTpoB. B kauyecTBe npumepa 6ynem
paccmaTpuBaTb KOHCTPYKLMIO aBTONunoTa - npubopa, KOTopbli UBMEHEHNEM
NMONOXEHUSA PySieli MOXET N3MEHATb XapakTep nosieta camorneta. Munoty 3apgaeTcs
MECTO U1 BpeMsi NpUbbLITUSI U pacCYMTaHHbIV Kypc noneTa. MNunoT BbIBOAUT CaMosieT Ha
pacyeTHbIl Kypc 1 BKJIlOYAeT aBTomMaT. [BmxkeHne camoneTa 6yaeT onmcbiBaTbCs He-
KOTOpPOM cuctemon anddepeHLumnanbHbiX YPaBHEHNIA:

X =f(xt p &) (3-1)

3nech:

X - BEKTOp, OonucbiBaloWwmnin ¢Gas3oBoe COCTOAHME CUCTEMbI (KOOpPAMHATHI U
CKOPOCTb CaMosieTa);

t — Bpemg;

& - cny4arHbI BEKTOP, XapakTepusyloLWwnid BHELIHNE BO3AENCTBUS;

P - BEKTOP KOHCTPYKTUBHbBIX MapaMeTpOoB aBTONUII0Ta, KOTOPbIE MOTyT BbIGUPATLCS
B JAHHOM CJly4ae KOHCTPYKTOPOM.

3Hasi pacyeTHYIO TPAEKTOPUIO CaMoeTa, BCeraa MoXHO BbiOpaTh Havano otcyeTa
Takum 006pa3omM, 4TOObl MPU OTCYTCTBUN BHELLUHMX BO3MYLLEHUIM 3HA4YeHUs Pa30BbIX
nepemeHHbIx 6bin Hynesble. CnepoBaTtesibHO, Todka x = 0 JoskKHA yO0BNETBOPSATH
ypaBHEHUIO

f0, t, p, 0) = 0. (3-2)
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ycTb B HEKOTOPLI MOMEHT =t Ha ABUXEHWE camosieTa okasano BO3AencTare
HEKOTOPOE Clly4yanHOe BO3MYyLLEHME (HanpuMmep, BeTep), B pedyfibTate KOToOpOoro
COCTOSIHME CUCTEMbI UBMEHWJIOCh:

X(t)=x,#0. (3-3)

Kaknm ycnosrsiM O/MKHO YA0BNETBOPSATH ABMXEHNE CaAMOJIETA, YTOObI, HECMOTPS
Ha OTkNoHeHue (3-3), oH gocTur 3agaHHon uenn? MNpexae BCero, O4eBUAHO, YTO
3HAYEHUS KOMMNOHEHT BEKTOP-DYHKLUMN X(t), XapakTepU3yIoLLMX MONOXEHE camoneTa
MO OTHOLUEHWIO K pacYeTHOW TPaekTopumn, He MOryT YBENMYNBATLCS (MO aBCOMOTHOMN
BeNnymnHe). Tak Kak TpaekTopusa camoseTta JO/MKHa NPONTU Yepes Lelb YyrpaBieHus,
TO HeoOxoAMMO, 4YTOOblI BO3HUKLUEE BCNEACTBUE KAKUX-TO MPUYUH OTKIIOHEHUE
napameTpoB MNoJieTa CamMosieTa OT PaCHETHbIX 3HAYEHWI CO BDEMEHEM MOTJI0 UCHESHYTh.
[ns obecneyeHns aTUX ycnoBuin noseta [OCTaTOYHO, YTOObI ABMXEHME camoneTa
06128210 aCUMNTOTMYECKOWM YCTOMHYMBOCTLIO, T.€. [OJIKHO BbIMNOJIHATLCS YCIOBUE:!

lim x(f) = 0. (3-4)

t -

Ycnosue (3-4) He 9BNSIETCS CTPOro HeoOXoAMMbIM UM CTPOro AO0CTaTOYHbIM.
JocTmxeHne uenv ynpasneHus AOJKHO NPOU30MTH 3a KOHEYHOE Bpems T, a yC/ioBue
(3-4) onucbiBaeT acCMMNTOTUYECKME CBOKMCTBA ABMXEHUS pyu t — . BO3MOXHOCTb
TakoM 3aMeHbl KOHEYHOro OTpe3ka BPeMeHN GECKOHEYHbIM O03HaYaeT TONIbKO OAHO -
BpeEMS nojsieta camosieta sBASeTcs “npakTuyeckn” 6GeCKoHeYyHOo OOoMbLUM Mo
CpaBHEHMIO CO BPEMEHEM, HEOOXOAUMbIM 711 KOMMEHCALMN BO3MYLLEHWS (3aTyxaHns
konebaHuii camoneTa). Takum 06pa3om, XOTA BO3MOXHOCTb MCMOJIb30BAHUSA YCII0BUSA
(3-4) aBnsgeTcsd onbiTHbIM GakTOM, OHa OTKpPbIBAeT pa3HoobOpasHbie NyTu
KONIMYECTBEHHOro aHannada. 3ameHa 60MbLLIOro, HO KOHEYHOro OTpe3ka BPEMEHU
GECKOHEYHbIM SBNISIETCS LUMPOKO PACNPOCTPaAHEHHBLIM NMPUEMOM, TaK Kak UCCiefloBaHNe
Ha OeCKOHEYHOM WMHTEepBane BPEMEHW MHOrga okaldbiBaeTcs 6onee npocTbiM, YeEM
nccnenoBaHve noseneHus GyHKLUMN Ha KOHEYHOM MHTEpBAse.

Mpob6nema nccnenoBaHns yCTOMYMBOCTM TPUBMANLHOMO peLleHns(x =0) cuctemsl
(8-1) - aTO OCHOBHas 3aa4a TeOPUN YCTONHMBOCTUN, OAHOM N3 BaXXKHENLLNX rNaB Teopumn
onobdepeHuUmanbHbiX ypaBHeHWn. Ho 3aaya npoekTupoBaHus aBTonunoTta, obecne-
YMBaIOLLEro aCMMNTOTUYECKYIO YCTONYMBOCTb OBMXEHUS CaMOneTa, He CBOAUTCS TONbKO
K 3a/1a4e TeOpuUM YCTOMHYMBOCTU. Kak npaBmnio, HeA0CTaTO4HO BbIICHUTb, YCTONYMB N
nosieT camosfieTa C AaHHbIM aBTonunotoM. Heobxooumo onpenenstb OOMYyCTUMbIE
MHTEepBanbl M3MEHEHUS MapamMeTpoB aBTONuaoTa (KOMMOHEHT BeKkTopa p),
obecneunBatoLLmMe YCTONYNBOCTb.

YcnoBus yCTOMYMBOCTU MOXHO MPeAcTaBUTb pasfvyHbiM 06pasom, 1 BOMpPOC
06 nx BbIGOpPE HOCUT CYOBLEKTUBHBIM xapakTep. ViMmeHHO coobpaxeHus ynobcTBa,
Harngg4HOCTN NOOYXAann WHXEHEePOB MCKaTb BCE HOBbIE M HOBble GOPMbI
npencTaBAeHNs YCIOBMA YCTONYMBOCTN. YCNOBUS YCTONYMBOCTN, 3anMCaHHbIe B TOMN
U nHom dopme, ONpPeaensioT B MPOCTPAHCTBE NapaMeTPOB HEKOTOPOE MHOXECTBO
G,. Beibop pll G, rapaHTMpyeT BbINOSIHEHWE YCI0BUSA YCTONHYMBOCTH (3-4), 4TO, B CBOIO
oyepenpb, rapaHTUpyeT AOCTUXEHNE Lenn ynpasneHns. Ho ycnosue ycTon4mMBoCcTr He
€[ONHCTBEHHOE, KOTOPOMY [0/KHbI YAOBNETBOPATL NapaMeTpbl perynaropa. B ocHoBe
NnoJly4EHNsT 3TOr0 YCNOBUSA BCErAaa JIEXUT KOHKPETHAasi KOHCTPYKTOPCKas cxema -
HekoTopas CTpykTypa. Tak, B paboTax Makceenna vn BblluHErpagckoro ndyvyanmcb
BOMPOCHI YCTONYMBOCTU MOAAEPXAHUS 3a0aHHOr0 yYnucna obopoToB ABUratens c
MOMOLLIbIO BMOJIHE KOHKPETHOro yCTpoicTBa - perynaTtopa Yatrta. M3yyas cnocobbl
ynpaBfieHMs HEKOTOPbLIM NPOLLECCOM, HEOOX0AMMO pellaTb cpady ABe 3a4auu:

- BbIOOP MPUHLMNMANBLHOM CXEMbl perynsaTopa (aBronunota uamM Kakoro-anbo
Opyroro mexaHnama);

CoBpeMeHHbI M'ymaHuTapHblii YHuBepcuteT

47



- BbIOOp nmapameTpoB npubopa, obecneymBalOWmMx AOCTUXEHUE Lenen
yrnpasneHus.

MepBas 3apaya Bcerga HOCUT xapakTep naobpetaTtenbcTea. XoTs CyLIECTBYeT
Lenblil psg, UccnenoBaHnii, B NPoLLECCE KOTOPbIX Oblv BeipaboTaHbl pa3HoobpasHbie
pekomMeHaaumMm o BbiOOpe CTPYKTYpbl MEXaHW3MOB yrpaBfieHUs, TEM He MeHee, B
KOHEYHOM UTOre, BOMPOC O KOHCTPYKTUBHOW CXEME MEXaHMU3Ma OCTaeTCsl BOMPOCOM
KOHCTPYKTOPCKUM, a OLeHka coBeplueHcTBa npubopa BK/OYAET U OLLEeHKY Takmx
nokasarvenen, Kak npocToTa, TEXHONOMMYHOCTb, HAaAEXHOCTb. Takum ob6pasom,
KOHCTPYKTMBHas CXeMa HaknagbiBaeT Ha Bbl60p napamMmeTpoB P BroJiHe onpenefieHHblie
orpaHvyeHns:

pOG, (3-5)

CnepoBatenbHO, ons AOCTUXKEHUS LENEN ynpaBaeHns  (BbIMOSIHEHUS YCIOBUM
3-4) Heo6xo0aMMO, 4YTOObI:

pOG=G,nG,. (3-6)

Ecnn mHoxecTBO G NycTO, TO 3TO 03HAYAET, YTO BbIOPaHHAA KOHCTPYKLUMS (cuctema
ynpaBneHus) He obecneyvmBaeT Lenv ynpaBneHnsa 1 AoKHa ObiTb 3aMeHEHa.

Kputepuii nocTxeHus Lenun ynpaeneHus (3-4) MOXeT ObiTb CHOPMYNMPOBaH U
B TEPMUHAX ONTUMMU3aUMK. s 3TOro A0CTaTOYHO BBECTU HOBbI KPUTEPUIA, HANPUMEP:

I(p) =1, ecnn lim x(f) = 0,
1t 5 o

I(p) =0, ecnn lim x(f) # 0, (3-7)
t - o

Wnn, B 3KBMBaNEHTHON dopme (cm. 3-6),
I(p)=1,ecnn p0OG,
I(p)=0,ecnn p0OG. (3-8)
Tenepb ycnosue (3-5) nnm (3-6) MOXHO NpeacTaBuUTb B BULE:
I(p) - max, (3-9)

n noboe pelweHne onTMMM3auMoHHOM 3agadn (3.9) aBnseTcs pelleHuem
MCXOOHOM 3a4a4u.

Ycnosusa (3-4) n (3-9) He BbIOENAIOT €ANHCTBEHHOrO pelleHus 3agayun. o
CYyLLECTBY, OHW OMNPenensioT Lesoe MHOXEeCTBO napameTpoB G - uenbln knacc
[ONYCTUMbIX KOHCTPYKLIMIA, 06ecneqmBatoLLmxX AOCTUKEHNE ey ynpasneHus. NMostomy
B PACMOPSKEHUM KOHCTPYKTOPA €Lle OCTaeTCsl BO3SMOXHOCTb YTOYHEHUST BEKTOPA P,
BO3MOXHOCTb MOAYUHUTb €ro Kakum-nnbo AOMNOSHUTENbHLIM YCIOBUAM, YTO
SKBMBA/IEHTHO AOMONHMTENbHON ONTMMKU3aLMKN, HO YXe He Ha mHoxecTee G, a Ha
MHoxecTBe G.

B 40 - 50 rr. npon3oLwwno KayecTBEHHOE paclunpeHue npobnem, KOTopbIMU
3aHMManacb Teopus perynuposaHus. B pesynbtaTe 9TOro npouecca nocTeneHHo
NPakTU4EeCKM NCHE3 U CaM TEPMUH “Teopusa perynnpoBaHnga”, 1 BMECTO HEro CTanu
MCMNOb30BaTh TEPMUH “TEOPUSA ynpaBneHns”.

Takoe paclumpeHne Kpyra naydaemblx 3agad Obl1o CBA3aHO Npexzae BCEero c
HY>XAaMW BO3HUKLLEN PaKeTHOM TeXHUKW. [10 BOVHbI TEOPUSA PeryinpoBaHus usy4vana,
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Kak nMpaBuIio, MPOLLECCHI, Pa3BUBAIOLLMECH HA BONbLLIOM NHTEPBAe BpeMeHU. VIMEHHO
MO3TOMY METOAbl KIaCCMYECKOW TEOPUN YCTOMYMBOCTU, ONEPUPYIOLLEN C acuMmn-
TOTUYECKMMU CBOMCTBAMU pPELUEHUNA (NpU t — ), Okasanucb yaoOHbIMU MNpwU
nccnenoBaHUM peasbHbIX 3234 - BPEMS MosieTa camoseTa 6bi10 Ha MHOMO NOPSAKOB
Oonblle BPEMEHN KOMMEHCALLMM ero OTAENbHbIX KonebaTenbHbIX ABMXEHUI. B Teopun
PErynMpoBaHMs BO3HWK TEPMUVH “MepexoaHor npouecc” - NpoLecc BO3BPAaLLEHNS
CUCTEMBI K MCXOAHOMY CTaLMOHAPHOMY PEXWUMY MOCAEe OKOH4YaHUSa AenCTBUS
CNy4yamHOro Bo3myliaoulero gakropa.

Onepupysa NpenMyLLecCTBEHHO CO CTALMOHAPHbIMW pexXuMamm, Teopusd
perynMpoBaHus nusy4yana nepexofHble NMpouecchl rnaBHbIM 006pa3omM B CBA3U C
M3y4yeHVEM KayecTBa ynpasneHus. MNMoTpebHOCTM Xe PakeTHOW TEXHUKWU MPUBENU K
COBEpPLUEHHO MHbIM 3a7ia4aM, MOCKOJIbKY ABMXEHWE pakeTbl Obino, Kak npasuilo,
KPaTKOBPEMEHHbIM 1 MOTJ10 pacCMaTpuBaTbCs Kak eAnHbIN NepexonHol npolecc. Ho
ObIS10 U eLle 04HO 06CTOSATENLCTBO, KOTOPOE NOTPEOOBAIO HOBBLIX MOCTAHOBOK 3234,
- 3TO CTOMMOCTb ropioYero, He06Xo0AMMOro AN ABMXKXEHUS pakeTbl. OTHOLLEHME 3aTpaT
TOMAMBa, HEOOXOAMMOro ANs AOCTABKU MOJIE3HOMO rpy3a, K KOMMYeCTBY STOr0 rpysa
06bIYHO CTONb BENMKOo, 4TO npobrsiema pacyeTa TpaekTopuu, obecneymBatoLLlen
LOCTUXKEHME Lienn ynpaBneHns C MMHUMabHbIMKW 3aTpaTamMu TOMAnBa, CAenanach yxxe
B cepenyrHe COPOKOBbIX FOA0B OOHOW M3 CaMbIX aKTyasibHbIX 3a4a4 MaTeMaTu4ecKom
Teopumn ABmxeHus pakeT. K atort npobneme Obi10 NpUBREYEHO BHUMaHNe 60bLLIOro
KONMMYEeCTBa MAaTEMATUKOB U MHXEHEPOB, MU B pe3ynbTaTe BO3HMKIA HOBAs HayyHas
OVCUMNIMHA - TeOPUs ONTUMAsbHOrO yrpaBieHus.

B Teopun perynnpoBaHms 3aHMManCb U3y4eHrneM crocoboB yrpaeieHms cTaumo-
HapHbIMU ABUXEHUSMN Ha OECKOHEYHOM WHTEepBasie BpPeMEeHU. 3aaayn OUHaMUKK
pakeT — 3TO CYLLEeCTBEHHO HecTauMoHapHble 3apja4qv. Bpems npoTtekaHus npouecca
yrpaBfieHNsa B HUX 4yacTo ObiBaeT O4eHb ManbiM. Hanpumep, BpemMa ropeHus
NOpPOXOBOro 3apsiia NepBbix OOEBbLIX PAKET UCUYUCASNOCH CEKYHAAMU WU OONSMU
CeKyH[, 1 B TEHEHME ITUX CEKYH[, Pa3BMBAJICA BECb NPOLLECC ynpaBieHus. ECTECTBEHHO,
YTO BCE TPAANLMOHHbIE MOCTAHOBKM 3a4a4 TEOPUM PENYIMPOBAHNSA HE COOTBETCTBOBANN
HOBOW peasnbHOCTU. MoaTomy npobnema AMHaAMUKM YNpPaBAsSeMOoro rnonerta paket
BHayane pasBuBanacb BHe Teopuun perynnpoBaHus. CnngHue 3Toro HanpaeieHus C
TEOpUEN perynmpoBaHns, KOTOpPOe M MPUBENO K CO34aHUI0 TEOPUWN YMpPaBiEHUs,
NPOM30LUII0 yXe No3aHee - B NATUAECATbIE roabl.

PacueT pakeTHbIX TpaekTopui nNpeBpaTuiCcd B pa3BMTOE HanpaBieHue
cKnagblBaloLLeica Teopun ynpasfieHns. Takme 3agaym HOCWUAWM, Kak npaBuio, Ba-
pUaUMOHHBIN XxapakTep. ITO ObiIM Npexae BCEro 3aaayn Ha ObICTPOAENCTBME.

BapvaunoHHble 3apayun, KOTOpble BO3HUKAW B OMHAMWKE pakeT U Teopuun
perynupoBaHug, obnagany OOHON BaXHOW OCOOEHHOCTbIO, KOTOpas He Mno3Bossna
CBOANTB MX K KNIACCMYECKMM 3a4a4amM BapuaLMOHHOIO UCHUCIEHUS U MPUMEHSTb 3aTEM
pa3BuTble MeTOoAbl MaTemMaTu4eckoro aHanmsa. XOoTs Kjhaccuyeckue 3apaymu
BapUaLMOHHOIO MCYNCNEHNS TIErKO CHOPMYMPOBATL B TEPMUHAX TEOPUM YNPABIIEHNS,
TPpyAHOCTb Obina B ApyromM. BapuaumoHHOE ucuyncneHvne, ecnu Mcnosib3oBaTb A3biK
TEOPUN YNpaBfieHns, ONepmnpoBao C yrnpasnsiowmmMmm GyHkumamn u(t), Ha KoTopble
nmbo He HaknaaplBanoCb HUKAKMX OFPaHUYEHUiA, MMOO MX OONYCTMMblE MHOXECTBA
OblN OTKPbLITEIMU. B pakeTHON AMHaMuKe U TEOPUU PErynMpoBaHus BO3HMKana
Ka4yeCTBEHHO HOBas npobnema - ynpaBneHus u(t), kak NpaBuIO, OOKHbI OblIn
NPUYHaANEXaTb 3aMKHYTbIM MHOXECTBaM, YTO OTPaXano €CTECTBEHHbIE TEXHUYECKME
TpeboBaHusa. Tara gBurartens, yron noBopoTa pyns U Npeaesnbl USMEHEeHUs OPYrmnx
yNpaBnsiowmx OpraHoB BCerga NpuHLUNManbHO OorpaHunyeHbl. 9Ta 0COBEHHOCTb
ncKoYana BO3MOXHOCTb HEMOCPEACTBEHHOMO MCMOJIb30BaHUSA XOPOLLO PasBUTbIX
METOLOB BapMaLMOHHOIO uUcYUCNeHns u TpeboBana CO3[aHUA HEKOTOPOro
crneumManbHOro annapara. HecMoTps Ha To, 4TO K Havany NaTuaecaTbiX FOAOB LEeNbIn
pPAa KOHKPETHbIX 3ajad Takoro tuna OblN yXe pelleH, euwe He Obin BbipaboTaH
eaAMHO06pa3HbI NoAXoa K X aHanuay. Jns Kaxaoi 3agaqm pa3snBancs COOCTBEHHbIN
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mMeTon. TeM He MeHee, MOXHO CuMTaTh, YTO YXXe B Havasie NAaTUOECHATbIX FOA0B cTana
BO3HMKATb HOBasi TEOPUSI, KOTOPAs MO34HEE NoJyyusia Ha3BaHWe TEOPUN ONTUMABHOMO
yrnpaBneHus.

3.2. MpuHuun makcumyma lMoHTpArvHa pnsa 3agadv c
HernpepbIBHbIM BPEeMEHEeM

BbloaioLascsa ponb B pa3sutuv TEOPUN ONTUMASIBHOMO YNPaBAEeHUS MPUHAANEXNT

J1. C. NoHTparviHy, KOTopbIin chOopMynMpoBan NPUHUMN MakCMMyMa, NO3BOSIOLWNA C
NMOMOLLLbIO MHOXUTeNeNn JlarpaHxa CBecTU 3ajadvy ONTUMANbHOrO yrnpaBlieHUs K
HEKOTOPOI cneumnanbHOM 3aja4ve A5 CUCTEMbI 0ObIKHOBEHHBIX AN depeHUmanbHbIX
ypaBHeHuii. MNocne pabot J1. C. MNMoHTpsArnHa 1 ero LWKOJbl B TEOPUM YNpPaBeHUs
npoun3oLLa onpeaeneHHas KaHOHM3aLMs 93blka M METOOOB, 1 Gnarogaps aTum pabotam
OKOH4YaTeNnbHO odopmMuIack COBpeMeHHas Teopus ynpaeneHus. Ha 6a3e obuiero
A3blka 1 o0Lero dopmManMamMa NpousoLLo o0beanHEHNE TEOPUN PETYIMPOBAHMUS C
OPYrviMin HanpaBfEHUSIMN, KOTOPbIE 3aHMMAINCh U3Y4EHVEM 33434 YyNpaBieHus.

YnpaBnsemble CUCTEMbl MOXHO TPakTOBaTb Kak eCTEeCTBEHHOEe pa3BuTue
OVHAMNYECKMX CUCTEM, CBOMCTBA KOTOPbIX CYMTAKTCA U3BECTHLIMU U3 TEOPUU
anddepeHumanbHbIX YpaBHEHWIA.

OrpaHniMmcs pacCMOTPEHNEM CUCTEM, KOTOPbIE OMUCHIBAOTCS OObIKHOBEHHBLIMU
andoepeHumanbHbiMU YPaBHEHNAMN

X =f(x,ut k). (3-10)

30ech:

X - N-MEepPHbIN Ha30BbI BEKTOP;

& - k-MepHbIn (k < n) BEKTOP BO3MYLLEHWNI (BHELLUHWUX BO3AENCTBUIN), KOTOPbIN
MOXET ObITb Cly4anHbIM MO0 HEONPEOENEHHbIM;

u(t) - BexTop-OYHKLMSA pa3MepHOCTM M < N HOCUT Ha3BaHWe yrnpaBlieHUs WUu
yNpaBnsioLero BeKTopa.

9710 “cBobGOAHaA” BekTOp-pYyHKUMA. C cucTeMon ynpaBfieHUs acCOoLMMPOBaH
HEKOTOpPbIA CYOBEKT, CNOCOOHbLIA 1 UMeloWwunii NpaBo NPUHUMATb peLleHus, T. €.
BbIOMPATL YyNpaBnsoLyio GYHKLUMIO, KOTOpas MOXET ObiTb YyHKUMEN:

- Bpemenn (u=u(t));

- ¢as3oBoro BekrTopa (u = u(x);

- BO3MyLLeHuns (U = u(x));

- nMmeTb BGonee obwmii BUA (U = U (t, X, X)).

BekTop x(t) 3apaeTca CBOEN NPUHAANIEXHOCTbLIO K HEKOTOPOMY MHOXECTBY:

&HOG (1) Ot (3-11)
g

“CybbekT” - 3TO onepupylolas cCTOpoHa UM uccnegoBatens. B Teopun
yrnpaBieHusi, kKoTopast UMeeT AEeso U C TEXHUYECKMMU CUCTEMAMM, C 3TUM TEPMUHOM
CBSAI3bIBAIOT TAKXE N KOHCTPYKTOPA, KOTOPbIM NPOEKTUPYET CUCTEMY YNPaBEHNS.

Bo BCcex Tex cnyyasx, korga BekTop ynpasneHus asngetcs dyHkumen gasoBbix
NEPEMEHHbIX 1 BO3MYLLEHUIA, NpeanosiaraeTcs, YTo 3T BESNYUHbI U3BECTHbI NN
CTAHOBATCS M3BECTHbIMU CYOBLEKTY K MOMEHTY MPUHATUS pelleHus. 3To npen-
NnonoxeHne, B CBOKO o4vepenb, TpebyeT onmncaHus HEeKOTOPOro MHPOPMALMOHHOIO
npouecca. BoiGop BENNYUHBLI M OObIMHO CTECHEH KakMMu-Nnbo OrpaHnyeHusMu B
BMae:

u0G, [OtxE (3-12)
roe Gu— HEKOTOpOe MHOXeCTBO MNMpPOn3BOJIbHOIro BMnaa.
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Ha nameHeHve GasoBbIX KOOPAMHAT TakXe MOryT ObITb HAIOXEHbI OrPaHUYEHNS,
HanpumMep, Takue:

x0G, [t (3-13)
MHorpa ycnosus (3-12) n (3-13) HyXHO 06beaNHATL:
(t, x, uydG,, Ot (3-14)
nnu
(t, x, u §)OG Ot (3-15)

Ycnosue (3-13) Ha3biBaeTcs Ha30BbIM OrpaHnyeHneMm, ycnosus (3-14) n (3-15) -
CMELUaHHbIMU OrpaHUYeHUsaIMU. YCNOBUS CMELUaHHOro TuMna 4acTo Ha3biBATCHA
OrPaHNYEHUSIMN TUMA Y3KUX MECT. DTOT TEPMUH NPULLEN U3 SKOHOMUKWN; HAaNpuMmep,
BbIMYCK MPOAYKTa HE MOXET NPEBOCXOANTb MOLLHOCTU NPeanpUaTUs, KOTOpas, B CBOIO
oyepenb, 3aBUCUT OT YNPABAAIOLLMX BO3AENCTBUN - NCNONb30BAHUS HYAcTW NPOAYKTA
Ha NHBECTULMN.

Cuctembl ypaBHeHuii Bupa (3-10), Kk koTOpbiM A06aBNEeHbl OrpaHUYyeHus
(MHOXecTBa) -G, G, G, Oynem HasblBaTb yNpaBAsSeMbIMU CUCTEMAMMN.

X u X

YnpaBsnsiemble CUCTEMbI CO30AI0TCA ANA JOCTUXKEHUS TEX UNU UHBIX Llenei:

- camoneTt, YTobObl NepeBO3UTb N0AEN NN rPy3bl;

- pakeTa - A5 BbIBOAA KOCMUYECKOr 0 anmnapaTa Ha 3aaHHylo opouTy;

- cucTemMa ynpasneHust pupmoii - ana obecnedyeHns nioaen Toeapamm 1 T. 4.

Llenb ynpaBneHus - 3T0 CyObEKTVUBHOE NPEeACTaBIIEHME /LA, OTBETCTBEHHOIO
3a BbIOOp ynpaBneHuin (cybbekTa CUCTEMbI), O TEX MOTMBAxX, KOTOPbIMU crneanyeT
PYKOBOACTBOBATLCS NP BbIOOPE CBOOOAHON DYHKLIMN U.

dyHKkumau (tx, &) nocne Toro, kak Mbl ee Bbibpanu, ABnseTcs GopmMann3oBaHHbIM
onMcaHneM cnocoboB AOCTUXEHUS Lenu. B Teopun ynpaBneHns ata GyHKUMS 4acTo
Ha3blBAETCH 3aKOHOM yrnpaseHus. Takum 06pasom, ofHa U3 OCHOBHbIX 3a4a4 Teopumn
ynpaBfeHns - OTbICKaHWe 3aKoHa ynpasfieHus no 3aJaHHON Lenu.

Llenb ynpaBneHnss MOXHO CHOPMYNMpPOBaATb B TEPMUHAX MUHUMU3ALUN
HEKOTOPOro (pyHKLMOHanNa:

T
Ky =1 Fx u t)dt — min, (3-16)
0
MpM yCNOBMSX:
X =f(x u, t), (3-17)
(x, u) OG. (3-18)
Torna sapava (3-16) — (3-18) GymeT HasbiBaTbCA 3aaadelt ONTUMALHOIO

ynpasneHus.
Tenepb MOXHO NEPENTN K PACCMOTPEHUIO NPUHLMNA MakCcumMyma MoHTpsarnHa.
Beepem cucremy:

0H

¢='$ =op(x, O, ut), (3-19)
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KOTOpasi conpsixeHa ¢ cuctemon (3-17).
B (3-19) H — 910 dyHKUMa MamunbTOHA (CM. N.2.6.).
Mpwn

u(t) G Ot (3-20)

cnpasegsivea cnefyowasa TeopemMa (NpuHUMn makcumyma MoHTpsaruHa).

Jns Toro, 4to6bl pyHkUMs u(t) AocTasasna MUHUMYM @yHkUmoHay (3-16) npu
ycnoBusix (3-17) m (3-21), Heobxoammo, 4To06bI OHa AOCTaB/IS/Ia MAKCUMYM YHKLIN
FramunbToHa, T. €., 4T06bI OHa Bblyia PeLLeHeM 3a4a4u:

Hix, @, u, t) - max. (3-21)

lMpumep.
3aaya MakcmanbHoro 6bICTPOAENCTBUS ANS IMHENHOM CUCTEMbI OMNUCHIBAETCS
YPaBHEHUAMN:

ox,/dt =x, n 0x,/dt = u.

HyxHo onpenenutb ynpaeneHue u(t), koTopoe obecnedymBaeT ObICTPeNnLINi
nepexon, CUCTeMbI U3 COCTOAHMA X, = X,% X, = x,0 B cocToaHne x, = 0; x, = 0 npw
ycnoeun | u | < 1.

®yHkuma MoHTpsarvHa 6yaet MMeTb BUA;

H=¢1x2+ ¢2u.

OnTumanbHOe ynpasfeHe COOTBETCTBYET MakCMMyMy H, KOTOpbIN JocTuraeTcs
Ha KYCO4YHO-HEenpepbIBHOW KPUBOMN, COCTOSAWEN M3 OoTpe3koB u =1, u = -1 n

BEPTUKaSIbHbIX OTPE3KOB. OTO COOTBETCTBYET U = 1 npu ¢2 >0un u=-1 npu

¢ <o.

[nsa onpeneneHnsa BCnomMoraTenbHbliX GYHKUUIA HanUWeM ypaBHEHUS:

d® ./ dt=-0H/dx,=0;

d@ /dt=- oH/ox,=-@ ,
oTkyaa
¢ =c;
$,=C,-Ct.
CnepoBaTenbHo:
u = sign (C, - C/1).

YnpaBneHve OoAMH pa3 MEHSET 3HaK (Sign — cTyneH4yaTas QyHKuMs, KoTopas
M3MEHSET CBOM 3HAaYEHNA TOJbKO B AMCKPETHOM MOCef0BaTe/IbHOCT TOYEK pa3pbiBa).
MocToaHHble C, 1 C, onpenenaoTca M3 HadasbHbIX YCIOBUNA.

CoBpeMeHHbI ['ymMaHuTapHblii YHUBepcuteT

52



3.3. AuHaMuyeckoe NporpamMMupoOBaHUE U MPUHLUN
OnNTUMaJNIbHOCTHU

AvHaMuyeckoe nporpamMmMupoBaHue - MeTO, ONTUMN3aLLMN, OCHOBAHHbIN Ha
npUHUMNE onTUManbHOCTN BennMaHa, NpUMeHsieTcs B ABYX HE UCK/oHaoLWMX apyr
npyra HanpasneHusx. C 0QHOM CTOPOHbI, C €ro NMOMOLLIbIO peLLatoT 3a4a4m, CBA3aHHbIE
C HENpepbIBHbIMK NPOLLECCaMN ONTUMASIbHOIO YNPaBAEHUS, U TOrAa OH NPEeACTaBAseT
co60oli 0OAMH U3 NMPMEMOB PELLEHUS BapUaLMOHHbIX 3aAa4y, Hapsay C NMPUHLMMIOM
MakcumMyma MNMoHTpsirmHa. B meToae AMHaMUYeCKOro NPorpaMMMpOBaHNS OPraHNYecku
NPUCYTCTBYET CMOCOO YMCNIEHHOIO PEeLUeHUst HEMPEepbIBHbIX BapuauVOHHbIX 3aaad.
na pewerHna anddepeHumanbHOro ypaBsHeHus dinepa unm NMoHTparvHa, kak npasusio,
NPUXOAMTCA MCKaTb NOAXOOALMIA YNCNEHHbBIM MeToA, a 4SS YACNEHHOro peLleHus
HenpepbIBHbIX BapMALUMOHHBLIX 33424 MeTOA0M AMHAMUYECKOro NporpamMMmnpoBaHus
HeOOX0AMMO NUWb 3aMEHWUTb HEMNPEPbIBHbIN MNPOLECC AUCKPETHBLIM C
COOTBETCTBYIOLMM MasbiM MHTEPBANIOM AUCKPETHOCTU.

C apyron CTOPOHbI, AMHAMUYECKOE MPOrpaMMMpPOBaHNE MO3BONSET pellaTb
3aja4n, ONCKPETHbIe MO CaMol CBOeW npupopne, T. €. He npeobpa3oBaHHble U3
COOTBETCTBYIOLMX HEMPEPBIBHLIX 3a4a4. OTa 0COOEHHOCTb UMEET BaXKHOEe 3HaYeHue
D151 9KOHOMUYECKOWN KNOEPHETUKI, KOTOPasi UMEET [1eN0 C AUCKPETHLIMM NpoLieccamu
(Hanpumep, C AMCKPETHLIM KONIMYECTBOM NPOAYKLUMN), ONTUMMU3ALIMM BbIYUCTIUTESTbHBIX
anropuTMOB, pacnpenesieHns NoTokoB B CETSX, Ha rpadax u T.1.

Kpome TOro, cnenyer oTMETUTb Takyld BaXHyl 061acTb NPUMEHEHUS
OMHaMUYecKoro nporpaMMUpPOBaHUs, Kak pelleHre 3aaad, CBOAMMBIX K npobrneme
onTumansHoro nepebopa. [lMHamnyeckoe nNporpaMmMmuMpoBaHME B 3TOM Cllyvae
BbICTYMaeT kak HEKOTOPbI ONTUMasibHbI MeTof nepebopa BapruaHTOB.

HayHem 13noxeHne ¢ pelleHns MeTOAOM AUHAMNYECKOTO NPOrpaMMnpPOBaHNS
HenpepbIBHbIX 3324 1 CPaBHMM €ro C peLLeHEM Mo KNacCnu4eckoMy BapuaLmoHHOMY
VICHUCTIEHWNIO N MPUHUMNY MakCcUmMymMa.

B ocHoBe HeMpPepbLIBHOrO U OUCKPETHOIrO AMHAMUYECKOrO NPOrpaMMmnpoOBaHNS
NIeXNT NPUHLUN ONTUManbHOCTU Bennmaxa, KoTopblii 3ak/lo4aeTcs B creayouem
- onTUManbHas TPAeKTOpPUs COCTOUT M3 YacTel-TPaekTopui, Kaxaas U3 KOTOPbIX
ONTUMU3NPYETCH COOCTBEHHBIM KPUTEPUEM-DYHKLIMOHANIOM [AJ11 COOTBETCTBYIOLMX
KOHEYHbIX 1M HayasibHbIX TOYeK.

Jonyctum, Tpebyetcs onpenenntb GYHKUMIO y{Xx}, o6pallaoLllyio B MUHUMYM
byHKUMOHaN:

b
=] F(x, y, y)dx,
a
npu ycnosuun
wa)=y, ; w(b)=y,

PaccmoTpym B pa3oBoM NPOCTPAHCTBE ONTUMAIbHYIO TPAEKTOPWIO V.Y, ¥, (PUC.
16). Paspenym ee Ha ABa yyacTtka, 0603HaveHHble undbpamu 1 1 2. bynem gns
MPOCTOThI MOKa CYUATaTb, YTO ¥, GUKCMPOBaH. MPUHLMM ONTUMaNbHOCTY YTBEPXAAET,
4YTO €C/nn BCS TPAEKTOPUS ONTUMasibHa, TO y4acToK 2 TOXe onTuMasieH. 3To 3Ha4uT,
4TO €C/IN Ha4abHOE COCTOAHME CUCTEMBI ECTb ¥, NPU X = X, TO HE3aBMCUMO OT TOrO,
Nno KakoW TPaekTopun CUCTEMA NPULLIA B 3Ty TOUKY, €€ AalbHeNLee ABMXeHNe OyneT
NPOMCXOAUTb MO y4acTKy 2 (Takas He3aBMCMMOCTb MOCNEAyoLero ABMXEHUs OT
npenbICTOPUN SBNSETCS TakXKE XapakTEPHOM 0COOEHHOCTLIO CllyYaHbIX MapKOBCKUX
npoueccos 6e3 nocnenencTamns).
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Puc. 16. K npunmuny ontumansHocTy bemnmana

Ecnu ponycTnTtb, 4TO yHaCTOK 2 He SBISIETCS ONTUMaSIbHbIM, TO CYLLLECTBYET APYroi
y4acTOK 2 C Ha4asioM B TO4YKe y,, Ha KOTOPOM 3HaYeHne GyHKUMOoHana 0ynet MeHbLe.
Ho Toroa BMecTo HavanbHoM Tpaektopumn 1-2 cywecTByeT gpyras tpaekropusa 1-2', ¢
MEHbLLMM 3Ha4YeHneM yHKUMOoHana. 3To NPOTUBOPEUNT UCXOLHOMY MPEANOSIOKEHMIO
0 TOM, 4TO TpaekTopusa 1-2 onTmanbHa.

YTBEpXAEHNE O TOM, 4TO NOOOIN y4acTOK ONTMManbHOW TPAEKTOpUWU ecTb
onTMManbHas TPAeKTOPUSA, C HEKOTOPOM TOYKM 3PEHNSA HEBEPHO. 1eNCTBUTENLHO, eCNN
3aAaHa TOJIbKO HavasibHas To4Kka y,, TO y4acTok 1 TpaekTopun 1-2 MOXET 1 He ObiTb
ONTUMAaNbHbIM.

MpueBenem npumep. MNyctb TpebyeTca onTMManbHbIM 0OPA30M pacnpenennTb
Temn Gera CnopTcMeHa Ha AMCTaHuMKu OT Y, A0 Y, Tak, YTOObl OH 33 MUHUMAaSIbHOE
BPems AOCTUI TOYKM y,. O4eBUaOHO, YTO eCny AUCTaHUMs AOCTaTO4HO Gosbluag, To
TpeHep OeryHa Bpaa Nn JacTt eMy ykasaHve 6exartb Ha KaXAOM ydacTke Kak MOXHO
ObicTpee. beryH posxeH onTuMasnbHbIM 006pPa30M COCTaBUTb CBOM rpaduk bera u3
pacyeTta npobera BCero Nyt B LENOM 3a MUHUMaNbHOE BpeMs. Tak, OH MOXET
BHayane 6exaTb He B MOJIHYI cuily, 4Tobbl obecneuntb OypHbIi GuHUW. CoBceM
Lpyroe Aerno, ecnv 6eryHy 3anaayT KOHEUHYIO TOUKY Y, Y CKaXyT, YTOObI OH HanTyHLLInMM
obpa3omM npobexan guctaHumio 1, T.e. NepBblli y4acTok OymeT onTumaseH, korga
MOMUMO Ha4asibHOM TOYKM y, 3aAaHa elle M KoHevHas Touka uHTepsanay,. B ceasu ¢
3TMM ULenecoobpas3HO HaMOMHUTL, YTO OObIYHAs SKCTpeMab npeacTaBnsaeT cobon
KaK Obl eAMHYI0 LieMb, KaXA0€e 3BEHO-Y4aCTOK KOTOPO ABNSETCA TakXXe SKCTPEMAIbIO.
Mo cywecTBy, C MOMOLLIO MPUHLMNA ONTUMaSIbHOCTU KIacC SKCTpeManei, Ha KOTopbIX
[EeNCTBUTENbHO MOXET A0CTUraTbCs MUHUMYM, CyXXaeTcs 3a cHeT TpeboBaHus, HToObI
KOHEYHbIN y4acToK Obll ONTUMAneH.

9710 TpeboBaHMe onpenenseT PaMkKy NPUMEHUMOCTU MPUHLMNG ONTUMANIbHOCTU.
Ecnn oHo HecnpaBeanueo, TO pewaTb 3agavyy C NOMOLLbIO AWHAMWUYECKOTO
nporpaMMrUpPOBaHNS HENb3S.

YacTto ynaetcsa CBECTU MCXOOHBIM MPOLECC K HOBOMY MyTEM YBENIMYEHUS Yncna
n3mepeHuii Ga3oBOro NPOCTPaHCTBa, 1 A5 TaKOro NpoLecca yCoB1e ONTUMasIbHOCTU
OyneT BbINONHATLCS. MpUHLMN ONTUMaNbHOCTM CNPaBEASIVB 1 AN ANCKPETHBIX, U N1
CTOXaCTUYECKNX MPOLLECCOB YNPAaBAEHUS, KOTOPbIE PACCMATPMBAIOTCS B OTAENBHOCTU.
Ycnosue onTMManbHOCTU cpady MO3BOJSIET MOJy4NTb OCHOBHbIE YPaBHEHMS MEeToAa
ONHaMNYECKOro nNporpamMmMmpoBaHng - GyHKUMOHaNbHOE U anddepeHumanbHoe
ypaBHeHus Bennmana.

Ona BbiBoga ¢pyHKUMOHanNbHOro ypaBHeHus BennmaHa BepHeMCa K
dyHKUMOHany:
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/= F(x, y, y')dx; y(x)=c.

Q=T

MuHuMyM ero 3aBmcuT oT a 1 ¢. BBegem Tak Ha3biBaeMyio GyHKLMIO Bennmana:

b

Sta, ¢)=min | Fix, v, y)ax (3-22)
a
KOTOpas nNpeacTaBnsgeT coboM MUHUManbHOE 3HaveHue dyHkuMoHana [ npu

3adaHHbIXa n c.
B cuny apouTMBHOCTM MHTErpana MoXem HanucaTtb:

b a+A b
= 1 * ]
a a a+A
1, NnpUMEHMB NPUHUNN ONTUMaNIbHOCTU, NONYYHUM!
a+A
Sta, ¢)=min ... | Fxy yjox+sa+l, c), (3-23)
a

rae MMHUMM3aums NPoOM3BOANTCS MO BCEMY (X), ONPeAEeNIEHHbIM Ha NPOMEXYTKe
n3MeHeHus x = [a, a + A ], npuyem:

wa)=c;  ya+ A)=c,

HeTpyaHo y6eonTbes, 4To GyHKUMOHANbHOE ypaBHeHMe bennmana npencraBnseT
coboi popManbHylO 3anvcb NPUHLMNAA ONTUMANIbHOCTU, COCTOSILLErO B MO3TANHOM
onpeaeneHny onTMMasnbHOro ynpasneHus. BHavyane nwetcs MMHUMYM Ha KOHEYHOM
yyacTke 2, 3aTeM Ha BCel Tpaektopumn 1-2.

®yHKUMOHANbHOE YpaBHEHWE OAET MO CYLECTBY PEKYPPEHTHLIE COOTHOLLEHNS
0151 pelleHns onTUMarnbHbIX 3a4a4 YNC/IEHHbIM MeToAoM Ha 3BM. 3To ypaBHeHue
no3esongeT nonyuntb andpdepeHumanbHoe ypaBHeHne bennmaHa n BCe OCHOBHble
COOTHOLLUEHMS KITACCUYECKOr0 BapUaLLMOHHOIO NCHUCTIEHUS.

Ecnn 3apaHo, 4tO0 y(a) =c, TO BbIOOP PYHKUMM Yy (X) HA UHTepBane [a, a +

+/\ ] akBMBaneHTeH BbIOOPY y’ (x) Ha uHTepBane [a,a+ A]. Ecnm A wmano, a y(x)
HenpepbiBHA, TO BbIOOP y'(x) Ha nHTepease [a, a + /\ ] akBuBaneHTeH BbIOOPY Y (a).

Ecnn oTbpocuTb YneHbl ManocTu Bblille MepBOro nopsiaka OTHOCUTENbHO /\, TO
HeTPyaAHO y0eamnTbCcst B CNpaBedIMBOCTY CleayloLmMx COOTHOLLEHWIA:

a+A
J F(x, y, y)dx=F[ac,y (al A; (3-24)
a

c,.Ma)ry(a) A =cty(a) A. (3-25)
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BBoas ob6o3HaveHue

v=y (a)

1 NOACTaBnsAg BolpaxeHus (3-24) un (3-25) B pyHKUMOHANbHOE ypaBHeHME (3-
23), nonyyaem:

S(a, ¢)=min [Fa, c, VA +Sa+A\,ctvA)l
Pasnoxue ¢oyHkuuio S(a + A, c+v /A ) B psag Tennopa:

Sta+/\,ctvA)=8a c)t (dS/ da) A +(0S/ dc) v A+

B npenene npu A\ - 0 nonydum HenuHeHoe auddepeHumnanbHoe ypaBHeHme
B YaCTHbIX NMPOU3BOOHbIX:

-0S/ da=min [F(a, c, v)+vdS/ dcl.

9710 1 ectb andpPpepeHunanbHoe ypasHeHne bennmana. OHO cnpaeseanBo
ons noboro 3HavyeHMs a = x, NO3TOMY ero MOXHO NnepenncaTb B BUAE:

.08/ Ox= min, [F(x, ¢, v)+v@ S/ dcl.

Ecnu BBECTM BMECTO X BPeMs t, C 3aMEeHUTb Ha X W BbIOENUTb KOOpAMHATY
ynpaBfieHns U, KOTOPYO HE0OBX0AMMO ONpeaennTs ONTUMabHbIM 06pa3oM, TO 3aga4a
HaxoXAeHUS MUHUMYMa dyHKLIMOHana:

T
1= Fx u tdt
t

CBELETCS K PELLEHMIO YPaBHEHUS:

-0/ 0t =min [F(x, u, )+ x' 0S/Ix].
HakoHel, ecnm MMeeTcs HECKOIbKO KOOPAMHAT M yrnpaBieHun (BEKTOPHOE
ynpaeeHune), To 3agada MMHUMyMa GyHKLMOHANa CBeAETCS K PELUEHMIO CNeayioL,ero
anddepeHLManbHOro YypaBHEHNS:

-9S(x, t)/ @t = min,, [F(x(t), u(t), t)+(gradS)dx/dt], (3-26)
roe
gradS=(3S/ 9x, ..., S/ x,).

Ecnu cuctema onuceiBaetcs n anddepeHumnanbHbiMyU ypaBHEHUSIMN NEPBOro
nopsaka:

dx/dt=f(x,u,t),i=1,..,n,

TO ypaBHeHue (3-6) 3anuweTcs B BUae
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-0S/ gt =min, [F(x, u, t)+(gradS)f]. (3-27)

OvddepeHumnansHoe ypaBHeHne BennmaHa aBnseTca cBoeobpa3HbiM
HeJIMHENHbIM auddepeHumanbHbiM ypaBHeHneM. B HemM npucyTcTByeT onepaums
MUHUMU3auun. B cnydae ypaBHeHus Buaa (3-27) MUHUMYM GepeTcs Mo u:

T

s=min, | Fix u tot
t

Mocne Toro kak cpenaH nepe6op Mo BCeEM U U BbibGpaHO OnTUMalsbHOE
ynpaeneHne, npaeasi HaCTb ypaBHeHUs (3-27) He 3aBUCUT OT U. BaXXHO OTMETUTb, 4TO
BbIBOJ, ypaBHeHUs (3-27) TpeboBan CyLLeCTBOBAHMS YACTHbIX MPOU3BOAHBLIX OT BYHKLMN
S no BceM nepemeHHbIM t, X. MOXHO NPMBECTU MHOIO NMPUMEPOB, rae ata GyHKUMS
He aBnsaeTca anddepeHupyemMon, a onTuManbHoe ynpasfieHue, Kak npaswuio,
cywecTByeT. Hanpumep, Ha NUHUGX nepeknyeHns dyHkuma S Bcerpa
HeanddepeHumpyema.

PaccmoTpum cnenylowmii npumMep 3agaqv ONTUManbHOrO yNpaBieHus:

dx,/dt = x, ; dx,/dt = u.
Pewwns nx npn u = £ 1, nony4nm BblpaxxeHne ang Gas3oBbiX TPAEKTOPUA B BUOE
= 2
x, == 1/2(x,)* + C,.
JInnna nepexioverns nonyvaetcs npu C, = 0. [ycTb HavanbHas To4Ka X, 1eXnT

BbllLle NIMHUWN nepekoyeHnsa (puc.17) n nmeet koopamHatel (a, b). 3 ycnosug
NPoXoXAeHUs Napabosibl Yepes 3Ty TOYKY HAXOOUM:

C,=a+1/2(b)2
AX2
B
Xo(a,b)
NN
5 >
Xo(-a,—b C

Puc. 17. ®a3oBbIe TPaeKTOPUH U JTUHUS TIeP eKIIOUSHAS

YpaBHeHne camoi napabosbl UMeeT BUL,:

X, =-1/2(x,)2 +a +1/2(b)2. (3-28)
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LOna onpeneneHua Toukm nepeknodeHna C HeoOXoAMMO PeLnTb COBMECTHO
ypaBHeHue (3-28) n ypaBHEHME NVHUN NEPEKITIOHEHNS:

x, = -1/2(x,). (3-29)
Bbluntasa ypaBHeHue (3-29) ns (3-28), nonyyaem:

x,=a+1/2(b)?

%, =% Ja+1/2(b)2-

[nsa Toukn C Hafo B34Tb 3HaAK MWHYC, TOrga:

X0=-\Ja+1/ 2(b)2-

Mpu OBVXEHWUM OT TOYKM X, [0 To4kn C U = -1, noaTomy x, = -1. IHTerprpys aTo
YPaBHEHMVE, MoJly4aeMm:

nnn

a a
X,o-b = tI X, dt = tI (-1)dt=t, - a, (3-30)
0 0

roe a - MOMEHT nepek/todeHns. AHaNorMyHo Npu ABMXEHUM oT Toukm C Ao
Havana koopanHat u =1, x, =1n

tl tl
O_chz-XZCZ I X2Y at = _r dt=t1—a. (3_31)
a a

Bbluntas n3 ypaBHeHus (3-31) ypaBHeHume (3-30), nonyyaem:

b-2x,.=t-t,.
3TO - MUHMMaATbLHOE BPEMS OBUXEHUS MO ONTUMaSIbHOM TPaeKTopun:

S(x,) = b-2x,0=b + 2, [a+1/ 2(b)2 - (3-32)

Tak e MOXHO Bbl4UCNUTb Ty q)yHKLI,VIIO Ana cnydadq, Korga HadasbHaa TO4Yka

NEeXUT HUXe NuHun nepeknodeHns X (puc. 17). OaHako M3 reoMeTpuyecknx
coobpaxeHuii cnenyeT, YTO €CNM NOMEHATb @ Ha -a U b Ha - b, TO onNTUManbHOEe
Bpemsa OyaeT To xe camoe. [MoaToMy ana crydas, Koraa X, NeXWUT HUXE JIMHWK
nepekaoyYeHns, TpaekTopms:

S(X,)=-b+2 \,—a+1/ 2(b)2 . (3-33)

Ans x, nexaiuyx Ha NMHUK NepekniodeHuns (HKe Havana koopanHar):
a =1/2b%>0, b<0;
S(x,) = b+2 |2 = b+2|b| =-|b|+2|b| = +|b| = -b,
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ANa ToHeK Xo nexauwmux Bbille Ha4dYana KoopauHar,

a=-1/2 b?>0,
S(x,) = -b,

T. €. (byHKLI,I/Iﬂ S HerpepbiBHa Be3ae n UMeeT Bua.

Sx) = b+2:Ja+1/ 2(0)2  mPux, > x/2;

S(x,) =-b npu x, = Xx,/2;

Stx) =-b+2.[a+1/ 2(0)2  mPux, < x,/2.

[Mokaxem, 4To X0Ta 9Ta QYHKLUMS N HEMPEPBLIBHA, Y HEE HET MPOU3BOAHbIX MO X
Ha iHUK nepekniodeHys. MycTb Touka C ¢ koopanHatamu (a,, by) (puc. 18) nexut Ha
nyre AO Tak, 4to a,_(b,)2/2< 0 nb, <0:

Ja+1/2(0)2 = 1/|bg|? = | byl = - b,

Onpepenvym NponsBoaHble OT GyHKUMN S, 3apaBaemolt popmynoit (3-32):

3s/0a=1/\Ja+1/ 2(b)2 | = -1/ b,
95/3b=1%b /\Ja+1/ 2(b)2 | & 1+ by/- b,=0.

Onsa dopmynbl (3-13):

95/da=1/\|-a+1/ 2(b)2 =- oo,
08/0 b=1+b/\|-a+1/2(h)2 =-co.

A X,
a X1;
Os _
95 - »0s__1
da da by
C (ag, )
9s __,
db

Puc. 18. HegeddepeHunpyeMocTs GpyHKIUH HA JTHHUAU 1€ PEKITIOY CHUS
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Kak Bugum, npu cmeweHun n3d toukm C BBepx dS/gd b =0, npu cmelleHnm
BHU3 S/ b =-00, T, e. nponssogHon @S/ d b B Touke C He cyuiecTByeT. Takxke

He cyulecTByeT B Touke C npoussBoaHo dS/Jda .

TeM camMblM MOKa3aHO, YTO Ha JIMHUN NepekioYeHnst NPOM3BOAHbLIX OT S He
cyLlecTByeT. B oCTanbHbIX TOYKax MNAOCKOCTU aT1a GyHKUMS anddepeHumpyema. Tak
kak dazoBas TpaekTopus 0653aTENbHO COOEPXUT YyHaCTOK JIMHUN MEPEKNIOYEHMS,
TO 4J19 pacCcMaTpmBaeMoro ciny4dasi Heflb3g HanmcaTb AnddepeHunansHoe ypaBHeHne
Bennmana, ecnu ncnonb3osatb PACCMOTPEHHbLIN PaHEE BbIBOL, 3TOr0 ypaBHEHUS.

Taknm 06pa3om, B 3TOV 3aa4e onTUMasibHas TPaekTopus, eCTb M OHa HAXOOUTCS
C MOMOLLbIO NpuHUMNA Makcumyma [lTOHTpArnHa, HO MeToL AUMHAMWUYEeCKOro
nporpaMmMnpoBaHnsa 30ecb He paboTaeT, T.K. He BbIMOMHAETCA NPenrnosioXeHne o
rnagkocTu pyHkumn Bennmaxa.

3.4. OnTMMM3auna AUCKPETHbIX MPOLLECCOB YyrnpaB/ieHUd

PaccmoTpuMm MeToabl pelleHns AMCKPETHbIX 3a4a4q onTUMmusaumm ¢ NOMOLLbIO
OMHaMMYeCcKoro NporpaMMmMpoBaHnsa 1 NpuHUMna makcumyma NoHtpgaruHa. Metoabl
peLUeHns AUCKPETHbIX 3aa4 AaloTcs nopg o0wen naeein onTMmMmsaum UCKPETHbIX
npoueccos. Mpnyem paccMmaTtpmBaeTCs TONbKO ONTUMU3ALNSA ANCKPETHBLIX BO BDEMEHN
NnpoLeccoB, KOTOPble elle Ha3blBaloTCH MHOrowaroBbiMuU, MHOrO3TanHbLIMU NN
MHOrocTyneH4yaTbiMu. Npouecchl, AUCKPETHbLIE MO BENMYMHE (aMNAUTYAE), B KOTOPbIX
nepemMeHHble MOTyT NMPUHMMaTb TOJIbKO OUCKPETHble, KBAHTOBAHHbIE (MHOr4a
LleNIOYMCNEeHHbIE) 3HAYeHNs, 30eCb He 3aTparmBaloTcsd. VX onTuMmusaumm aBRsioTcs
npeaMeToOM PaCCMOTPEHUS LEeNOYUCIEHHOro NporpaMMmnpoBaHng (MeToabl
LLeNO4YMCNEHHOrO NPOrpPaMMmMPOBaHMS YaCTO Takke Ha3biBAOT OUCKPETHBLIMU).

MpuBeneHHblEe 34eCb METOAbl MOTYT MPUMEHATHCH ANS ONTUMU3aALUN U
HenpepbIBHbIX MPOLECCOB YNpaBieHUS, €CJ/IM UX CBECTU K MHOIOLLIAroBOm (AMCKPETHOMN)
Mogenn. MicxogHas cuctemMa ynpasiieHs MOXET, B HEKOTOPbIX CIy4asaX, MEHATb CBOU
COCTOSIHMSA HE3AaBUCUMO OT BPEMEHU (He OblTb AMHAMWYECKON), OOHAKO Npu
onTMMU3aUMN €e CBOAAT K MHOroLaroBoMy AMHaMu4eckomy npoueccy. Otciona u
BO3HWKNO Ha3BaHWE OMHAMMYECKOro NporpaMmMmnpoBaHnS.

BHavane Ha npocTenwmnx npyumepax, CTasLUMX TUNOBbIMW, PACCMOTPUM OCHOBHbIE
naen n 0Co6EHHOCTM METOAA ANCKPETHOIO AVHAMNYECKOr O MPOrpaMMUpPOBaHns, 3aTeEM
faamm obLLyio ero Teopuio Ha OCHOBEe 00LLe MOAENN MHOrOLLAroBbIX MNPOLLECCOB,
nocne 4ero U3noxmm OOLLYI0 TEOPUIO OAUCKPETHOIO NPUHLMNA MakCUMyMa U OafuM
NPUMEpP pPeLLEHNs C ero NOMOLLbIO TP2HCMOPTHOM 3a4a4u.

CyuwecTByloT ABa crnocoba YMCNEHHOro pelweHuns anddepeHumanbHbiX
ypaBHeHuli. B nepBomM cnyvyae annpokCUMMPYIOT To4yHoe anddepeHumnanbHoe
YPaBHeHVe, HanpMep, Pa3HOCTHLIM YpaBHEHMEM, BO BTOPOM Clly4ae npeacTaBnsior
HenpepbIBHbIE PELLUEHNS ANCKPETHbIMY TOYKaMM 1 COCTaBASIOT TOYHOE (Pa3HOCTHOE)
ypaBHEeHWe ois AUCKPETHOro npouecca. Nepsblii cnoco6, B HaCTHOCTU, NMPUMEHSIETCS
B YMCNEHHbIX METOOAX AN PeLleHus ypaBHeHun dinepa u MNoHTparuHa, BTOPOW
TUNWYeH Ons AMHAMUYECKOro nNporpaMMMpoBaHna M COCTaBnsieT ero CylHOCTb. B
npuHuune Ang OMHAaMUYEeCKOro nNporpaMMupoBaHuUs He TpebyeTcs COCTaBNAaATb
onddepeHumnanbHoe ypaBHeHe BennmaHa. HenpepbiBHag 3agada onTuUMasnbHOro
ynpasneHunsa pelaeTca pa3dbrveHMeM HenpepbIBHOrO npoLlecca ynpaBfieHuUs Ha
ONCKPETHble 3Tanbl, T.€. BMECTO HEMNPEPLIBHOrO paccmaTpuBaloT noaTanHoe
ynpasneHve NyTeM MOo3TanHOro peLleHns COOTBETCTBYOLWEro GyHKLUNOHANbHOIo
ypaBHeHUs. Ha kaxaom aTane, HauMHas C KOHuA, AenatoT nepebop OonTuMMasnbHbIX
ynpaBneHuin n3 knacca AONYCTUMBbIX, T. €. YOOBNETBOPSIOWNX OrPaHNYEHNSaM, 1
BblOMpalOT onTuManbHOe, Npu 3TOM HEOBXOOAMMO YYUTbIBATb, HTO UCXOOHbIN
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HEMNpPEepPbIBHbIA MPOLLECC YNpaBAeHNa OOMKEH A0MNyckaTb pa3dbueHne Ha sTanbl, s
KOTOpbIX 6bla 6Gbl MPUMEHUM NPUHLMN oNTUManbHOCTN Bennmana.

Ecnn MOXHO HanucaTb KpUTEPUU ONTUMANbHOCTU B BUAE WHTErpasbHOro
dyHKUMOHaNa, T0 NPUHLMN ONTUMAaIbHOCTW BCEraa NpUMEHUM B CUNy aaauTUBHOCTU
dyHKUMOHana. Ho ouckpeTHble NPoUEecChl ynpaBneHus B NPUHUMNE MOrYyT ObiTb U
TakMMu, AN KOTOPbIX KPUTEPUI ONTUManbHOCTU HENb3A NPeACcTaBUTb B BUAE
dyHKUMOHana, U Toraa Bonpoc O CnpasessIMBOCTY MPUHUMNA ONTUMaibHOCTN TpebyeT
cneumnanbHOro PacCMOTPEHMS.

Hanpumep, ynpaBneHne Ha KakoM-TO dTane 3aBMCUT OT ynpaBieHus Ha
npenpioymnx atanax. B aTom cnyyae BbINOAHEHMS NPUHLMNA ONTUMaIbHOCTU MOXHO
0o6UTLCA yBENMYEHMEM Pa3MepHOCTU Ga30oBOro nNpocTpaHcTBa (Ao6aBneHNEM
KoopauHaT). PaccMoTpyM 00LWwmii NyTh peLleHms HenpepbiBHOW BapmaLMOHHOM 3aaa4m
MeTOA0M AUCKPETHOrO AMHAMNYECKOro NPorpaMmMmUpoBaHus.

MycTb TpebyeTcs onpeaenvTs ONTUMasbHOE YNpPaBieHne, KOTOPOE MUHUMU3VPYET
dYHKUMOHaN:

t1l

1= 1 Fixutyat
to

npuv ycnosum
dx/dt =f(x, u, t);
X(t,) = x,

[na 9TOro 3aMeHuMM MHTerpan cymmomn, a anddepeHuymasnbHble ypaBHEHUS
Pa3HOCTHbIMU:

N-1
I(x)= Zk Fix, u ipN) A
| =

X=X+ (X, UL TN,

roe
KA =t, NA =t

X< = X0
1 0603HaYMM

S, (X°)=min |_(x)
{ X}
(B aTOM dopMyne MUHUMYM OepeTcsd No BCEM WMHTEpBanam OauHbl A ).
MpUMEHMB NPUHLMMN ONTUMAJTIbHOCTU, NPUAEM K COOTHOLUEHWIO:
S, (X)=min{F(x, u, KA) N\ +S,, [X+1(x; v, kKN)AT
KOTOPOE MO3BONSET Ha KaxaoM k-M aTane BbIbMpaTb ONTMManbHOE ynpaB/eHue,
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Ha4dmHasa ¢ nocnegHero (N - 1)-ro atana. lNocne TOro Kak, Ha4MHas C KOHLA, Ha Kaxa0oM
y4acTke BbIOpaHO OMNTMManbHOE yrnpasneHne, HeobXoaMMO OBUraTbCs OT Havana B
KOHEL, 1 NONY4YNTb HEMPEPbLIBHYIO TPAEKTOPUIO, COCTOSILLYIO U3 ONTUMaJIbHbIX KYCKOB U
COEOMHSAIOLLYIO HAYa/lbHYIO U KOHEYHYIO TOYKN.

3.5. MeToabl pewieHNs HEKOTOPbIX AUCKPETHbIX
ONTUMU3ALMOHHBbIX 3aaay

3.5.1. 3apava o kpaTyaniem nyTum

Onpeaenvm Kpatyaniiwmii nyTe Mexay NyHKTaMn A n B, coeMHEHHbIMU CIOXHOW
ceTbto nopor (puc. 19). Boonb kaxaoro ydyactka 4OpOorv NpoCTaBieHO BPEMS ABVKEHNSA
C Yy4eTOM MOKpPbITUS AOpOorK 1 penbeda MecTHOCTU. [ns pelueHns 3aga4m pa3odbem
BCE paccTosiHMe Mexay A 1 B Ha aTarnbl. BeiGop onTuMansHOro Nyt Ha4HeM C KOHUA.
Hangem kpaTtyanwime nyTtu, COeguHAoWME NYHKT B C KaxO4on TOYKOM nepeceyeHus
nmHum N - 1.

-2 a4 ~~

Puc. 19. 3agaya o kparyaiimem myTu

Taknx onTUMasbHbIX HA MOCNEAHEM Y4aCTKe NyTel TPU, OHN OTMEYEHbI TOYKaMU
CHM3y. 3aTem Nepenaem K cnenyroLemMy OT KOHUA y4aCTKy, OrpaHUYEHHOMY NPSIMbIMA
N-2unN - 1. OTMeTMB TOUKN NepeceyveHns Aopor ¢ npsmoii N - 2 TpeyrosibHUKamu,
Hargem Takme nyTn, CoOeauHSIoLLMe 3TN TOYKM C TOYKaMK rnepecedveHns Ha npsamon N
- 1, KoTOpbIE AaAYT MUHMMASbHbIA CYyMMapHbIN NyTb Ha y4acTkax (N - 2, N - 1) n(N -
1, N). BT onTuMarnbHble MyTV OTMEYEHbI TOUKAMU CBEPXY.

B kauecTBe BTOPOI 4aCTu NyTM PacCMaTpPMBAIOTCS TOJIbKO ONTUMAIbHbIE MYTU,
HanOeHHbIe Ha NOoCNedHEM y4HacTKe.

34ecb Mo CywecTBy Aas Clefylolero OT Hayana ydyacTka MCnoNb3yeTcs
dyHKUMOHANbHOE ypaBHEHME:

S,,=min[g,,+S,,1

Mocne N-2 nepexogmm kK nepBoMy 3atany (cM. puc.19), KOTOPbIN COOEPXUT
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\ 4

N-2 N-1 N

Puc. 20. CBenenne HenpepbIBHOM 3a1a9u K [ CKPETH O

HayanbHbIA NYHKT A. Ong 3TOro artana Heo6XoAMMO COeauHUTb A C Touykamu
nepeceyeHuss gopor ¢ npsamoii N - 2 1 BeiOpaTh ONTUMasIbHbIMA NyTb OT KaxOow n3
3TUX Tovek. 3atem, aenas nepebop No 3TUM ONTUMASIbHLIM MYTIM U ONTUMAasTbHbIM
nyTsaM, COEOVHSIIOLWLMM TOYKM nepecedenus Ha npsmon N - 2 ¢ Toukon B, a 3aTtewm,
CpaBHMBas CyMMapHoOe BpeMs ABUXKEHUS MO HUM [0 TOYKM A, BbIOMpPaeEM HauyHLInA.

Takum ByeT nyTb, BPEMS ABUXEHMS MO KOTOPOMY paBHO 18, coeanHsowmin A 1
B n npoxoaauuii 4epes HUXKHIO TOYKY nepecedeHus npsamMmon N-2 1 CpeaHIon To4UKy
nepecevyeHns N-1, npuyem nepebupaloTcs He BCe MyTU, COEAUHSIOLME TOYKU
nepeceyeHus Ha npsamoint N - 2 ¢ Toukol B, a TONbKO ONTUMasIbHbIE, YXXe 0TOOPaHHbIe
Ha npegblgywlemM atane pacyerta. B aTom 3aknio4aetcs BbiMrpblill, KOTOPLIA gaeT
OMHamMumyeckoe nporpaMmmupoBaHne. PeanbHo atanoB /N MOXeET OblTb HECKOJIbKO COTEH
M paxe Tbicady. MoxeT ObiTb HECKOJIbKO MyTell ¢ onTuMalsibHbiM (OOMHAKOBbLIM)
BPEMEHEM.

CyLLECTBEHHOE BMUSIHME HA YCMNeX pPeLleHnsi oka3bliBaeT BbIOOP OJIMHbI aTana:
ecnu ee BblOpaTh TakoW Masnoi, 4TO TOYKM NEPECEYEHUS Ha OBYX COCEOHUX MPSMbIX
COEAMHATCH OOHUM MYyTEM, TO HMKAKOrO BbiMrpbilla MEeTOoA AUHAMUYECKOro
nporpaMMMpoBaHnsl Kak MeTOZ NnoaTanHoro nepebopa He 4AaCT MO CPaBHEHWIO C
npsiMbIM repebopom.

Mpwn BbIGOPE CAMLIKOM OOMBLLIOW ANMHBLI 3Tana O4eHb MHOMO MyTen COeAUHAT
Kaxayto napy TOYeK NepeceyeHs, 1 3T1 NyTU NPUOETCS JoNro nepedbupatb. TOYHbIX
pekoMeHpaunii ong Bbibopa 4JMHbl aTana HeT. MOXHO TONbKO peKOMeHO0BaTb, YTOObI
nyTen, COeaNHSIIOLLMX ABE TOYKU nepeceyeHus, bbio He meHee 3-5, HO He Gonee 8
- 10. Torga noatanHbii nepebop OyaeT npoLle nNpPsimMoro.

Ha kaxgom sTane HeobBxoaMMO BbIMOMHUTL NO ABa nepebopa:

1) ONg HaxXoXAEeHUS MUHUMaNbHOro NyTW, COEOUHSAIOWEro ABe TOYKMU
nepeceyeHus (nepebop BCex NnyTel, X COEANHSAIOLLMX);

2) Oong HaxoOXAEeHUs MUHUManbHOro CyMMApHOro myTu, COCTOSILLEro u3
OnTUMasbHbIX MNyTen, COEAMNHSIOWMX TOYKN MEPEeCeYEeHns NeBON 1 NPaBor NPAMbIX
[aHHOr0 MHTepBana, 1 ONTUMasbHbIX MYTEN, COEOVNHSOLLMX MPaBble TOYKN NepeceveHns
C KOHEYHOMN.

BonblWNMHCTBO HENPEPBLIBHLIX 33424 ONTUMU3ALMM O0MYCKAET MHTEPNPETALNIO B
BUAE MOAenu, npencraeBneHHon Ha puc. 20. B n-mepHOM $Ha30BOM MPOCTPaHCTBE
(oA NpoCTOThl cyuTaem n = 2) 3afaHbl ABE TOYKW: HavanbHas X, U KOHEYHas X,.
TpebyeTcs coeaHUTb UX KPUBOM, ONTMMAasIbHOM B 3a4aHHOM CMbicne. JUCKpeTHOM
CeTW JOopOor HeT, HO 3ajaya AO0MyckaeT MHTepnpeTauumio, aHalornyHyl 3ajade C
noporaMn. Ha BO3MOXHbIE MYTU HAJTIOXEHbl HEKOTOPbIE OrPaHNYeHns, Hanpumep, no
Yriy HakfoHa TpaekTopun, uayllen u3 3afgaHHon To4dku. JonycTum, paspeluaeTcs
LBUraTbCH MO, YriioM, He BbIXOOALLMM U3 MHTepBana + 45 rpafyCcoB K rOPU30HTaSIbHOMY
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HanpaBneHnio. ATOT AMana3oH KBaHTYIOT, T.€. pa3peLuaeTcs ABMratbCcs He B loboMm, a
B OOHOM 13 5-10 ONCKPETHbIX HanpaBfieHW BHYTPU AOMYyCTMMOro AmManasoHa.
OyeBMAOHO, 4TO AaHHAs 3ajaya MOXET pelaTbCcd MeTOAOM AVHAMWYECKOro
NPOrpaMMnUPOBaHNg, Tak Xe Kak 1 B NpeaplayLem Cryyae.

3.5.2. 3apaya 0 KPpUTUYECKOM NyTn

MocTaHoBKka 3agada cnenyoulas. 3agaetcs rpad, Ha3biBaeMblid TPAHCNOPTHOMN
CEeTbl0, KaxXA0N Jyre KOTOPOoro X,, X, (Wnn x, y) COOTBETCTBYET HEKOTOPAs BENNYMHA —
OnviHa nyruv a (x,, xj) > 0. TpeGyeTca HaNTW KpaTHanLLINA NyTb M3 UCTOKAa X, B CTOK Z. B
KayeCTBe AJIMHbI NyTU MOryT GUrypmpoBatb OJIMHA OOPOrv, KONMYECTBO OEH3UHa,
pacxogyemoe npu OBMXEeHUU MO JaHHOMY y4acTKy, CTOMMOCTb Npoe3aa no AaHHOMY
y4acTKy U T. M.

3apava onpeneneHns KpUTUH4eckoro nyTM 4acTO BO3HMKAET B CETEBOM
niaHMpoBaHUM 1 ynpaeneHun. Jliobas cnoxHas KomriekcHas paboTta nsobpaxaeTrcs
B BMOE MOAEenu - CeTeBoro rpaduka, KOTopbli npeactaBngetT coboli HEKOTOPYHO
TPaHCNOPTHYIO CeTb. HavyanbHaga To4ka X, 9TOM CETM COOTBETCTBYET Ha4asy, KOHe4YHas
TOYKA Z - OKOHYAHMIO KOMMEKCHbIX paboT (puc. 21). Kaxpgaa oTaenbHas (4actHas)
paboTa KoMmnnekca nokasaHa Ha pUCyHKe B BUAE Ayrn, Ha4yanbHas BEPLUMHA KOTOPOW
COOTBETCTBYET Hayany paboTbl, @ KOHEYHAs BEPLUMHA - KOHLLY.

9 X2

X1

Puc. 21. CeteBoii rpaduk

Kaxnow nyre (x,, X) COOTBETCTBYET BPeMs BbIMONHEHUs paboThl 1, Kax/aow
BEPLUNHE X;- BPEMS HACTYNNIEHWS AAHHOMO COObITUSA T [Havana paboThl, 300paKeHHO
oyrown (x., xj)]. Ha puc. 21 nokasaH ceTeBoi rpaduk, COCTOALWMIA U3 BOCbMKU PaboT.
Ecnu komnnekc paboT cOCTOMT B MOCTPOWKE XMIOro AoMa, TO OTAeNbHbIMY paboTamu
MOryT ObITb PbITbE KOT/IOBaHa, BO3BeAeHWe pyHOaMeHTa, NoaBoaKa KOMMYHUKAUWA,
nT. a.

Lindpbl okono kaxaon ayrn o3HavatoT BPeEMS BbINOJIHEHUS KaxKaon paboThbl (B
OH$AX). TpebyeTcsa HaNTK Takol NyTb U3 HAYaJIbHOM TOYKN B KOHEYHYIO, BAOJIb KOTOPOro
CYMMapHO€ BPEMS BbINOJIHEHUS paboT 6bl1o 6bl MakcumanbHbiM. OH Ha3biBaeTCS
KPUTUYECKMM. KpUTUYECKMX MyTe MOXET ObiTb HECKOMLKO. Toraa Ans CoKpalleHus
BPEMEHW BbIMNOJIHEHUS KOMIIEKCa paboT HE0OXOANMO YMEHBLLLNTL BPEMSI BbINOJIHEHUS
paboT, BXOASALMX B KPUTUYECKME NMYTWU. ECNn BBECTM B pACCMOTPEHME ELLLE U CTOMMOCTU
BbINOSIHEHNSA PabOT, TO B JAHHOM KPUTUYECKOM MNyTWU CleayeT cokpawatb Te paboThl,
KoTopble 06n1afalT HaMMEHbLUUM YBENIMYEHUEM CTOMMOCTM MPU COKpPaLLEHUN
BPEMEHW BbINONHEHUS paboT, T. €., ecnnm 0003Ha4YUTb 3aBMCMMOCTb CTOMMOCTHU
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BbIMNOJNIHEHUS PabOThl OT BPEMEHU Yepes C, = fi{tij), TO cokpawaTb cnenyet Ty paboTy
KPUTUYECKOro NyTn, A5 KOTOPO NPOM3BOAHAS:

dLi(t)) dt,

OyneT makcumasbHoi. [ocne cokpalleHus BDEMEHW OHOI0 KPUTUYECKOr O NyTu
MOXeT NOABUTLCS OPYron KPUTUHECKUA NYTb.

/3BECTHO MHOro anropuTMOB AJIS1 OTbICKAHUSI KPUTMYECKOro MyTW B CETEBOM
rpaduke. 3oeckb 6yaoeT paccMoTpeH Tobko anroputM bennmana - Kana6a. OH ocHoBaH
Ha NPUHUMNE ONTUMaNbHOCTU N UCMONb3yeT GYHKLUMOHANbHOE ypaBHeHe bennmana.
MpuUHLUUN ONTUMAaNILHOCTU B JAHHOM CJly4ae MOXHO ChOPMYNnpoBaTh Tak - 10060
MakcMasibHbIV (KPUTUHECKUIA) MyTb, coaepkaLumii He 6osee rayr, 0b6pa3oBaH YaCTUYHbIMM
nyTamu, coaepxalummmy He 6onee k (k < r) ayr, KOTopble (1yTu) Takxke MakCUMasibHbI.

[na Bcakov ayrv, He MpuHaanexalier Haen ceTu, T. e. (X,, xj) 0 U, nonoxum
t,=0mn t,=-00. Torpa 3apada 6yneT COCTOATb B OTbICKAHUM NYTU:

Y E, Eye o EWE,
AN KOTOPOro cymma:

t

1i1+t '+t

. .
i1i2 ikn

Jocturaet makcumyma. 3aecb E, — coObiTus, COOTBETCTBYIOLIME BEPLUMHAM

ceTvt (MOMEHTaM Ha4yana u OKOH4YaHusi paboT); t, — Bpems BbINONHEHWs PaboTkl,
KOTOpas Ha4MHaeTcs cobbITUEM E;, 1 3akaH4MBaeTCs CoObITneM E,.
CocTtaBum dyHKUMOHaNbHOE ypaBHeHne bennmana:

V.= max (tij+ vj), i=1,2,..,n-1; j=1,2, ..., n;
v,=0,

rAE BEINHUHBIV, (i=1,2,...,n - 1) 9BAAOTCA KPUTUHECKUMWN BPEMEHAMM HACTUYHBIX
nyTen OT i- A0 KOHEYHOW BEPLUMHbI. BbluMcneHns HayHemM C KoHuQ, nonaras:

vi=t i=1,2,..,n-1;
1 = -
v'=t =0.
[anee, Ha BTOPOM Luare:
vZ= max (tij+ vj‘) i=1,2,..,n-1; i=1,2,..,n. (3-34)
BennumHa v' COOEPXUT 3HAYEHMS BPEMEHM BbINONHEHMS onepauuy Ha nyTax,
COCTOSAWMX U3 OAHOW Oyru, KOTOpble 3akaH4YMBAOTCH B KOHEYHOI BepLuMHE.
CooTHoleHus (3-34) no3BoNsaioT BbIOpaTb MakCUMaribHBbIN MyTb, COCTOALLMI U3 ABYX
ayr (KoTopble 3akaH4MBalOTCA B KOHEYHOW Touke). [anbHenwune BblYMCNEHUS

BbIMOJIHAM B COOTBETCTBUUN C PEKYPPEHTHON HOPMYNOIA:

v¥= max (tij+ vj'“) i=1,2, .., n-1; j=1,2,...,n; k>1. (3-35)
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BbluncneHns OyaoyT 3akOHYEHbI, koraa
vk=yk1 i=1,2,..,n.
I I

BennunHbl V¥ COCTaBNAIOT BPEMeHa OTAE/bHbIX KPUTUHECKMX MYTen, BXOAALLMX
B 0OLLee Bpems t, KpUTM4eCcKoro nyTu.

Mo>HO nokasaTtb, 4TO TpebyeTcsa Bcero n - 2 utepauun suaa (3-34), roe n -
4MCNO BEPLIMH CeTU. BenuumHbl v< aBnsioTca 3Hadenuammn ¢yHkumm Bennmana S ana
k-ro atana.

3.5.3. 3apava pacnpeneneHus pecypcos

PaccMoTpyM TUNUYHYIO O OMHAMUYECKOro MporpaMMuUpoBaHUS 3agadvy
pacnpeneneHvs pecypcos. JonyCTnm, MMeeTCs B HanMiMm y CPencTs 1 YeTbipe GrpPMBl,
B KOTOPbIE 3TV CPeACTBa HE0OX0AMMO BAOXUTb ONTUMasbHbIM 06Pa30M. AHANIUTUYECKM,
rpacduyeckn unm B Buae Tabnuy, O0MKHbI ObiTb 3aaaHbl GyHKUMM Npubbinn g (y)- g,
(y) B 3aBMCMMOCTW OT BJIOXEHUI B Kaxayto pupmy. 3agagnm nx ¢ nomoulbto tTabn. 2.

Tabnuua 2
Wnsecru- gu(y) ®(Y) gs(y) u(y)
102070
0 0 0 0 0
1 0,20 0,15 0,10 0,22
2 0,25 0,30 0,30 0,40
3 0,40 0,45 0,55 0,50
4 0,60 0,60 0,70 0,60

TpebyeTcs onTuMasbHbIM COCOOOM pacnpenennTb NCXoaHble CPeAcTBa, HTOObI
CYMMapHbI 00X0n4;

4

4
)= 2  g(u); 2 u=y (3-36)
k=1 k=1

Obln MakcumaneH. [Ans npocToThl NPeAnonioXnM, YTO cpeacTBa NpencTaBfieHbl
uenbiMu eguHuuamMu (MunanoHamum pyoéneii). 9To ycnoBue He aBnseTcs
NMPUHLUNMANbHLIM ON9 OaHHOM 3aJadyM U He O3HayaeT, 4YTo 3aJada CTaHOBUTCH
uenoymcneHHon. O603HaYMM ONTUMAsIbHYIO NPUOLITL MPU CYMMApPHOM BJIOXEHUN Yy
no ogHom d¢upme yepes D (y) =S, (y), no agym - @, (y)= S, (y), no tpem @ .
=S, y), nouetbipem - ® .. =S, (y).

910 u 6yayT dyHkunm BennmaHa ons pasHbix 3tanoB. OkasbiBaeTcs,
pacnpeaeneHne pecypcoB Kak NPOLECC OnpeneneHns onTUManbHOro yrpaBieHns ToXe
MOXHO pa3fennTb Ha 3Tanbl, XOTs 34eCb HET HMKAKOro (GprU3nyYeckoro npolecca BO
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BpeMeHW. YCN0BHO BBOAUTCS MNEPBbLIA 3Tar, HadblBaeMblii UHOT4a HyJ1EBbIM, HA KOTOPOM
BCE CpencTBa BK1aapiBaOTCA B OAHY GMPMyY, Hanpumep B NepBYIO.

Ha BTOpOM aTane BbIGMpaeTcsa ONTMMabHOE pacnpefeneHne mMexay ABYMS
nobbIMK drpMamu, HanNpuMep Mexay Nepeoi 1 BTOPOK, MPUYEM, Tak Kak pe3ynbTaThbl
onTumMasnbHoro nepebopa Ha NepBOM 3Tane CoraacHo MYHKUNOHANBHOMY YPaBHEHMIO
BennmaHa 6yayT nCnonb30BaTbCs HA NOCNEAYIOLMX 3Tanax, To ONTUManbHbI Nepebop
Ha BTOPOM 3Tane cnenyeT Aenatb AN PasHblX 3HA4YEHUI UCXOOHOro KanuTtana y. B
pe3ynbTarte MpPoxXoXAeHWs BTOPOro atana cocTaBnseTcs Tabn. 3 onTMManbHbIX
pacrnpeneneHnin mexay nepson n BTOpon drpmMmamu.

Tabnuua 3
WuBectu- a1(y) () D15(Y) OnrumanabHOE pacrpe-
110708 JICJICHUE pecypcoB (MH-
BecTHImHU B1 1 2 pup-
MBI)
0 0 0 0 (0,0)

1 0,20 0,15 0,20 (1,0)

2 0,35 0,30 0,35 (1,1)

3 0,40 0,45 0,50 1,2)

4 0,60 0,55 0,65 (1,3)

Puc. 22. I'paduku k 3agavue pacupenesicHuss pecypcoB

Ona onpepneneHus HeobxoauMblx nNpubbinei ncnonb3dyetca Tabnuua mam
cooTBeTCcTBYlOWME rpadukm (puc. 22). MNMocne coctaBneHus Tabn. 3 nepexoaaT K
TPeTbeMY 3Tany 1 ONPEeAENsAT ONTUMaNbHOE pacnpeaeneHne Mexay nepeomn, BTOPO
1 TPETbEN PprPpMaMm, UCNONb3Ys pe3ynbTaTkl NEPBOro atana. MNpu 3ToM cocTaBnseTcs
Tabn. 4 onTUMasbHbIX pacnpeneneHnin ons pasHbIX 3HAYEHNN NCXOLHOroO KanuTana.
HakoHeL, nepexoaaT K nocnegHemy, 4eTBepTOMY aTamny W cocTaBnsioT Tabn. 5
onTUMasbHbIX pacrnpeneneHnin no YyeToipeMm GrupmMmam.
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Tabnuua 4

WuBectu- D1AY) a(y) D125(Y) Pecypcsr, Pecypcsr,

1112128 pacrmpene- pactnipene-
JICHHBIE 10 | JIEHHBIE IO

¢upmam 1,2 ¢bupmam

1,2,3

0 0 0 0 (0,0) (0,0,0)
1 0,20 0,10 0,20 (1,0) (1,0,0)
2 0,35 0,30 0,35 (1,2) (1,1,0)
3 0,50 0,55 0,55 (1,2) (0,0,3)
4 0,65 0,70 0,75 (1,3) (1,0,3)

Tabnuua 5

WHBectu- D123(Y) 94(y) D1234(Y) Pecypcsr, Pecypcsl, pac-
uuu Yy pacripeniefieH- | MpeaeieHHbIe

HBIE TIO up- o ¢pupmMam

mam 1,23 1,2,3,4

0 0 0 0 (0,0,0) (0,0,0,0)
1 0,20 0,22 0,22 (1,0,0) (0,0,0,1)
2 0,35 0,40 0,42 (1,1,0) (1,0,0,1)
3 0,55 0,50 0,60 (0,0,3) (1,0,0,2)
4 0,60 0,60 0,77 (1,0,3) (0,0,3,1)

[na coctaBneHus Tabnvu, MCNosib30BaINCh cnepyowme Gopmyibl:

D0 (y) =S, (v) = max [g,(y-u,) + D, (u,)];

0<u, <y,

Kaxzaas 13 KOTopbix npenctaBnser cobot GyHKUMOHaNbHOE ypaBHEHUE
Bennmana, koTtopoe B 06uem cnydae ong k Gupm 3anuieTcs B BUAE:

0< u <y

S, (y) = max [g(y - u) + S, (u)].
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[Onga onpepeneHnss onTMManbHOW MOMINTUKU HA KaXAOM 3Tane npuxoamnTcs
KOMOUMHMPOBATb 3HAYEHWS U3 TPETLEro cToNbLUA CO 3HAa4YEeHNEM 13 BTOPOro cronbua
1 onpenensaTb MakCUMasibHYlO CyMMY B KaxzaoWn Tabnuue. Tak, ons onpeneneHus
ONTUMAJIbHOM MONIUTUKM Ha TPETLEM 3Tarne npu MHBeCTUUMKM y = 3 HeoBXoaMMO Npwu
npsiMom nepebope cpaBHUTL cnenyowme ceMb nonutuk: (3, 0, 0), (2, 1, 0), (1, 1, 1),
(0,2,1),(0,1,2),(0,0,3), (0, 1, 2). 3TOT NEpedOP MOXHO COKPATUTb, T. €. LOCTATOYHO
BbIYMCIIUTL 3HAYEHUS ABYX QYHKUMIA S, U g, ONS HETbIPEX 3HAYEHUI U,

Tabnmua 6
Uz g3(Ua) S(3-Us) Oa(Ug)+ Sy(3-Us)
0 0 0,50 0,50
1 0,10 0,35 0,45
2 0,30 0,20 0,50
3 0,55 0 0,55

M3 tabn. 6 cnenyeT, 4TO HaunyyLWen NONNTUKONM Ha TpeTbeM aTane byaeTt u, = 3
1 S,(0). C nomouubio nocneaHero cronbua tadn. 3 unm 4 nony4um ana S,(0) u, = %) u
= 0. NoaToMy OKOHYATENBHO OMTUMAJIbHOW MONIMTUKON HA TPETbLEM 3Tane npu y = §
oynet (0, 0, 3), uTo 1 3aHeceHo B nocneagHuii ctondel, Tabn. 4.

Takum o6pasom, Gnarogaps NPUHUUMY ONTUMANbHOCTU U QYHKLMOHANBHOMY
ypaBHeHUI0 bennmaHa BMECTO CpaBHEHUSI CYMMapHbIX JOXOLOB BOCbMM BapUaHTOB
pacnpeneneHns noTpeboBasocb CPaBHEHNE TONbKO YeTblpex BapuaHToB (Tabn. 6).

Ona cpaBHeHns B Tabn. 4 n 5 B npegnocnegHnx ctonbuax npuBeaeHsbl
onTMMasbHbIE CTpaTernm NpenbIayLmnx 3Tanos.

Bnaropaps Takomy noatanHomMmy nepebopy CYLLECTBEHHO COKpallaeTcs
TpyooeMkocTb. Ecnu xxe pacnpenenaTb cpencTsa cpasy Mexay YeTbipbMs prpMamMu:

(5,0,0,0),(4,1,0,0),(4,0,1,0),(4,0,0;1),(3,1,1,0), (30,1, 1),(3, 2,0, 0), (3,
0,2,0),(3,0,0,2),(2,1,1,1),(2,20,1),(2,2,1,0),(2,0,2,1) nT. #., TO BO3HMKAET
HeobxoauMocTb nepebopa GOMbLLIOro KONMYecTBa BapuaHTOoB.

C yBenuyeHnem ymMcna accurHoBaHuini 1 dupm obvem nepebopa MHTEHCUBHO
Bo3pacTaeT. Tak, onak=4 npuy = 10 yincno BapmaHToB coctaBut 286, npmny > 10 310
yucno pasHo 1001. Ona k ymucna dupMm npouecc onTMManbHOrO pacrnpeneneHus
pecypcoB pacnagaeTtcs Hak - 1 aTanos.

Ha npumepe 3agayu pacnpeneneHusa pecypcoB NpOAEMOHCTPUpOBaHa
Moamndurkaums mMetoga AMHAMUYECKOro NPOrpaMMmMpoBaHUS OS5 NPOLLEeCCOB, He
Pa3BUBAIOLLMXCH BO BPEMEHU. [TpoLecC NCKYCCTBEHHO Pa3BOPAYMBAETCS BO BPEMEHMU.
B 3TOM CMbICT OMHaMMYecKOro NporpamMmMupoBaHUs Kak ONTMManbHOro MeToaa
nepebopa, kak MeTofa peLlueHs KOMOMHATOPHBIX 3aaa4 nepebopa.

B aToin 3apade TpebyeTcs BbMMCIUTL 3HadYeHns ¢yHkuun bennmana S, | Ha
(k-1)-m ware ang BCex 3Ha4eHUM aprymMeHTa, Tak Kak A pelleHns GyHKLNOHANbLHOO
ypaBHeEHUS Ha k-m Liare TpebyeTca nepebpaTb BCE AOMYCTUMblE 3HAYEHUS 3TOW
dyHKUMN. COOTBETCTBEHHO HA KaXAOM Luare, Kak npaBuiio, BbIYUCISETCS MOsHas
Tabnvua 3HaveHnn yHkumm Bennvana. Mowarosas npouenypa BbIYUCIEHN B AaHHOM
3a/a4e okasanacb BO3MOXHOWM Gnarogapsi 3aBUCMMOCTU 0X04a B Kaxaon dpupme
TOJIbKO OT BJIOXEHUS B AAHHYIO PUPMY U HE3ABMCUMMOCTHM OT BKIaAa B Apyrue GupMmel,
B3ATble MO OTAENIbHOCTU 1 B CyMME. OTO CBOMCTBO 06ECMNEYNSIO BbINOHEHWE NPUHLIMNA
ONTUMaNIbHOCTU AN ANCKPETHBLIX MHOMOLLAroBbIX NMPOLLECCOB.
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3.5.4. TpaHcnopTHaga 3apga4a

TpaHcnopTHag 3a4aya MeeT crenyoLyo GopMynrMpoBky. MiMetTcsa m cknanos
PECYPCOB M N MyHKTOB MOTpebsieHns (M MCTOKOB M N CTOKOB). [ns mpocTOThI
pPaccMoTpUM Cny4yain ¢ ofHUM pecypcom. O603Ha4MM Yepes &, 3anachl PeCcypcoB Ha

i-m cknage (i =1, 2, ..., m), bj KONIMYECTBO PECYPCOB, OXUOAEMOE B j-M MYHKTE
notpebnenus (j = 1, 2, .... n). NpegnonaraeTcs, YTO CyMMapHbIA 3anac paBeH
CYMMapHOMY CMNpOcCy:

b, (3-37)

3agady MOXHO pewaTb M 6e3 3TOro OrpaHuYyeHus, cYnTas, YTO CyMMapHble
3anacbl NPeBbILAOT CyMMapHble 3anpockl. OgHako Aasg NpocToThbl JaAMM pPeLLEHne
npu ycnosun (3-37). HYepes x, 0603Ha4NM KOMYECTBO PECYPCOB, NePeBO3nMOE C i-ro
cknaga Ha j-W NyHKT n0Tpe6neva. CTOMMOCTb Takol MepeBO3kM Onpepensercs
dyHkumen g, x,.l.), KOTOpasi MOXET 3a4aBaTbCs aHaNIUTUYeckn, rpaduyHeckn man ¢
nomoLbio Tadnny,. CynTaeTcsl, YHTO HENb3s NEePEBO3NTbL PECYPChI HEPE3 NePEeBasiOYHbIe
NYHKTbI, T. €. CpaBea/inBbl CNeQyoLLMNE YCIOBUS:

m n

X; = 0; . 2 X; = bj; . z x; = a, (3-38)
=1 ] =1
B aToit 3anave TpebyeTcs ONpeaenvTb BENYMHBIX;, YAOBNETBOPSIOLINE YCIIOBUSIM
(3-38), Npu KOTOPbLIX CyMMapHasi CTOMMOCTb NepeBo30K OyaeT MUHUMANbHA, T.e.:

| = ij g,.j(xl.j) = min.
HacTto GYHKUUM CTOMMOCTU MEPEBO30K ABASIOTCA JIMHENHLIMU PYHKLUAMU
BENMYMH X

9,(x;) = ¢, x,. (3-39)

TpaHcnopTHasa 3agaya B oOuwem cnydYae — 3TO 3ajadvya HeMHEeWHOro
nporpaMMuUpOBaHung, rAe B Ka4eCTBE OrpaHNYeHUi BbICTYNatoT COOTHOLEeHUs (3-38).
Mpwn ycnosum (3-39) oHa CTaHOBUTCA 3aa4el NIMHEeNHOro NPOrpaMMmMpPOBaHNS 1 MOXET
ObITb peLleHa CUMIMIEKC-METOAO0M, PACCMOTPEHHBIM B IOHUTE 2.

[ns npocToThl OrpaHMYMMCS BApMaHTOM C ABYMS CKJ1IaAamMmn m = 2 1 HECKONbKUMU
nyHKkTamMu noTpebneHuns n. PelueHne 3agaum ans O0MbLUMX 3HAYEHUI M CTaNIKMBAETCA
Cc 60nbWNMU BbIYNCTIUTENBHBIMU TPYOHOCTAMU (M3BECTHBLIMK MO, Ha3BaHUEM
“npoknaTne paamepHocTn”).

[Ona peweHns 3apga4m npyu m = 2 npexae BCero NpeacTtaBUM CTaTUHEeCKUi
npouecc nepeBO3KN Kak AMHAMWYECKUA B BuAEe NOCNefoBaTeNbHOCTW 3Tanos. B
KayeCTBE NePBOro aTana BelbepemM yooBNETBOPEHME CMPOCa N-ro NyHKTa NoTpebneHus,
3ateM nepengem kK (n - 1)-y n 1. o. CoctaBuM pas Takoro nNoaTtanHoro npouecca
dyHKUMOHaNbHOE ypaBHeHne bennmaHa.

Beenem ¢yHkumio S, (a,, a,), k = 1, 2, ..., n KaKk BeIN4YNHy 3atpaT npu
MCMONb30BaHUM ONTUMASIbHON NONWUTVKK, KOMAA Ha4MHalT C KOAMYecTsa a, U a,
pecypcoB Ha ckfiagax npu noTpebHoCTaX b.(j=1,2, ..., n) B NyHKTax noTpebneHus.

Ha nepsom aTane (k = 1) ynoBneTBopsaoTCa NOTPEOHOCTU N-ro MyHKTa
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FIOTpe6J'IeHI/Iﬂ, npn 3TOM NOJTyHaloTCA 3aTpaThbl:

gm (X1n) + an (XZn)'

3anackl pecypcoB Ha CKlafax yMEHbLIAIOTCs COOTBETCTBEHHO 04, -X, Ua, - X,
noaTomy:

81 (31, 32) =9 (Xm) * 9, (in)’ (3-40)
npw yCroBusX, YTO:

X1n+X2n:bn; OSXmSaI; OS XZnSa

. S,(a, a,)=0.(3-41)

Ha BTOpOM 3Tane yaooBneTBOPSOTCA NOTPEOHOCTU N-ro u (n - 1)-ro NyHKTOB
notpebneHus. [Ins aTOro MCnosib3yeTcs pekyppeHTHOoe cooTHoweHue BennmaHa
(pyHKLUMOHANBHOE YypaBHEHUNE):

Sz (a1, az) = min [g1n-1 (X1n-1) t 950 (X2n-1) + Sv (a1_X1n-1,a2-X2n-1)] (3-42)
(%) L6,

roe obnactb G, onpefensieTcs COOTHOLLEHUSIMU:

X1n-1 + X2n-1 = bn-1;

0<x,<a;

3anucb (3-42) o3HavyaeT onTumManbHoe obecrnedvyeHue (Mo pacxonam Ha
nepeBo3kun) notpedbHocTen (n - 1)-ro nyHkTa noTpedneHns Nnpm ToM yCioBUn, 4TO
OHW yOOBNETBOPEHbI A4S N-ro NyHkTa notpebneHus. BoinonHeHne aT0ro ycrnoBus
obecneynBaeTcs camumm onpeneneHmem GyHKUMM S, B COOTBETCTBUM ¢ hopmMynamm
(3-40) n (3-41), B yacTHOCTW, NepBoe M3 ycnoBui (3-41) o3HavyaeT NoOnHOe
YAOBIETBOPEHME cnpocan -ro nyHkTa notpebneHns; n - HoMep MOXHO NMOMEHSATb
Ha NepBbIN, WBMEHWUB HyMepauulo UNN OoNpenenuB MNepBbIA 3Tan Kak
YOOBNETBOPEHNE NOTPEOHOCTElM NepBoOro NyHKTa, 0OTY4Ero OnNTUManbHOCTb 3HAYEHWUIA
He n3meHunTcs. lNocnenoBaTenbHOCTb BhIMOAHEHMS onepauni “c KoHua” xapakTepHa
ONsg OUHaMMWYeckoro nporpaMMmpoBaHns M 0OYCNOBAMBAETCHA MPUHLUMNOM
ONTUMaNbHOCTM.

M3 cooTHoweHus (3-42), Tak Xe Kak B 3a4a4e 0 pacnpeneneHnmn pecypcos,
cnenyeT, 4TO Ha KaxaoM aTarne HeoOXoaAnMo MMeTb 3HaveHns dyHkumMn bennvaHa
0NS99 BCeX 3Ha4yeHul aprymMeHTa, 4ToObl BbiOpaTb M3 HUX Hauydwee npwu
cocTaBfieHUn GYHKLMOHANbHOIO YpaBHEHS O/19 nocnenyowero atana. NocnenHee
COOTHOWweHne (3-41) BBOAUTCA AN NOJHOTbl PEKYPPEHTHOrO npouecca
BblYNCIEHUN.

MowaroBblii NpoLecc ONTUMMU3aLUMM oKasasicad BO3MOXHbIM Gnarogaps
3aBMCUMMOCTM CTOMMOCTM MEPEBO3KN C j-r0 cknaga K j-y notpebuTtenio ToNbko OT
BEJIMYNHBI TPy3a, NePeBO3UMOro Mexay 3TUMU MyHKTaMu, 1 ee He3aBUCUMOCTU OT
BENNYMHbI rpy3a, NeEPEeBO3NUMOro C APYrix CKIagoB K 3TOMY Xe j-y NoTpebuTento 1 co
BCEX CKaA0B (BKIOYasd i-i1) K Apyrum notpebutenam. 3T1o 06ecrneynno BbinoiHeHmne
NpUHUMNA ONTUMaNbHOCTU OJ19 AAHHOW 3agaqn.

Onsa noboro 1< k  nonyyvaem:
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Sk (31, 82) =min [gm (Xik) * Oy (sz) + Sk-1 (31 “Xink 22 -X2n-k)] (3-43)
(XYZ‘XZQ) Gk

k=1,2,...,n

MuHVMKBauma B 3TON GhopMyne NPOM3BOAMTCS N0 00ENM NEPEMEHHBIM X, ,, X,
13 obnactu G, koTopas onpenenseTcs ycnoBUsMu:

X1k+X2k=bk;
0<x,<a,;
0< x,<a,

Ecnu 3amMeHnunTb

a, —>X1) a, - X,,

TO ypaBHeHune (3-43) 3anuwetca B CTaHOapTHOM ANS AMHAMWYECKOro
nporpaMMnpPOBaHNg BULOE:

Sk (X1, Xz) = min [glk (Xlk) * Oy (sz) + Sk-l (X1 -X1k,X2_X2k)] (3-44)
(Xlk,XZk) Gk’
roe
k=1,2,...,n
Xyt Xy = by ;
0<x,<a,;
0< x,< a,

YpaBHeHue (3-44) aHanOrnM4yHo paHee pPacCMOTPEHHbIM OYHKLMOHANbHbIM
ypaBHEHUM 1 3aa4e O pacnpenesnieHnn pecypcos 3a UCKII0HEHNEM ABYX MOMEHTOB.

Bo-nepBbIx, Ha NEPEMEHHbIE, MO KOTOPLIM ULLLETCS SKCTPEMYM, HAJTOXEHO BOonbLUe
orpaHnyeHunin. Takue 3agaqm TPyAHO peLlaTh, T.K. TpebyeTcs paccMaTprBaTb MHOXECTBO
cny4aes, Korga MUHUMYM OOCTUMAETCS Ha rPaHnLLE TEX UKW NMHbIX OrpaHndeHnin. MeTton,
OMHaMMYeCcKOro nporpaMmMmpoBaHns NPakTM4eck CHUMaeT TPYLAHOCTU C BBELEHNEM
OrpaHuYyeHnin, HeobXxoaMMO NKLLB Ha KaXA0M 3Tane NPoBepPSTb NPeLEesbl A0MYCTUMON
obnactu.

Bo-BTOpbIX, TPAHCMOPTHAaa 3agaya C ABYMS CKiagamu SBASETCs ABYMEPHOMN
3a4a4en OMHaAMMYEeCcKOro nporpaMmMmpoBaHuns, Tak kak GyHkumsa bennmana 3aBucuT
OT ABYX NepeMeHHbIX, Torga kak npeapblaywye 3anadv (0 pacnpeseieHnm pecypcos,
0 KPUTUYECKOM NyTWU U T. A.) OblMM OOHOMEPHBLIMU: ONTUMaJIbHbIM 0O6pasom
pacnpenensancs oOauH KanuTan uin BbIGnpanoch TONbKO BPEMS OBUKEHUS (A HE BPEMS
1N CTOMIMOCTb).

3apaya 0 pacnpeneneHnn pecypcoB CTAaHOBUTCS MHOTOMEPHOWN, eCnv Mexay
drpmamMm HeobxoaMMO onTUMasnbHbIM 06pPa30M pacrnpefenTb HECKOJIbKO BUOOB
pecypcoB: kanutan, pabo4dyio cuny, TexHuky. O6bem BbIHMCIEHUI NO MeToay
ONHAMWYECKOro nporpamMmMmpoBaHnsa pPe3KO yBen4mBaeTCsa C BO3pacTaHUEM
pa3mMepHOCTM 3apayn. DTO COCTaBAgeT OAWH U3 CYLLECTBEHHbIX HELOCTATKOB
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OVHAMWNYECKOro NPorpaMMnUpPOBaHNS, KOTOPBIN HA3bIBAIOT “NMPOKISTUEM Pa3MEPHOCTN”.
JBYyMeEpHYIO TPaHCNOPTHYIO 3agayvyy Nerko CBECTU K OAHOMEPHOW, ecnun

MCNoNb30BaTb COOTHOLWeEHMe (3-37), koTopoe ANa ABYX CKNafgoB (M=2) 3anuieTcs B
BUAE:

n

a, ta,= Z bl.,
] =1

nnn B apyrmux 0603HavyeHusx (cM. dopmyny (3-44)):

n
X, tX,= z b/ =b.
] =1
M3 nocnegHero ypaBHeHMs Npy 3a4aHHOM CyMMapHOM CMPOCE BCErAa BENNYMHY
X, MOXHO BblpasnTb Y4epes X, N03TOMY:

S,.(x,,%,) ->85,(x,).

OTtctona cooTHowweHne (3-42) nepennwieTcs B BUAE:

Sk (X1) =min [g1k (X1k) * O, (b - X1k) + Sk-I (XI_X1k)]’

X1k

rae BesindnHa Xk Nnoa4YNHAETCA YCNOBUAM:
0 < X=X,

n
0<b-x,< > b-x;

n
0< x, < z b.
J =

OT10T Nnprem no3eongeT o0LLy0 3aa4a4y C m ckilagamMmu CBecTu K 3agade ¢ m - 1
CcKnagom, T. e. m-MepHas 3agada ceefetcs K (m - 1)-MepHoii, B pe3ynabTate 4Yero ee
pPa3MepHOCTb MOHU3UTCH HA eQVHULLY.

PaccmoTpum 4yncnoBom npumep peLlleHns TPaHCNOPTHOM 3a4ayu C MOMOLLBbIO
OMHAMUYeCcKOoro nporpaMmMmpoBaHnsg Ang cny4as ¢ ABYMs ckfliagamMu 1 BOCEeMbio
nyHKTamMu notpebnexHns, 1. e. n = 2 1 m = 8. OyHKUNIO CTOMMOCTM BO3bMEM B
BUAE:

g, (x) = ¢, (x)+q; (x)+a“x+b“xz tz,.

Taknum 06pasom, CTOMMOCTb NEPEBO3KM N3 OAHOMO MyHKTA B APYrol NpeacTaBnset
coboli KBaapaTUyHy0 GYHKLUMIO NEPEBO3MMONO KOJIMYECTBA, rAe CBOOOAHLIN YNleH -
z, - 3aBMCUT OT MEPEBO3NMOro KonuyecTsa. lepBoe cnaraemoe xapakrepusyer
OpraHn3aLOHHbIE pacxopl 1 onpenensaeTcs cneaywmm o6pasom:

C; (x)=0 npu x = 0;
C; (x)=x npu x > 0.

BTtopoe cnaraemoe xapaktepudyeT wTpad 3a HeJoCTaTO4HO MOJIHOEe

MCMNOJIb30BaHME TPAHCMOPTHOW IMHUM WU ONPESENSETCH COOTHOLLEHNEM:
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dij (x) = dii (x)>0 npn 0<x< zi;Sbu ;

dij (x) =0 npu x > z;
dij (x) =0 npu z, = 0.
CooTBeTCTBYyOLLME 3HAYEHUST KOIDPULMEHTOB NpuBeaeHbl B Tabn. 7.

Tak, CTOMMOCTb NMEpPeBO3KM U3 MEPBOro cknaga K ceabmMomy noTpebuTento
3apaetcsa dopmynon

g,,(x) =5 x+1
[Monyynm onTumManbHOE pelweHne 3agadym MeToA4OM AMHAMUYECKOrOo

nporpamMmmrpoBaHns NPY HavasbHbIX 3anacax Ha cknagax a, = 40, a, = 50. PesynbTtartbl
peLleHns .ceeaeHbl B Tabn. 7.

Tabnuua 7
HOTpe- ay; blj Cyj dlj Z3j a; sz Cyj d Z; CHpOC
OUTEND | 2 bj
1 2,0 000 1,00 0,00 0, 3,5 0,Q O 0 00 5
2 3,0 | 0,00 0 2| 04/ 1,00 0,0 1 ( 0,( 10
3 1,5 0,20 0 0| 00 31 0,0 2 0,( 20
4 4,0 | 0,00 1 0| 00 25 005 O 2 0,6 5
5 2,5 0,01 0 102 1,00 0,00 0 2 1, 15
6 4,51 0,10 2 0| 00 30 020 3 0 0,q 10
7 5,0 0,00 0 1) 04 40 010 0 0 0,Q 20
8 3,0 | 0,00 0 2108 15 000 0 0 0, 5

[MonHas cToMMOCTb NepeBo30k paBHa C = 274,6864. PacyeTbl NpOM3BOANINCH C
NMOMOLLbIO MpoOrpamMmmbl, HanmcaHHol Ha dopTpaHe, ¢ warom 0,2 n3MmeHeHUs
nepemMeHHbIx ynpasneHus. OnucaHme anropntMma n 6710K-CXeMbl NPUBEAEHO HUXE.

Tabnuua 8
[Motpebu-  Kommuecr- Konnuaectso Pacxonpt CymMmapHbIe
TeIb BO Ipy3a rpy3a nepeBo- pacxoabl
i nepeBo3u- 3UMOTO U3 2
Moro u3 1 cKiazna
cKIana

1 50 0,0 11 11

2 0,4 9,6 11,8 22,8

3 7,2 12,8 62,848 85,648

4 0,0 5,0 13,75 99,398

5 0,2 14,8 15,3004 114,6984

6 6,4 3,6 51,288 165,9864

7 20,0 0,,0 100 265,9864

8 0,8 4,2 8,7 274,68,64
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3.5.5. AnroputM 1 6/10K-CXemMa BbIYMCJIUTEJIbHOrO npouecca ans
ANHaMMU4YEeCKOoro nporpaMmmMmpoBaHns

0 - S(X)

v

"I () + S+1(x —xk) - d | @
©

“Q"

a-p
X() ~ v

Y

X(X) +A = Xu(X)

N @ ‘g

Ol ©

B-S¥)
Y =%« (X)

®®

«Q” X + D>Xyaxe

v

BeiBo g
Sk(X) 1 Xk(X)
12
Ilepenoc

S(X) - Sca(x)

G ©®

®®

Puc. 23. brnok-cxema anroputma AMHAMUYECKOrO MPOrpaMMUpPOBaHUS
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Ha puc. 23 npeacraBneHa 610k-cxema BblHUCINTENBHOIO NpoLecca s peLleHns
3a4a4m pacnpeneneHms pecypcoB METOAOM AMHAMMYECKOr0 NporpaMmmMmpoBanns. OHa
MOXET CNYyXWUTb OCHOBOW OJ19 COCTaBMEeHUs NporpamMmmel Ntobol 3agayu, peiaemMon
Ha OBM meToaomM ANCKPETHOIO AMHAMNYECKOrO NPOrpaMmM1poBaHus. MimeloTcs B Buay
3afa4v 0 pacnpeneneHnn pecypcoB, TPAHCMOPTHAA U Apyrue, oas KOTopbIX yaaeTcs
COCTaBUTb MOAENb AMHAMNYECKOrO MNOSTANMHOro npoLecca.

Janee paioTcs NosicHeHUs K 6n1ok-cxeMe Ha puc. 23. OCHOBHas 4acTb CXEMbl
peannadyeT pekyppeHTHOE COOTHOLLEeHe bennmana, cornacHo KoTopomy 13 GyHKLUN
S, , nony4aetca ¢yHkumsa S,. B 6nok-cxeme, 0COGEHHO BHa4ane, NMeKTCs
cneupasnbHble 6/10KK, MO3BONAIOLIME BbIYMCIATL S, B NnaHe obLier npoueaypbl B
COOTBETCTBUUN C YPABHEHNEM:

S, () = max [g, (x) + S, (x-x,)1 = g, ( ).

Ona atoro npeanonaraem, 4to S (x)= 0 (6nok 1). MHaekc k, oGo3HavaoLLMi

yncno cnocoBOoB pacnpeneneHns, BHavane npuHUMaeT 3HadeHne k = 1 (6nok 2).

Briok 3 BblumcnaeT 3HadeHne S, (x) =g, (x) anax=0, A, 2 A ... Cumeon B YCJI0BHO

O3HavyaeT “Nyywnini Ooxo4 A0 CUX nop” v npegHasHavaeTcsa Ons Toro, 4TtoObl
peann3oBaTb Onepaumio Makcummnaaumn. Npouecc MakCMmMm3auym Ha4HaT 3annucblo
B NMamMsaTb MakCUMMaNibHOro MO MOAY/I0 OTPULATENbHOr0 4yucna, YCl0BHO
0603Ha4yaemMoro - 0o (610K 4), NPOLLECC MUHMMU3ALINN - 3aMNNCbI0 MaKCUMasibHOrO Mo
MOAYJIO MOJIOXMUTENIbHOIO YuMcna, YC/IOBHO 0603Ha4yaemMoro + ©00. 9TO YC/IOBHbIN
npYeM, UMEIOLLIMIA LIENbIO NCKIOYMUTb Havyaso npouecca peLleHnst, Kak 0coOblli cnyyari.
B 6noke 5 B 6nok-cxemy BBOAUTCS 0003HaYeHMe (NpucBanBaeTcsl HauMeHOoBaHMe,
Kon) X, Ans ONTUMAJIbHOrO pacnpeaeneHns Ha k-m ware. Ha Ha4yanbHoM ware k = 1,
x = 0 v HyNneBoe 3Ha4YeHNe NUCMbITLIBAETCS B KAYECTBE HA4aNbHOrO 3HaYeHNs ANng X, =
0. B 6noke 6 BbluMCSETCS O4epenHOe 3HAYEeHNE CYyMMbI:

gk (Xk) + Sk_1 (X_Xk)s

KOTOpOoe 0603HA4YaETCs Yepe3 a U COXPaHAETCS B NaMSATU.

Bnok 7 cpaBHMBaET Tekylllee 3HayYeHne oxona a ¢ “nyyqwmnmM A4oxXoO0oM A0 CUX
nop”ﬁ: ecnn a 6onble 3, To 6n0k 2 3ameHsieT a — 3, HOBOMY 3HA4YEHMIO x(x)
npucBaMBaeTCcs CMbICA “Hanny4llero Ao CUX NMop 3HadveHus pecypca”. Yepes 6nok 9
OCYLLECTBNAETCS Nepexom oT X, (x) KX, (x) + /\ , ecnva mMeHblie 3, 3ameHbla — 3 He

MPOWNCXOAMT, B MaMsIT! COXpaHseTCs npexHee [3, 3HauyeHVe a 3abblBaeTcs 1 yepes

6nok 9 nenaetca odepenHas sameHa x,(x) + A - X, (X).
[ns npouecca MUHUMU3auMn 3HaKN HEPaBEHCTB ClieAyeT MOMEHsITb Ha 0bpaTHbIe.

Ecnu HoBOe 3HaveHuex, (x) + /A Gonblue 06LIEro KONMHEeCTBa BbAENSAEMbIX PECYPCOB
x (6nok 10), To OHO He paccMaTpuBaeTCs, U OCYLLEeCTBNsieTcs nepexon kK 6noky 11;

€cnu 3HaveHune x, (x) + /A AonycTUMO, TO OHO MOCTynaeT Ha GOk 6 AN NOBTOPeHNS

npouecca.
B 651oke 11 NponcxoamT 3anoMUHaHVe MoaYYEHHbIX OMTUMAbHBIX 3HAYEHNI X,

(x) n S, (x). B 6noke 12 obuiee 4MCNO PECYPCOB YBENMYMBAETCH Ha war: X + /\

3amMeHseT x. bnok 13 npoBepseT, He NPEeBbLILAET I HOBOE 3HAYEHNE PECYPCOB MX
o0Lero NpenensHOro 3HavyeHns X

makc "

Ecnn 3HayeHne x + /\ Oonblwe Xx

makc’

noslydeHHble AaHHble X, (x) n S, (x)
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BblOaloTCs Ha nedathb (6nok 14). bnok 15 npegHa3HayeH Ais 3aMeHbl CTapbiX MaCCUBOB
S, [(x) Ha HoBble S, (x), kOTOpble ByOyT NUCMONL30BATLCS B MPOLECCE CPaBHEeHUs Ha
cnenytoulem ware ¢ S, (x). bnok 16 osHavaeT nepexon oT k-ro atana kK (k+1)-my
aTany, T. €. BMECTO K NMpoL,eCcCcoB paccmaTpuBaloTcak + 1.

Bnok 17 npoBepseT, ncyepnaHbl 1 BCE BO3MOXHbIE KOJIMYeCcTBa NpoLEeccoB
N. Ecnu oTBET oTpuuaTeNnbHbIi, TO C 610ka 3 HAYMHAETCS MPOLECC BbIYUCIEHUI C
yBenMyeHHbIM Ha eguHuLy k. Ecnn (k+1) > N, npouecc 3akaH4ymBaeTcs (610K 18) n
Ha neyaTb BblAAETCH pe3ynbTaT ¢ Bbixoga 6noka 14.

3.5.6. 3apauu nnaHnpoBaHua

BonblMHCTBO 3apay onTMMu3aumn AenuTcs Ha ABe rpynnbl: pacnpeneneHns n
pacnucaHus. B 3agavax nepBown rpynnbl (pacnpegeneHns pecypcoB, TPAHCMOPTHON)
BPEMS, KaKk MpaBuio, OTCYTCTBYeT. B 3apayax BTOPOW rpynnbl, KOTOPbIE 4acTo
BO3HMKAIOT B aBTOMATM3MPOBAHHbIX CUCTEMax ynpasfieHus, TpebyeTcs pecypchl
pacnpenennTb NoO BpeMeHU. BCTpeyaloTes u CMelaHHble 3aga4n pacnpeneneHns u
pacnucaHug, B KOTOpbIX TpebyeTcs OOHOBPEMEHHO ONTMMalbHbIM 06pasom
pacnpenennTb pecypchbl No 06bekTamM 1 pacnmcaTb 3TO pacnpeneneHne no BpeMeHN.
PaccmoTpum moaens 3a4a4v NAaHMpPOBaHUS BO BPEMEHM, HAaCTO Ha3biBaEMYIO 3a4a4el
pacnucaHng, nog, KOTopon NOHMMAETCS ONTUMAaNbHOE pacrnpeneneHme pecypcos BO
BpeMeHu. B kauecTBe pecypcoB MOryT BbICTyrnaTb GUHAHChI, TOMINMBO, SHEPrus, paboTa,
npubopbl, TPAHCMOPTHbLIE CPeaCTRa.

CyuTaeTcsa, 4TO pecypcCbl MOryT pacrnpenendarbcs TOJNbKO AUCKPETHO C
onpeneneHHoOn ANMHHONM wara. JonycTum, 4TO BECb BPEMEHHON MHTepBan
nnaHupoBaHuat, pasaeneH Ha N 0AMHaKOBbIX UHTEPBAOB BpeMeH!. Ha nnaHvposaHue
BblE/IEHO OnpeaesieHHOEe KOMMYeCTBO PECYPCOB X U 3a4aHa BeNnYMHa JOXOL40B (Mnu
PacxofloB) g,(x,) Ha KaXA0M MHTepBasne OT BIOXEHUS HA HEM X, PECYPCOB; NP 3TOM,
4yTO6bl GbIN CNpaBenAMB MPUHUUM ONTMMANbHOCTU, CYMTAEM, YTO LOXOA Ha i-M
MHTepBasne 3aBUCUT TOJIbKO OT KOJINYECTBA PECYPCOB, BbIAEJIEHHBIX HA 3TOM MHTEpBane,
1 HEe 3aBUCUT OT PECYPCOB, BblAENEHHbIX HA Npeablaywmxi-1,i- 2 n T. 4. HTepBanax.
TpebyeTca onTMManbHO pacnpenennTb Pecypcbl X Ha BCeEM WMHTepBase, 4YToObl
CYMMapHbIn 1oxon, 6bi1 MakCUMarneH (UM pacxon MUHUMAIEH):

N
I(x, ) Xy ey X)) = g g, (x) = max.
=1
[lns NOCTPOEHVA AMHAMUYECKOrO MPOoLECCa NaHMPOBaHUS CHMTAEM, HTO PECYPCHI
BKNa[blBAIOTCA BCE HA OIHOM UHTEPBasie, MOTOM - BCE Ha [IBYX U T. Ai. TorAa nosiydaem
PEKYPPEHTHBIA MPOLECC, aHaNOrMYHbIV NMOJTlyYeHHOMY B 3afaqe pacrnpeneneHus no
¢dupmam. ObLuee pekyppeHTHOe CoOoTHoweHue Bennmvada Gyaet umeTb BUA:
S, (x)= max g, (x,) + S, (x-x, )1,

n n
Xn

rnen=2,3,4,...,N, npuyem

S, x)= max g, (),
I

S, (x)=0.

Tenepb pasbepem yCNoXHEHHbIE BapuaHTbl PACCMOTPEHHON 3aaauu.
1. JlonycTvM, 4TO OAMH U TOT Xe BuUA, PECYPCOB BKJ1aAblIBAETCA Ha KaXmoM
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nHTepeane B M dupm, npruyem B caMom 06LLEM ClyHae Yncno M 3aBUCUT OT MHTepBana
nnaHnpoBanusa n, T. e. M = f (n). [lng npocTenwero sapmaHTa MOXHO CYMTaTb, 4TO
[OXO0[ Ha KaxAoM WMHTepBase OT BOXEHUA B m-t0 GUPMY 3aBUCUT TOJIbKO OT
KOJIMY4ECTBA BJIOXEHHbIX PECYPCOB X ™ M paBeHg(x™), n=1,2,..., Nym=1,2, ..., M.
B atom cnyyae obwumii goxon;

N M M N
07 X2 XM XL XA M) =Y > ogmxm=y > g (x")
n=1m=1 m=1n=1
npu
M N
> > ox"=x
m=1n=1

Heobxoammo, 4To6bl/ LOCTUINO MakcumMyMa. Takas 3agada peLlaeTcs MeETOA0M
OVHaAMMYEeCKOro NporpaMMmMpoBaHunst, HO BHavasie HeoO6Xo4MMO PeLINTb KIacCU4ecKyto
3a4avyy pacnpeneneHms pecypcos no doupmam gng ogHOro, notoMm Ans ABYX
WHTEPBaJIOB BPEMEHU. Mnu, HaoBopOoT, BHaYane pacnpenennTb Pecypchl Ans OOHON
CDI/IprI M BCeX MHTepBaJiOB BpeMeHU, NMOTOM ONngd ABYX W OJid BCEX UHTepBaJioOB U
T.0.

34ecb yxxe MMeeT MecTO CMellaHHasi 3afada pacrnpeneneHns (HasHaudeHus,
npukpennexHns) n pacnucanusa. OgHako 6narogaps JMHEMHOCTU OHA CBOAMTCS K
Kflaccun4yeckon 3apadvye O pacnpepeneHumn pecypcos B NM dupm u pewaetcs
ANHaMMn4eCkKnmM nporpamMmmMmmnpoBaHnNEM.

2. Jonyctum, nmeetcsa L pasHbiXx OUCKPETHbLIX PECYPCOB. Ecnn coxpaHsaeTtcs
NPUHLMMN HE3ABUCUMOCTU X APYr OT Apyra, TO NPUHLLMN ONTUMaNbHOCTM CrpaBeaine
M MOXHO pellaTb 3ajadvy aHanorm4Ho npegblgyuiemMy. BHavyane pacnpepenutb L
pecypcoB mexagy M dupmamun gns ogHOro MHTeEpBana BPEMEHM, NOTOM ANS OBYX,
TpexX n T. 4. CDyHKLI,I/Iﬂ uenn 6y):|,eT NMeTb BULA,:

L M N
I(Xnmj) = z z z g n " (Xnmj) :
j=1lm=1n=1

LanbHelwee ob6o6uieHne 3apayn 3akoyaeTca B cobnoaeHnn 3agaHHoOM
nocniegoBaTenbHOCTN PaboT, KOTopble B AaHHOM MOAenu coBrnagalT ¢ dupmMamu, a
pecypcbl BKOHaOT B ce0s 1 pabouyto cuny. Takas nocnenoBaTesisHOCTb HaCTo 3a2eTCH
B BUAE CETEBOro rpadumka n aHanMTU4eCKnN 3anncbiBaeTCs B BUOE OrPAHNYEHNIA.

Ecnn elle BBeCTU NoHATME paboyero mecta 1 ycnoBme “npuBsaskn” paboTbl K
paboyemy MeCTy, TO NONy4YNTCS 3a4a4a KaleHOapHOro NaHNPOBaHUS.

3.6. dopmanbHbIi MaTemMaTuyeckuin annapat n 3¢p¢eKTUBHOCTb
ANHaAMUYECKOro nporpamMmMupoBaHUs

PaHee o6wmin MmaTemMaTuyeckumii annapaT AMHaAMUYEeCKOro NporpaMMmMpoBaHms
paccmaTpuBancs Ha OTAefbHbIX YaCTHbIX NpuMepax, 3aecb OyneT NpuBeneHo ero
dopmanbHOEe onncaHuve.

®dyHKuMoHanbHoe ypaBHeHne BennmaHa B OUCKPETHOM cllyyae, Tak Xe kak U B
HernpepbIBHOM Clly4ae, CnpaBeasiMBO MpPW BbINOMHEHUN NPUHUMAA ONTUMaNlbHOCTU,
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KOTOPbIA aHaNOrnm4eH NPUHLMNY OnTUMasnbHOCTV B HEMPEPBLIBHOM Clly4ae, HO UMeeT
CBOV OCOBEHHOCTM.

Mpennonoxmm, 4To Npu pacnpeneneHn x cpencts mexay N drupmamum noxon
BblpaxaeTcd dyHKUunen snaa:

(X, s Xy s X)) =G, (X,) + 9, (X,) ... +g, (X ) (3-45)

Takvne HenvHelHble GYHKLMU HOCAT HasBaHue cenapabenbHbiXx. OHU TUMWYHBI
AN AVHAMWYecKOro nporpaMmMmMpoBaHus. [na Takmx GyHKUMn MOXHO MOCTPOUTb
OVHaMWYeCKMn npouecc, AN9 KOTOPOro 3aBenoMO CrnpaBensiue MpuHLKUmM
onTMManbHOCTM BennMaHa, aHanorMyHo Tomy, kKak 3To ObIIO caenaHo B 3ajade o
pacnpeneneHnm pecypcos.

Byaem cunTaTh, 4TO PECYPChI X, UMEIOT 06LLLYI0 MEPY 1 YA0BIETBOPSIOT YCIOBMIO:

TpebyeTcsa HanTK:
S (x) = maxl(x,, X, ..., X)-

dyHkums (3-45) obnamaeT CBOCTBOM aAaMTMBHOCTY 40X0A0B N0 BCeM (purpmam.
OHo 0b6ecneynBaeT BbINOIHEHNE NPUHLMNA ONTUMaNbLHOCTN Bennmana, KoTopbii ans
OUCKPETHbIX MPOLECCOB ynpaBJsieHUs! MOXET OblTb CHOPMYNNPOBAH CNeayOLLMM
obpasom: rnocrenyrLmne PeLLIeHVs 4OJIKHbI COCTaB/IATh OMTUMallbHOEe MoBeAeHue
OTHOCUTE/IbHO MPEAbIAYLLIEro COCTOSIHUS, MOJIYHEHHOro B PE3y/bTaTe PELLEHWS Ha
npeabiayLem atare, He3aBUCHUMO OT TOro, Kakumu Obl 3TV COCTOSIHUE U PELLUEHNE HU
Obinn.

JnckpeTHoe oMHaMmumyeckoe NporpaMMmMpoBaHne NPUMEHNUMO TOJIbKO K TakuM
MHOrowaroBblM npoueccamMm ynpasneHusa. Ona oyHkumm (3-45) aT0T npuHLMA
3aBefOMO BbIMOJIHEH, Tak KakK [OXOA OT BJIOXEHUS PECYPCOB B OaHHyl0 Gupmy
3aBUCUT TOJIbKO OT KOJIMYECTBA PECYPCOB, BIOXKEHHbIX B 3Ty GUPMY, U HE 3aBUCUT
OT KOJIMYECTBA PECYPCOB, BIOXEHHbIX B Apyrve. MMIMeHHO 3TO 0OCTOSATENbLCTBO
NMO3BOJISET MOCTPOUTL MHOMOLLIArOBbIM NPOLLECC TUMNA “NepBbIN War - BKnag B NEPBYIO
dupmy, BTOPOI LWar - Bknaz B nepsble Ase Gupmbl U T. 4.”, 415 KOTOPOro cnpaseaivB
MPUHLMM ONTUMANbHOCTU. MHa4ye CMbICA nNpuHUMNa ONTUMasIbHOCTU MOXHO
chopMynMpoBaTb TaK: MHOMOLLIAroBbIV MPOLECC YAO0BAETBOPSIET MPUHLMITY ONMTUMAIbHOCTU
bennmanra, ecnv QyHKUMS Leau, MPUHUMAaroLLas Ha k-M ware onTumMasibHOe 3Ha4eHne
npu X = X<, MPUHUMAET Takxe OrnTMasibHOe 3Ha4YeHne /11 OCTaBLUMXcs K - 1 Lwaros npu
TOM Xe x = x¥. Ecnun pyHKUMS CyMMapHOro Aoxo4a sBnsieTcs HecenapabenbHol, To
HESCHO KaK MOCTPOMTb MHOrOLIAroBbI NPOLECC, A1 KOTOPOro yooBneTBOpsieTcs
NMPUHLMM ONTUMaNbHOCTU.

Ecnn nmeeTcs HECKOJIbKO BUAOB PECYPCOB, KOTOPbLIE HE MMEIOT 00LLEen Mepsl,
TO OHa CTaHOBWUTCHA MHOroMepHoOW. Hanpumep, B cnyyae c¢ ABYMS pecypcamu
CYMMapHbI 0OXO0L, PaBeH:

N
Lo (X3 Xy ooy X Vs Yoo oos Vi) = Zl g,(x.y),

roe
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v
o

N
Z X, =X, X
1

N
Z Y=Y, y > 0.
=1

¢yHKLI,I/I9| BennmaHa onpepensercsa kKak:

Sy (X%,y) =max (X, , Xy ooy Xi Yoy Yoy os Yi)s

npuyem gna N = 1

S, (xy) =g, (xy),
onaN > 2

Sy(xy)= max max [g, (x, ¥, + S, (x-x,y-y)l

Xx2xy20  y=2yy=20

Takon Bua, nmeeT yHKLMOHaNbHOE ypaBHeHVe Bennmana ong nByMEpPHOro
cnyyas.

OueHnm o06bemM HanpaBneHHOro nepebopa nNpuv AMHAMUYECKOM
NPoOrpaMMmnMpPoOBaHNN 1 CPaBHUM ero ¢ npsiMbiM nepebopom. B obLuein oagHOMepHOI
3apaye pacnpegeneHuss pecypcos ansg n dupm npu npsmom nepebope Hmucno
BapVaHTOB:

T=m",

rae m - YAC/O OMCKPETHBIX 3HaYeHWUI, KOTOPbLIE MOTYT MPUHMUMATb X, N - YACI0
nepemMeHHbIx (bupm). Ecnun=2, m =3, 1.e.:

x,(a,,a,,a,), x,(b,b,b,),

TO BO3MOXHbIX KOMOVHaLWIA, KOTOPbIEé HEOOXOAMMO NPOBEPUTL MPY NPSMOM
nepebope, 6yneta, b,, a,b,...a, b,,... a,b, BCcero9 =32

Tounyio dopmyny ans yucna nepedrpaembix BapUaHTOB MpPW AVHAMUYECKOM
NPOrpamMM1POBaHNM HANUCaTb HE YAAETCH, Tak Kak B KaxIoM 3aaade oHa cBos. OaHako
MOXHO YTBEPXAaTh, YTO 3aBMCMMOCTb Y1C/a BAPUAHTOB OT 11 HE 9KCMOHEHLMasbHasl,
a NPUMEepPHO JNINHENHas.

Ana opveHTaumMm paccmoTpuM 3afadvy HeJIMHENHOro Le/I0YNCIIEHHOrOo
NPOrpaMmMrpOBaHUs B BUAE:

n

F= J Elgj (xj) = max,

npuyem
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n
b > Z ax; aj> 0; x > 0 (xj_u,enbleqmcna ), j=1,..,n
=1
[ns npocToTbl NOAOXMM a = 1. Mpwn onpepeneHnn makcumyma F Heob6xoaMmo
BblYNCIUTL 3HA4YeHUd fJ (xj) ON9 Kaxagoro u3 b + 1 3Ha4YeHuin, KOTOPbIE MOXET

npuHUMaThL X . Hainpem HUMXHIO rpaHuuy 4ymcna Habopa uesbix 3HaYeHui X
YO0BNETBOPSIOLMNX YCIIOBUIO

j=1
T.€. BMECTO HEpaBEHCTBa PaCCMOTPUM CTPOroe paBeHCTBO. s cny4das npsiMoro
nepebopa NCKoOMOoe KONMMHYECTBO PaBHO YMCIy CNOCOO0B, KOTOPbLIMN MOXHO Pa3MeCTUTb,
HanpumMep, 6 0AMHAKOBbIX LLIAPOB B N YPH. OTO YMCNO PaABHO YUCIY COYETaAHUU U3 N+
b-1nob, 1. e.

C [(n+b-1)!]/ [bY(n-1)'].

n+b-1 =

Onan=5ub=20nonydnm 10626. 310 03HaA4aeT, 4TO NpuU NPSMOM nepedope
HEeoOX0ANMO BbIYNCUTL 3HaYeHnsa F ana 10626 pasnuyHbix KOMOUHAUWIA 3HAYEHUI
X.

Tenepb OLEHMM 0ObEM BLIMUCIEHWIA NMPU HanpaBiieHHOM nepebope B cryyae
OVMHaMMNYeCcKOoro NporpaMmMmnpoBaHng. [ns onpeneneHns aHadeHnin pyHkummn bennmaxa
S,(x) Npu 3a0aHHOM X HEOOXOAMMO BbIMOHWUTL X + 1 BbluMCNEHME. HYTOObI MOCTPOUTL
BClO Tabnuuy 3HavyeHunin OyHKLMN HEOOXOAMMO OCYLW,ECTBUTb BbIYUCIIEHUS B
KONIM4ecTBe

b

2 (x +1) = b+1+ b(b+1 /2,
x=0
oTKyda AN noacyera BCEX HeoOxoAaumbix 3HadeHuin k-1 dyHkumin S (x)
notpebyetca (k - 1) [b+1+ b(b+1/2] BblumcneHunii. Ana nocnenHen dyHkumm S,
TpebyeTca HavTy ee 3HadeHune S, (b). NoaTomy 3eCb HEOOXO0AMMO BbIYVCIUTL TOJILKO
b+1 3HayeHue. Takum obpa3om, obuiee YNCO BbIYUCIEHWI NPU ANHAMUYECKOM
nporpaMmmMmpoBaHum onpeaensetcs Gopmynon

bln+ (n-1)(b+1)/2] +n,

koTopoe npn n =5 un b = 20 paBHo 945, yto cocTtasnget npumepHo 10% ot
obvema 10626 BblYMCNEHMIA NpU NpaAMOM nepebope.

[Mpn pelweHnn HenpepbiBHbIX 3a4a4 OTbICKAHMA 9KCTPEMyMa C MOMOLLbIO
ONHAMMYECKOro nporpamMMmmpoBaHns BCTaeT ele npobnema MHTepnonsuum
MPOMEXYTOUHbIX 3HAYEHUN GYHKUMK S, | ANA NoAcYeTa 3HaYeHnin S B COOTBETCTBUM
C QyHKLMOHaNbHbIM ypaBHeHeM Bennmana

S (x)=max [g, (x)+ S ,(x-x)I
x> x =0
[leno B ToM, 4TO 3aroToBfieHHas Ha(n - 1)-m ware Tabnmua AMCKPETHbIX 3HAYEHUI
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dYHKUMM S| MOXET HE COAEePXaTb HEOOXOAMMOr0 3HA4YEHNS apryMeHTa, Mpu KOTOPOro
dyHKUMA S| MPYHMMAEeT MakCcuMMmabHOe 3Ha4YeHue, Tak kak X U BCe OCTasibHble
NepeMeHHbIE MEHSIITCA HENPEepbIBHO. B 9TOM cnyyae Npuxoamutcsa Mo NHERHOMY
WAn OPYroMy 3aKOHY MHTEPMOSIMPOBATL NPOMEXYTOHHLIE MEXY ABYMSA Tabin4HbIMM
3HaveHusa S .
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3AO0AHUA A1 CAMOCTOATE/IbHOW PABOTbI

1. CocrtaBbTe JIOrn4eckyto cxemy 6asbl 3HaHWi 1o TEME IOHUTHI.
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2. Haueptute rpadukm OyHKLUN, KOTOPble BXOAAT B KjacC YHKLUN,
NCMONb3yeMbll B KJIACCUYECKOM BapUALMOHHOM WCHUCIEHUWN, U NPUBEOUTE UX
Ha3BaHus.

3. Haueptute rpadukm yHKUNUI, KOTOPbIE MCMONBL3YIOTCA B ONTUMU3ALUN
OVCKPETHbIX MPOLECCOB YrpaBieHns.
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4. Hanuwnte 3agaHne dyHKumMoHana B BUAe ABYX MHOXECTB, OOHO U3 KOTOPbIX
— MHOXECTBO TPUIOHOMETPUYECKNX DYHKLNIA.

5. PaccuuTaiite adpPekTMBHOCTb HaNpaBieHHOro nepebopa BapruaHTOB B Clly4ae
OMHaMNYECKOro nNporpaMMmnpoBaHns No CPaBHEHUIO C NPsSMbIM nepebopom, ana n =
7wnb=230.
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TPEHUHI YMEHUA
1. NMpumep BbINONAHEHUS YNPAXHEHUS TPEHUHra Ha ymeHue Nei
3apaHue

Hantn akcTpemanu 3agaHHoro GyHkumoHana.

1
3anaH dyHKUMoHan I(y(x)) = ‘!’(X Siny + COS)/)dX)’ y(0) =0, y(1) =

INE

PewieHune

MpeaBapuTenbHO 3anonHuTe Tabnauuy, nogobpae K KaXxaoMy aniroputMmy
KOHKPETHOE COOTBETCTBME U3 JAHHON CUTYaLUN.

Ne ANTOpUTMBI KonkpeTHOe cOOTBETCTBHE JTaHHOW CUTya-
n/m IIUM TIPEJUI0KEHHOMY ITOPUTMY
1 Onpemenurs  moguuTerpanb- | 1. [omunTerpansHas GyHkuus F = X sin y +
HYI0 QyHKIHIO COS Y.
2 CocraBurh ypaBHeHHE Diepa oF

2. E =XCOSy—SiNy, oTKyaa ypaBHEHHE

Ditnepa: X cosy —siny =0.
3 OnpenenuTh 3KCTpEMald Kak X cosy —siny =0,

pemieHns ypaBHeHUs Ditnepa siny
3. x=—==1gy;
cosy
y = arctgx.
4 Tlposepurs ynosnersopenue | 4. Y =arctg0 =0 npu x=0
pelleHHs] HAYATBHBIM YCIIOBU- T n
M y:arctgzzl,npﬂx=z.

JIOBUSI YIOBJIIETBOPEHEI, CJIEOBATEILHO,
Ycno OBJICTBOPE CJIeIOBATEIbHO
y = arctgx ABJFIETCSA SKCTPEMAIIBIO 3a1aHHO-

ro (YHKIFOHATIA.

PelwunTte caMmocToATENIbHO crieaylowme 3aaaHus:
3apaHue 1.1

Haintn akcTtpemarnb GyHKUMoHana:

KW=!W%K y(0) =0,y(1) =1.
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3apaHue 1.2

Haintn akctpemarnb dyHKuMoHana:

I(y) = [(v* +Ddx; ¥(xo) =V(Xo) =0.

3apaxune 1.3

Haintn akctpemarnb dyHKUMoHana:

I(y) = [(x=4y)’dx; y(4) =1 y(8) =2
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2. Mpumep BbIMOJMIHEHUS YNPaXHEHUS TPEeHUHra Ha ymeHune Ne2.
3apaHue

Mcnonb3ysa goctaTtoyHble YCoBms SKCTpeMyma (ycnosus JlexxaHapa), uccnenosarb
Ha 3KCTPEeMyM CreayioLmin GyHKUMOHAN:

I(y(x)) = IT dx; y(0)=0, v(x;)=y.
0

PewieHune

MpenBapuTenbHO 3aM0NHUTE Ta6nmu,y, nonobpae kK KaXaomy anropmntmy
KOHKPETHOE COOTBETCTBME N3 LAaHHOWN CUTyaLun.

Ne ANTOpPUTMBI KonkpeTtHoe cooTBETCTBHE AAHHOM CUTYa-
n/n IIUY TPEJJIOKEHHOMY &ITOPUTMY
1 CocrtaButh ypaBHeHue Jitme- | 1. [oguuTerpanbHas byHKIHS

pa F= J1+y

N
YT Y g t
T e ., tae C; — const.

2 Omnpenenuth dKcTpeMann Kak | 2. V3 ypaBHeHms Jiinepa moiydaeM IIpo-
peleHns ypaBHeHUs Diiiepa | CTBIMHI peoOpa3oBaHUAMH:

LH+Y* -y*H o 1 ¢ .
N ey B ey Y

1

, OTKyJla ypaBHEHHe Oiinepa:

OTKylla Y = —5—————. OTO M €CTh ypaB-
Cra+y™)
HEHHE YKCTPEMATIH.
3 Ha ocnoBanuu ycnosuit Jle- y' 1
JKaHzapa  ONpeleNnuTh  TUI 3. R = 73 Py = 1213
JyQ+y Wyary?

MaKCHUMyMa (MUHIMYMa)

JIAHHOTO (pYHKIHOHATA npu no0bIxX Y. CornacHo ycnoBusaM JlexaH-
Jpa — 3T0 O3Ha4aeT peaTH3alMi0 CHIBHOTO

MUHHMYyMa.

PewmTte camocToaTeNbHO cneayiowme 3agaHusa:
3apaHue 2.1

Mcnonb3yqa ycnosug JlexaHnopa vccnenymrte Ha 9KCTPEMYM CleayioLuwmnn
bYHKUMOHaN:
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1(y) =J0’y12dx; y(0) =0, y(2) =3.

3apaHue 2.2

Mcnonb3ya ycnosua JlexaHaopa mccnenymte Ha 9KCTPEMYM Clieayloumn
byHKUMOHaN:

I

I(y) = £(4y2 —y? +8y)dx y(0)=-1, y(’ZT) =0,

3apaHue 2.3

Vicnonb3ya ycnosuqa JlexaHnopa mccnenymrte Ha 3KCTPEMYM CllefyoLumnn
dYyHKUMOHaN:

I(y) = [(Cy? +12y")d% YD =1, y(2) =8.

2
1
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3. MpumMep BbINOJIHEHUSA YNPaXXHEHUA TPEeHUHra Ha ymeHue Ne3.
3apaHue
OLI,eHI/ITe Sd)d)eKTI/IBHOCTb HanpaB/eHHOro nepe6opa B OAMHaAMNYECKOM

NPOrpPaMMMpPOBaHK MO CPABHEHMIO C NPAMbIM NepebopoM Ha 3aaade pacrnpeneneHs
pPecypcoB, rae n — YMCo noJiydaTteneli pecypcoB 1 b — KoM4ecTBO BULOB PECYPCOB.

3apaHbl: n =5 u b = 20.

PewieHune

MpeaBapuTenbHo 3anonHuTe Tabnauuy, nogobpae K KaXxaoMy aniroputMmy
KOHKPETHOE COOTBETCTBME U3 JAaHHON CUTYaLN.

Ne ANTOpUTMBI KonkpeTHOE cOOTBETCTBUE JaHHOU CHUTya-
/T [IUH TIPSO KSHHOMY aJIro PUTMY

1 Omnpenenurs KOJTMIEeCTBO BHI- | 1. MIckoMOe KOJHMYECTBO BBIYUCIACTCSA IO
YUCICHUN i1 pPa3IM4HBIX | popMyIe:

KOMOWHANM 3HAYEHWH pe- s _ (n+b-1)! _ 24232221 — 10626
CYPCOB Tpu mpsiMoM mepebo- | ™M T Ty i )1 4302
pe (BBIUHCIICHMIT).

2 OnpenenuTs KOJIMYECTBO BhI- | 2. VICKOMO€ KOJIMYECTBO BBIYUCISIETCS IO
YUCICHUN UI1  Pa3IMYHBIX | popmyre:

KOMOWHANIMIT 3HAYCHUHA pe- bD + (n=-Db+1 IZI+ = 20% . 4[?.1D+ 5= 945
CYpCOB IIpW HaNpaBICHHOM 2 H 2 E
nepedope (B MHAMIYCCKOM | (BBIdKCIICHHIA).

MPOr PaMMHPOBAHIH)

3 Onpenenuthb 3¢pdexkruBHOCTH | 3. BoruucisieM 3(GheKTHBHOCTS:
HaIpaBJICHHOT'O Hepe60[:)a mno D,.= 945E|100: 9%. T.e. 06beM BEMHCIE-
CpaBHEHHUIO C TIPSIMBIM B %o A 10626

HUA B AWHAMHAYECKOM IMPOTPaMMHUPOBAHUU
cocCTaBIseT 0KoJ0 9% oT 0ObeMa BBIUHUCTIE-
HUI TIpU TPsIMOM Tiepedope.

PewmTte camMocTOoSITENbHO Cneaylowme 3afaHua:

3apaHue 3.1

OueHunTte 3addeKTUBHOCTb HanpaBiieHHOro nepebopa B AMHAMWYECKOM
NnporpamMmMmMpoBaHnK Mo CPaBHEHUIO C NPAMbIM NepedopoM, ECNM YACTO Nony4vaTenemn
pecypcoB N = 6, a KONMYECTBO BUAOB pecypcoB b = 25.
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3apaHue 3.2
OueHnte 3adPeKTUBHOCTb HanpaBiieHHOro nepebopa B AMHAMUYECKOM
nporpaMMrUpPOBaHNK MO CPABHEHUIO C NPSIMbIM NepebopoM, ECNU HMCNO NosyHaTenen
pecypcoB n = 8, a KONMYecTBO BMAOOB pecypcoB b = 20.

3apanue 3.3
OueHnte 3adpdeKTUBHOCTb HanpaB/ieHHOro nepebopa B AMHAMUYECKOM
NporpaMM1poBaHNN MO CPABHEHUIO C NMPSMbIM NepebopoM, eCNV YNCTO NoydaTenein
pecypcoB n = 10, a KONMYECTBO BMAOB pecypcoB b = 25.
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